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SUMMARY

Pepe and Fleming, and Carroll and Wand have recently proposed estimators in a para-
metric model for the density of a random variable Y conditional on a vector of covariates
(X, V) when data on one of the regressors X is missing for some study subjects. We
propose a new class of estimators that remains consistent and asymptotically normal even
when the probability that X is missing depends on-the observed ¥ and Y, includes an
estimator whose asymptotic variance attains the semiparametric variance bound for the
model and, when the data are missing completely at random, includes an estimator that
is asymptotically equivalent to the inefficient estimators proposed by Pepe and Fleming
and by Carroll and Wand. The optimal estimator in our class depends on the unknown
probability law generating the data. When the vector ¥ of non-missing regressors has
at most two continuous components, we propose an adaptive semiparametric efficient
estimator and compare the performance of the proposed semiparametric efficient esti-
mator with the estimators proposed by Pepe and Fleming and Carroll and Wand in a
small simulation study. When ¥ has many continuous components, we propose an alter-
native class of adaptive estimators that should have high efficiency.

Keywords: MEASUREMENT ERRdR; MISSING COVARIATES; MISSING DATA; SEMIPARAMETRIC
EFFICIENCY; VALIDATION SAMPLE

I. INTRODUCTION

In applied problems it is common for an investigator to specify a parametric model,
say fIY:| X;, Vi; aol, for the density of a possibly multivariate dependent variable
Y; conditional on a set of regressor variables (X;, V). Either by happenstance or
design, data on one of the regressors, say X;, may be missing for a subset of the
study subjects. For example, X; might represent subject i’s response to a confiden-
tial personal question which some subjects may refuse to answer. As a second
example, one of the regressors may be mismeasured. Then the mismeasured value
Z; is a component of ¥; and is said to be a surrogate for the true value X;. In
this setting an investigator will often measure X; without error on a small sample
of the subjects—the validation sample.

Pepe and Fleming (1991) and Carroll and Wand (1991) have recently proposed
estimators for a, that extract information from the non-validation sample. Their
estimators are asymptotically normal and unbiased whatever the distribution of the
missing or mismeasured regressor X;, conditional on the remaining regressors V.
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The class of estimators proposed in this paper, like the Pepe-Fleming and Carroll-
Wand estimators, is consistent and asymptotically normal without specifying the
distribution of X; given V;. The estimators proposed have several potential advan-
tages over the Pepe-Fleming -and Carroll-Wand estimators.

First, Pepe and Fleming (1991) and Carroll and Wand (1991) assumed that
missingness does not depend on the outcome Y;. In contrast, our estimators
remain asymptotically normal and unbiased even when missingness depends on
Y;, as would be the case if subjects with certain values of Y; are rare, and the
investigator wished to overrepresent such subjects in the validation sample.

Secondly, their estimators require a preliminary nonparametric estimate of the
law of the missing covariate X; conditional on the vector Vi. If the vector ¥;
includes more than two continuous covariates, completely nonparametric estimation
of the conditional law of X given Vi is not generally practical owing to the ‘curse
of dimensionality’ (Huber, 1985). Therefore, their approach is not available (Carroll
and Wand, 1991). In contrast, there are estimators in our class which remain asymp-
totically unbiased and may be computationally simple whatever the dimension
of V.

Thirdly, our class of estimators contains an ‘estimator’ whose asymptotic variance
attains the semiparametric variance bound for regular estimators of «, in the sense
of Begun ef al. (1983). The particular estimator in our class whose asymptotic
variance attains the bound depends on the true but unknown probability law
generating the data, and, thus, is not available for data analysis. However, when
Y, and V; are discrete, we show how to construct a semiparametric efficient adap-
tive estimator based on a nonparametric estimate of the law of X; given V;. We
also propose candidate semiparametric efficient adaptive estimators when Y, has
one or more continuous components and/or ¥, contains at most two continuous
componernts.

The paper is organized as follows. In Section 2, we formalize our model and
describe the estimators proposed by Pepe and Fleming (1991) and Carroll and Wand
(1991). In Section 3, we derive the semiparametric efficient score and the semi-
parametric variance bound for our model. In Section 4, we propose a new class of
estimators motivated by the form of the efficient score. In Section 5, we construct
an adaptive semiparametric efficient estimator when Y, and V; are discrete and
propose candidate adaptive semiparametric efficient estimators when Y, and/or V;
contain continuous components. In Section 6, we present the result of a small
simulation study comparing the Pepe-Fleming estimator with our semiparametric
efficient estimator. In Section 7, we describe adaptive estimators based on optimal
combinations of unbiased estimating functions which should have good efficiency
properties even when V; contains many continuous components. We conclude with
a discussion.

2. THE MODEL AND PREVIOUSLY PROPOSED ESTIMATORS

We assume that the conditional distribution of Y; given X; and ¥; is known up
to a finite vector of unknown parameters, i.e. '

STY|X, V] = fIY| X, V; ] (1)
where fIY|X, V; «] is a known density with respect to a measure u that has
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two continuous derivatives with respect to « and «, is a g-vector of unknown
parameters lying in the interior of a fixed compact set. We have suppressed the
i-subscript denoting the study subject. Our goal is to estimate oy when X is not
always observed. Specifically we shall assume that there is an indicator variable A
~ such that A = 1if an individual is in the validation sample, and, thus, X is observed,
‘and A = 0 if an individual is in the non-validation sample, whereas W = (Y, V)
is always observed. In the measurement error example, we regard the surrogate
Z as a component of V. We shall assume that (4;, ¥;, X;, V), i=1,...,n, are
independent and identically distributed, that X is missing at random given W
(Rubin, 1976) and the probability of observing complete data is bounded away from
0, i.e.

fla|w, X] = flA| W], (2a)
(W) = pr[A = 1|W]>0>0 for some o with probability 1. (2b)
Equations (1) and (2) characterize a semiparametric model indexed by the param-

eter «€R? and an ‘infinite dimensional’ nuisance parameter g with likelihood
IL, L(c, ), With

L, g) = f(V; &) FA|W; &) {fIY]|X, V; o] fX]V; &)}°

1-A
X “ f(Y\|x, V; @) dF (x| V; g;)} , 3

where g = (g1, &, &) With true value g, = (gos, o2+ 803)- The parameters g, &
and g, take values in the set G, of marginal densities for V, the set G, of condi-
tional densities for A given W and the set G; of conditional densities for X given
V. F( |V; g3) is the distribution function corresponding to f( | V; g;). If f(X|V)
were known, the efficient estimator of a, would be the parametric maximum
likelihood estimator &y of ap that solves

0=2 ﬂl‘n‘%’—@ =3)5.:(0) = 2 AS85(@) + (1 - A)SL @, @)
where SS() = s3(Y, X, V, &) = 3{ln f(Y|X, V; @)}/da is the score with respect
to « for a subject with complete data (i.e. a validation sample member). Also, in
equation (4),

[ s20v, ¥, x, @ A(¥Ix, V; ) dFx| 1)
S0 = YW, o) = )
[£x1x, Vi @y aFx( 1)

is the score for a non-validation sample member and S,(a) is the total score with
respect to «. Note that S¢ = E[S5|W], where ST = S%(ap), SE = SS(xp) and
S, = S,(ap) are the scores evaluated at the truth.

When selection into the validation sample does not depend on Y as well as X, i.e.

SIA|W, X] =fIA|V] ©

and f(X|V) is unknown, Carroll and Wand (1991) and Pepe and Fleming (1991)
proposed estimating oo by &* that solves
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0= 2]Suie) = 3455 + (1 - A) 5 () )

where S%() is defined by expression (5) when dF(x| V) is replaced by dF(x| V),
with f(x| V), a nonparametric density estimate of S(x| V) based on the validation
sample alone. For example, if V is discrete, Pepe and Fleming propose~

FxIV) = D807, = V)I(Xj=x)/ZAj1(Vj - ),

If V has continuous components, the kernel estimators proposed by Carroll and
Wand are employed. If equation (6) holds, and data on non-validation sample
members were not available, an efficient estimator of ap is the complete case
estimator &,, defined as the solution to L;A; S5 (@) = 0. The estimators G, and
&* may be inconsistent if equations (2) hold but equation (6) does not.

3. SEMIPARAMETRIC EFFICIENT SCORE

As in Cuzick (1992), the purpose of this section is to motivate our class of
estimators and to provide a lower bound for the asymptotic variance of any regular

. estimator of «p. We begin by reviewing the theory of semiparametric efficiency

bounds described in the survey paper of Newey (1990), the monograph of Bickel
et al. (1993) and Begun et al. (1983). We then derive the efficient score and semi-
parametric variance bound for the semiparametric model defined by the restrictions
equations (1) and (2). Again suppose that the data consist of n independent copies
of an observed random vector and let L(x, g) be the likelihood for a single sub-
ject in a semiparametric model indexed by a parameter o € R? of interest and a
nuisance parameter g taking values in some infinite dimensional parameter set.
Define a regular parametric submodel to be a regular parametric model with param-
eters (a,n) and subject-specific likelihood contribution L(x, 7) with true values
(oo, mo), where for each 5 the distribution L(a, 1) equals a distribution L(, g)
allowed by the semiparametric model. A regular parametric model is a model
whose square-root density is mean square differentiable with respect to n and has
a non-singular information matrix (Bickel et al. » 1993). Define the nuisance tangent
set 7 to be the mean-squared closure of the linear span of all random vectors
bS,, where S, is the score for n in some regular parametric submodel (typically,
S, = d{In L(By, n9; Z)}/07) and b is a constant matrix with ¢ rows. We shall con-
sider 7 as a subset of the Hilbert space of g X 1 random vectors H with inner prod-
uct E(H{H,) < «. The projection of any vector H on r exists and is the unique
vector II(H|7) in 7 satisfying E[{H — II(H|7)}’A] = 0 for all A in 7. The semi-
parametric variance bound for regular estimators of o is the supremum of the
Cramer-Rao variance bounds for ay over all regular parametric submodels and
equals the inverse of the variance of S, = Sy — II(S, | 7) = T[S, | ] where S, is
the score for « and 7+ is the orthogonal complement of 7. An estimator is regular
if its convergence to its limiting distribution is locally uniform. A more precise
definition of a regular estimator is given in Bickel e al. (1993). Sefr is called the
efficient score (Begun e al., 1983).
In Appendix A we prove the following proposition.
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Proposition 1. In the semiparametric model characterized by equations (1) and
(2), Ser = U(¢,p) Where, for any function ¢(w) taking values in RY,

U@) = U + UP(@), UM =ASS - AEISS|X, V, A=1],
UP(¢) = —7 ' AE[(1 = A)o(W)|X, V] + (1 — Ao (W)
and ¢.,(W) is the unique solution to the functional equation

¢(W) = E¥[S5] — EV{EX'[n(W)SL)/ EXV [x(W)1}

— EM(EX{1 - m(W)} & (M EX [x(W)]) )
where E48[C] = E[C| A, B]. When equation (6) is true, equation (8) simplifies to
o(W) = EIS5] - [1%;)”)} E¥ (EX(s(W))). ©

After the first draft of this paper had been written, we learned that an expression
equivalent to equation (9) had been independently derived by Bickel ef al. (1993).
Further Hasminskii and Ibragimov (1983) proved that U®(¢,,) is the efficient
score in the model characterized by equations (1), (2) and (6) when data on Y are
not obtained for validation sample members (A = 1).

The following corollary says that prior knowledge concerning =(W) does not
increase the efficiency with which «, can be estimated.

Lemma 1. S = U(@,p) is also the efficient score in the three additional semi-
parametric models (a)-(c) that impose, in addition to equations (1) and (2), the
conditions , :

(a) w(W) is completely known,

(b) equation (6) is true and

(c) w(W) is known up to an unknown parameter 6, i.e.

(W) = n(W; 6,) ' (10)

where 6, is an unknown #-dimensional parameter and m(W; 6) is a known function
of W taking values in (0, 1]. .

We note that, when data on X are missing by happenstance and W is multi-
dimensional, an investigator will often choose to specify a parametric model (10)
for the unknown missingness process.

4, A CLASS OF ESTIMATORS

The form of the efficient score suggests that, given a correctly specified model
x(W; 6) for w(W), we consider estimators &(¢, ) solving

0=n"20(c, ¢, 0) =n~"2Y, Ule, ¢, 0)
where 8 satisfies

Z SO.i(é) = 0)
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So(6) = 3(n[x(W; 6)* {1 — =(W; 8)}'-2])/28,
Ule, ¢, 8) = UNe, 6) + UP(a, ¢, 0, b
UBa, 0) = ASYe) - AE, ,[Si)| X, V, A = 1],
Ua, ¢, 0) = {—A/m(W; O)}E,[{1 - =(W; N} (MIX, V1+ (1 - a)$(W)

and, by equations (2), for any H,

s v am - S

with
EIW(Y, X, VX, VI = [ ho, X, 701X, V; ) duoy). an

We shall suppress the B-argument when 8 = §,. When equation (6) holds and
0 = 6p, UYa) and UP(e, ¢) simplify to

Ue) = ASYa)
and

U, ¢) = - A {—1—7%@} EXo(W)] + (1 - 8) 6 (W),
since E,[SS(a)| X, V] = 0 by the conditional mean zero property of conditional
scores; this version of the estimating function U®(a, ¢) was originally proposed
by Hasminskii and Ibragimov (1983). Our U@ (q, 6) is the natural generalization
of the Hasminskii and Ibragimov version to the setting in which missingness can
depend on Y as well as V. In Appendix B, we prove the following proposition.

Proposition 2. Subject to the regularity conditions provided in Appendix B,
under equations (1), (2) and (10

(@) with probability approaching 1, the solutions &(¢, §) and &(¢) = &(o, 6,)
to Ula, ¢, 6) =0 and U(x, ¢, 65) = O exist and are unique,

(b) n"*{a(®, 6) o} and n'2{a(¢) — o } are regular asymptotically normal estim-
ators with asymptotic mean 0 and asymptotic variances I(#)~'C(¢) {I(¢)’}
and I(¢)~'Q(¢) {I(¢)'} ! respectively, where

1(9) = E[3Uley, $)/3a’'] = ~E[U($)S.], ) = E[U()®?]

with U(¢) = Ulay, ¢), C(¢) = E[Resid {U(¢), S33%21, Sy = Sy(6p), Resid(A4,
B)=A — E(AB')E(BB’)~'B is the residual from the population least
squares regression 4 on B, : . . ~

() K(¢), Q) and C(¢) can be consistently estimated by I(¢), Q(¢) and C(¢)
where, with & = a(¢, 0),

L) =1, ¢, 0) = -1~ TU(&, ¢, 9)S, (8,
Q¢) = n~'L, (¢)® with U;(¢) = Uy(a, o, 6), C(¢) = n~'L;Resid {U,(¢),

S5,(0)}®* and Resid(4,, B,) is the residual for subject i from the least
squares regression of 4;and B, i =1, .. ., n, and
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(d) var?[n'*{a(e, 8) — ao}] = var(Sy;) ™" with equality if and only if ¢(W¥) =
$op(W) where A > B means that 4 — B is non-negative definite.

A Kkey to the consistency of &(¢, §), under our regularity conditions, is that Aa,
¢) is an unbiased estimating function for «, i.e. E,[U(a, ¢)] = 0 for all . Part (b)
implies that, when ¢(#) # ¢,,(W), we may increase efficiency by estimating the
parameters 0, of the missingness model (10) even if 6, is known. This efficiency
advantage is attributable to the fact that the missingness process is an ‘ancillary
process’ in that the maximum likelihood estimator of « in any parametric submodel
with variation independent parameters does not depend on model (10) for missing-
ness. Robins ez al. (1992), Robins (1992) and Robins and Morgenstern (1987) con-
sidered other settings in which estimating the known parameters of such an ancillary
process increases the efficiency of an inefficient estimator. Robins and Morgenstern
(1987) offered the following heuristic explanation. Estimating the known parameters
of an ancillary process effectively conditions on a function of an exact or approx-
imate ancillary statistic, resulting in inferences that are closer to an efficient
likelihood-based inference which conditions on all exact and approximate ancillaries.

To calculate n'2 U(a, ¢, 0) requires that, for each subject, we evaluate integrals
of the form of equation (11). If, as with examples studied by Pepe and Fleming
(1991) and Carroll and Wand (1991), Y is discrete, then equation (11) is a simple
sum. If Y has continuous components this will require a one-dimensional or
multidimensional numerical integration. McFadden (1989) and Pakes and Pollard
(1989) considered unbiased simulation estimates of equation (11). We emphasize
that to compute &(¢, 0) for a given function ¢(W) we have no need to estimate
the unknown law of X given V. Pepe and Fleming and Carroll and Wand considered
only the case in which w(W) = , i.e. selection into the validation sample is com-
pletely at random. In this case, the estimator &* solving equation (7).is asymp-
totically equivalent to the estimator &(¢*) in our class where ¢*(W) = S¢. To see

this, we note that Pepe and Fleming and Carroll and Wand both show in their

appendixes that
R @* — ap) = {— E[3S.(x0)/ 9’1} ~'n'’* Uletg, ¢*) + 0,,(1)

But E[as,,(ao)/ da’]™! = Ko*). Further when w(W) = w, the complete case es-
timator &, is the estimator &(¢.,) in our class with ., being the function that is
identically 0.

Suppose that w(W) is known. Even then, since ¢,,(#) depends on the unknown
joint distribution of the data, &(¢.,) is not a feasible ‘estimator’. Therefore,
we might attempt to construct a feasible adaptive semiparametric efficient estimator
a(q&op) by replacing the unknown ¢,,(W) by a consistent estimate d)op(W) In the
following section we formally carry out this construction in the special case in which
Y and V are discrete. We also propose candidate semiparametric efficient estimators

- outside this special case.

5. SEMIPARAMETRIC EFFICIENT ESTIMATOR

Suppose that V and Y are discrete with V and Y levels respectively. Let a® be
a preliminary n'/?-consistent estimator of . Iteratively for j =1, 2, 3,.. ., set

&v) = gu-v - f(&(j«l), q'g(j—l))—l [j(&(j—l)’ $u—l>) : 12)

e a e T S a3 NPT AT A A
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where #U~V(W) is the unique solution to equation (8) when equation (8) is

modified so that S5, EX'[ ] and E#] ] are replaced by SS(aV~Y), EX¥.4[ ] and
EZi-n[ 1, where, with w = (y, v), for any random variable H = h(Y, X, V),

2 h0, X 001X, v; @) (W)~ IV, = )

EylH) = - . : (13)
2f01 X, v; @) A a (W)~ IV, = v)

Proposition 3.  Suppose that n'2(g©® — ) is O,(1), Y and V are discrete and
equations (1) and (2) hold. Then for j = 1, 2, ..., n"(@Y) — «) is a regular,
asymptotically normal estimator with mean 0 and asymptotic variance var(S,q;)~!
which can be consistently estimated by [n~'E; U@, ¢Y-9) U@, U=y -,
Thus, for each j > 1, ¥ is a semiparametric efficient estimator of .

Proof. When V and Y are discrete with V and Y levels, any function of ¢ can
be identified with the ¢ x VY matrix-valued parameter that has columns consisting
of the g-vectors ¢(w). Thus Uy, ¢,,) is a random function of the unknown
g-dimensional parameter o, and the gVY-dimensional _parameter ¢,,. Proposition 3
then follows by a mean value expansion of U@Y=", ¢Y-) around (ay, bop) Using

(a) the continuity of the derivatives of Ula, ¢) with respect to « and ®,
(b) that, by equations (1) and @), E[0U(ay, ®op)/30’] = 0,

(c) that E¥(H) is n'/? consistent for E¥(H) and

(d) that E[U(¢,,)%?] = — E[0U(ax, Bop)/ 0’ ].

We now provide an explicit computational formula for @UNW) that exploits
the fact that, when Y is discrete, equation (8) is a finite dimensional matrix equa-
tion. For a fixed value v of the covariate V and a fixed / {1, . . ., q}, the /th com-
ponent of the function ¢(w) = (¢{’(w), .. ., ¢Y’(w))’ can be represented by a
Y-vector, ¢! say, where the dependence on Js v and / has been suppressed, i.c.
' = (P, v),. .., ¢/ (¥y, v))'. Similarly, for each fixed / and v, the difference
of the first two terms on the right-hand side of equation (8) is a Y-vector, say, Z.
Let Z be Z when «y, EXV and E¥ are replaced by their estimates &), EXY, and
EY,. Finally, for each fixed v and j, define /% to be the Y x Y matrix with (y*, )
entry EX5{h(y, X, v)}, where

_JO|X, v; @) {1 - x(y, v)}
o, X, v) = EX (Y, 0)}

and let 7 be the Y x Y identity matrix. Lemma 2 in Appendix A implies that ( + /)
is invertible with probability 1. Set ¢ = (I +m)~!Z. Hence ¢ is easily computed
by repeating the above calculation for each of the gV values of (/, v).

Suppose now that Y is still discrete but V is a univariate continuous covariate.
We can continue to calculate ¢', &Y and ¢%) as above except with

) 200, Xiy OFO1 Xy v3 0) A T(W) KV, — v)/h)
Ey[H] = - - (14
» 2 f01X,, v @) AW K{(V, - v)/h)

where K( ) is a twice-differentiable kernel function, symmetric around 0 such that
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{K(x)dx =1 and A is a bandwidth. It can be shown that &Y is semiparametric
efficient under regularity conditions and with the bandwidth appropriately chosen.
When V has two continuous components, a bivariate kernel function may be used
in equation (14). When ¥ has more than two continuous components the estimators
discussed in Section 7 should be considered.

~ Suppose next that Y has one or more continuous components and ¥ has two or
fewer continuous components. Then, for each value v of ¥, equation (8) is no longer
a finite dimensional matrix equation. Furthermore, the solution ¢“~" to the modi-
fied equation (8) will no longer exist in closed form. However, the equation can
be numerically solved by any of the several methods described in chapter 12 of Kress
(1989), since the operator acting on ¢(#) in equation (8) is, for fixed V, the identity
minus a compact operator.

6. SIMULATION STUDY

To compare the performance of the semiparametric efficient estimators a¥
with that of &* and &, we conducted a small simulation study. As in example
2 of Pepe and Fleming (1991), for each of n observations we generated a normally
distributed covariate X ~ N(0, 1) and a binary outcome variable Y from the logistic
model

exp(ago + o1 X)
Y=1|X, V; = : : . _
n | al 1 + exp(ag, + 1 X) (13)
An independent additive normal measurement error ¢ generated the dichotomous
surrogate V = I[X + € > 0], € ~ N(0, 1). Subjects were randomly selected into the
validation sample with probability =. We set the sample size n to 2000, rather than
to 200 or 100 as in Pepe and Fleming (1991) because

(@) validation studies are most commonly performed within rather large studies
and

(b) we wished to compare the performance of &*, é.y and the &Y at sample
sizes at which our asymptotic results apply.

Pepe and Fleming still found residual small sample bias in &* at a sample size
of 200. '

Table 1 gives, for &€ {&, &* and @&}, sample averages and actual
coverage rates of 90% univariate confidence intervals for oy ‘based on & =
1.64{n"'9ar* {n"2(& — ag)}]1'"? based on 200 simulated data sets: & is av
iterated (i.e. j is increased) until the convergence criterion used for &ya and &* was
met; &© was set equal to &, . The estimated asymptotic relative efficiencies (AREs)
are calculated as the square of the ratio of the interquartile ranges for & to those
of &, and &*.

Reading from Table 1, we observe that, as previously noted by Pepe and Fleming
(1991), for each =, the ARE of &* is 1.0 when oy, =0, i.e when Y and X are
independent. The ARE decreases as ag,, increases. In contrast the ARE of Gy i
a minimum at o, = 0 and increases as o, increases. At ag,; = 2 and 7 = 0.05,
&,y is more efficient than &*. However, since it would be unusual for «q,; to be
2 when X is distributed as N(0, 1), our simulation results suggest that, in most
realistic settings, the efficiency of the Pepe-Fleming and Carroll-Wand estimator
is quite good.
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. TABLE ‘1
Simulation study of estimators of o

T g g Results for &,y Results for &* Results for aop

Monte Actual coverage Estimated Monte Actual coverage Estimated Monte Actual coverage

Carlo of 90% ARE Carlo of 90% ARE Carlo of 90%
average intervals average intervals average intervals
005 -1 0 -0.010 91.5 0.26 0.0005 93 1.0 0.0004 93
0.05 -1 1 1.01 90.5 0.57 1.01 91.5 0.89 1.0t 93
0.05 -1 2. 204 89.5 0.92 2.02 83 0.74  2.01 88.5
0.1 -1 0 -0.001 89.5 0.21 0.006 87.5 1.0 0.006 88.0
0.r -1 1 1.04 87.5 0.48 1.01 90 0.89 1.01 89.5
0.1 -1 2 2.03 90 0.82 2.00 88.5 0.82 2.01 90
02 -1 o0 0.020 92 0.28 0.013 89 100 0.012 90.5
0.2 -1 1 1.01 92 0.58 1.00 92.5 0.82 1.00 - - 90.5
02 -1 2 2.07 92 0.66 2.02 85 0.75 2.03 93

7. OPTIMAL COMBINATION OF ESTIMATING FUNCTIONS

We can construct estimators with good efficiency properties even when V has
many continuous components by optimally combining unbiased estimating func-
tions. These estimators do not require that we estimate the law of X given V.
For simplicity, we describe this approach where (W) is known. Let Vi (W),
¥2(W), ... be a sequence of real-valued functions of W that is complete in mean
square, i.e. for any function ¥(W) with finite second moment there are constants
v, J€(, 2,...), such that

k 2
lim “ {¢<w) - 3w dF(w)] = o.
j=
When W has continuous components, sequences of polynomials (i.e. power series)
are known to be complete. However, in practice, as discussed by Newey (1992), we
should first transform any continuous component W, of W by using a bounded
transformation such as exp W,/(1 + exp W) to downweight the influence of out-
lying values of W,. Another approach is to use splines rather than polynomials.

“Let ¢*(W) = W), .. ()Y, k> qg. Also let T*(«) be defined exactly

like UP(q, 6,) except with the k-vector v (W) replacing ¢(W). Then define
BLW) =S\ H(W) and ¢“(W) =J0- WK (W) where J' = n-'E, TH&) S, (&), © =
n~'L, TH&) TE@&), J' = E[T* (20)S.], & is a preliminary n'2-consistent estimator
and @ = E[T*(ay) T*(cp)’]. These functions correspond to the optimal linear com-
binations of y*(W). Specifically, under the regularity conditions of proposition 2,
results of Hansen (1982) on optimal linear combinations of unbiased estimating

functions imply that

(@) &@*) and &(¢*) are asymptotically equivalent and
(b) a&(¢*) has asymptotic variance less than or equal to &(¢) for any (W) of
the form c*y*(W) with ¢* a ¢ x & constant matrix.

In practice we would use only a few (e.8. k = 3 or k = 4) fixed functions to avoid
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the poor finite sample performance that would result if &% (W) depended on a
large number of estimated linear combination coefficients. Newey (1992) discussed
the possibility of selecting the number of functions k by cross-validation. The esti-
mator &(¢*) will be semiparametric efficient if and only if ¢op (W) = ¢*(W). Since
‘the sequence ¥,(W), ¥,(W),... is complete, it follows that ¢*(W) should con-
verge to ¢,,(W#) in mean square as k — oo. This suggests that, if we let k increase
with the sample size n at an appropriate rate, &(¢*) should be semiparametric effi-
cient. Proposition 4 provides the necessary regularity conditions for this result.
Although proposition 4 is of theoretical interest, in practice as described above we
would choose k to be small, possibly selected by cross-validation.

Consider the one-step version & of the estimator &(¢*) given by

n
a=a&+M'Y,U/n
i=1
with M = n~'T, 0,8, (@), U, = UY@&) + UP(&, ¢*) and & a preliminary n'/*-
consistent estimator.

Prbposition 4. Suppose that

(a) equations (1) and (2) hold,

(b) for each k there are g x k matrices ¢ such that limg—. {E[| @op(W) -
cky (W) |*1} =0 with [A]>=A"A,

() w(W) is bounded away from 1,

(d) the smallest eigenvalue of E[y*(W)¢*(W)’] is bounded below by ck—<
for a constant ¢ > 0 as Kk — o and klnk/Inn— 0, :

(e (W), k=1,2,...are uniformly bounded,

() fO|x, v; @) is twice continuously differentiable in « and there is a neigh-
bourhood N of o, with both [sup,ev|df(’|X, V; o)/da|du(y) and
{ supyen | (1 X, V; a)/3cdc’ | du(y) are bounded and

(g) S, satisfies the regularity conditions of appendix B.

Then
n'2(& — ag) 4 N(O, E[SesrSere] ™).

The minimum eigenvalue condition in (d) is similar to a condition used in Newey
(1988, 1992) to show efficiency of similar estimators in other models. For example,
it will be satisfied if the elements of ¥*(W) consist of distinct multivariate powers
of W and the distribution of W has an absolutely continuous component with den-
sity bounded away from 0 on an open set.

Note that proposition 4 describes an approach to constructing a semiparametric
efficient estimator that does not require that we explicitly estimate the law of X
given V.

8. FINAL REMARKS

We have assumed that the missing covariate X is univariate. In fact, our results
continue to hold for multivariate X provided that, for each subject, X is either com-
pletely observed or completely unobserved. Robins et al. (1994) and Robins and
Rotnitzky (1992) have suggested how the methods of this paper can be extended
to allow different components of X to be missing on different individuals.
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When Y is Bernouilli, Breslow and Cain (1988), Breslow and Zhao (1989),
Flanders and Greenland (1991), Kalbfleisch and Lawless (1988), Zhao and Lipsitz
(1992), Manski and McFadden (1981) and Manski and Lerman (1977) have also
proposed inefficient estimators for the model considered in this paper. Furthermore,
Cosslett (1981) proposed an efficient but computationally challenging estimator.
Robins er al. (1994) showed how each of the inefficient estimators can be modified
so that they become semiparametric efficient.

Robins er al. (1994) considered estimation in a parametric model for the condi-
tional mean of Y given (X, V) with data missing at random; when Y is Bernoulli,
this model coincides with the semiparametric model studied in this paper. Finally,
Robins and Rotnitzky (1992), Robins er al. (1994) and Robins (1995) discuss estima-
tion in arbitrary semiparametric models with data missing or coarsened at random
and the probability of observing complete data bounded away from 0. The model
studied in this paper is an example of such a model.
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APPENDIX A

Proof of proposition 1. We first calculate the nuisance tangent set = and then Sese. By
a purely formal differentiation of the likelihood (3) with respect to g, g, and g;, we expect
the nuisance tangent set 7 to be the linear space given by the closure of

{a(Y) Xv Vr A) = al(V) + aZ(A’ W) + 03(Y, X’ V, A)}’ (16)

where each of the functions a;(), @;() and a;(, , , ) take values in RY and represent either -
conditional or unconditional scores (Bickel et al., 1993). As conditional and unconditional
scores, they satisfy the restrictions £ (2, ()] = 0, Ela,(a, W)W} = 0and a;(Y, X, V, Aa) =
Adj(X, V) + (1 — A)E¥[a5(X, )1 for some a$§(X, V) with ElaS(X, V)| V] =0. We
can calculate that £[4,4;] = ElA\A5] = E[4,43] = E[S,A{] = E[S,A43]1 =0 where, for
example, A; = a,(A, W). Thus Seer is the residual from the projection of S, on 7;. Further-
more 7y, 7, and 73 are mutually orthogonal where 7, = {4}, r, = {Az}and 73 = {4,}. Let
Sa = Setr = A3 = AA§ + (1 — A) E”[AS] so that

Setr = A(Sg ~ AS) +(1 — A) E¥(SS - AS). (17)
The key step in our proof is to define
Qerr = 7(W){S5 ~ A5} + {1 - =(W)} E¥(SE — A3]. (18)

Our strategy is to prove the following three lemmas which together imply proposition 1.
Redefine ¢, (W) = E¥(Quir). :

Lemma 2, ®op (W) solves equation (8).
Lemma 3. Equation (8) has a unique solution.
Lemma 4. Sy = Ulgop).

We shall first prove the following preliminary lemma.

e R

e e e S A 41 et o Sy
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Lemma 5. Equations (1) and (2) imply

EX"[Qu] = 0 almost surely. (19)
Proof. Equation (19) will hold if we can show that
E[QiA1l = ElQ A5l = 0 (20

for all A, and AS. To see why, note that EX"[Q.¢] = (E*"[Qerr] - EV[Que]) + EV[Qeitl =
AS + AY, say, since E{Q.¢r] = 0. Thus, equation (20) would imply 0 = E{Qere EXY(Qur)] =
E [EXV(Qeff)’EX ¥(Qesr)] from which equation (19) would follow. To establish equation
(20) note that )

Set = AT(W) Qe — {A — (W} 7(W) ™ dop (W), @
since, from the definition of Qesr,
bop(W) = E¥[SS, — A5 (22)

Now equations (21) and (2) imply that Seee — A 7(W) ™' Qe is in 75, so that, for all 43,0 =
El(Sess — A (W)™ 10.¢r)’ A3] by the orthogonality of 7, and 73. But E(S&sAs] = 0 since by
definition S, is orthogonal to ;. Hence, 0 = E[A m(W)~'Q¢;A3] = E[A 7(W)~ 104 AS] =
E[Q/:AS], where the last equality is by equation (2). By an identical argument E[Q¢sA,] = 0.

Remark. Lemma 5 is a special case of lemma (A.6) in Robins ef al. (1994), since Qg =
E[SefflL], and SeffGTJ' where L = ( W, X).

Proof of lemma 2. Use equation (19) to set the conditional expectation of the right-hand
side of equation (18) with respect to (X, V) equal to 0 and then solve for A§ to obtain

A5 = EXV = ()] EXr(W) S5 + EX{1 = 7()} op (WD (23)

Now take the conditional expectation of both sides of equation (23) with respect to W, and
then use equation (22) to replace £ WlAS] by E w(se) - bop(W). On rearranging, we obtain
equation (8).

Proof of lemma 3. Let oV(W) and ¢P(W) be two solutions of equation (8). We wish
to show that ¢*(W) = ¢ (W) — ¢P (W) = 0 almost surely. Now ¢*(W) satisfies

0 = o*(W) + EMEX{1 — n(W)} o*(NI/EX [x(W)]) = ¢*(W) + T*W).

If 1 — m(W) = 0 almost surely, obviously $*(W) = 0. Suppose that =(#) # 1 with non-zero
probability. Then

0 = E[{1 — (W)} 6*(W)' {*(W) + T*(W)}] = E[{1 — «(W)} ¢*(W)’ $*(W)]
+ E{1 — x(W)} *(W)’ EXV{1 = n(W)} $*(N/EV [=(W)])
= E[{1 — (M)} e*(W)’ $*(W)] + EE{1 — 7(M)} o* (N’
x EXV[{1 — =(W)} ¢*(MV/EX [x(W)]) > 0
unless ¢*(W) = 0 almost surely by =(W) > o.
Proof of lemma 4. First use equations (18) and (22) to write
Qesr = T(WYSS = A3) + {1 = m(W)} bop(W). (24)

Then substitute the right-hand side of equation (23) for A°§ in equation (24) and substitute
the result for Q. in expression (21). Algebraic simplification then shows that the right-
hand side of the substituted version of equation (21) equals U(dsp), proving the lemma.

Proof of lemma 1. Since the projection of S, on 7, is 0, the semiparametric variance
bounds for all three semiparametric models of lemma 1 are as in proposition 1, since the
models only differ in their restrictions on the nuisance scores in 7.

%,v
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APPENDIX B

Let H(v)" = (U(a, 9, 8)’, $;(0)"), v' = (a’, 6’) and Y = a X @ where « and 8 are the
parameter spaces of « and 6 and the dependence of H(vy) and ¢ has been suppressed. Let
L(a, gy, 8, g;) be the likelihood (3) with o(W; 6)*{1 - =(W: 6} -2 replacing f(A| W; g,).
We shall prove proposition 2 under the following regularity conditions:

® v lies in the interior of a compact set 7;

() w(W; 60)>c>0 for all §8 for some c;

(i)  E[H(y)] # 0 if v # v,;

(iv)  var{H(y,)} is finite and positive definite;

(v)  E[8H(v,y)/3v’] exists and is invertible;

(v)  Elsup,en| H)1, Elsup.,qvllaH('y)/ 9y’1] and Elsup,en] H(y) H(y)'|] are all
finite where | 4| = (£,;4%) for any matrix 4 with elements A,; where N is
some open neighbourhood of vo;

(vi) L(y) = L(e, gy, 9, &») is a regular parametric model with score S, (y) =

. 0{lnL(m)}/dy; '

(viii) for all y*eN E,.[H(y)] and E,«[sup,en| H(v)’ H(y)}] are bounded where E..

refers to expectation with respect to the submodel L(y*). :

We prove proposition 2 for the estimator &(¢, 6) since the proof for (e, 6) is a spe-
cial case. First note that, by equations (1), (2) and (10), E[U(ay, &, 0)1 = E[S4(84)] = 0.
Theorems (2.6) and (3.4) of Newey and McFadden (1994) or corollary 1 of chapter 8 of
Manski (1988) then imply that, under regularity conditions (i)-(vi), with probability
approaching 1, there is a unique solution ¥ to 0 = I; A;(y) and that

nF - y) = {-E[0H(v0)/8v']1} ~'H;(vo) + 0,(1).
But, by definition of H(y), ¥ = (&(s, 5)’, 0"). Hence part (a) is proved and

' {&(s, §) - a0} = — I(9) (n‘*/ZZ Ui#) ~ E[3Ulao, ¢, 69)/36'] {E[aso(eovao]}“so,i)

+o,(1).

Now, under regularity conditions (v), (vii) and (viii), lemma (c.3) in Newey (1990a)
implies the (generalized) information equalities

El0U(o, ¢, 80)/3a’] = —~ E[U($)S.] E[0U(cty, ¢, 85)/36'] = -E[U($)S4],
E[08y(0y) /36] = — E[S,S;] which imply, by theorem (2.2) in Newey (1990b), that &(¢, 5)
is regular and

n2{8(®, 0) = a0} = —K@)n~ Y] Resid, {U(B), Sy} + 0, (1)

which proves part (b). Part (c) follows under our regularity conditions from theorem 4.5)
in Newey and McFadden (1994). Part (d) follows from the uniqueness of the solution
®op (W) to equation (8) and the fact that var(S.)~ ! is the semiparametric variance bound.

Remark. If regularity condition _(iii) is false, we can only conclude that there is a con-

- sistent root &(¢, 6) to 0 = Ula, ¢, 6) which satisfies part (b) of proposition 2. There may

also be inconsistent roots.

Proof of proposition 4. By T*(a,) orthogonal to the tangent set and by T%(ay) orthog-
onal to U'Y(ag) it follows that E[T*(ag)S.] = E[T*(ap) gf] = E[T*(ag) UP(a,, Bop) 1.
Hence UP(ay, ¢) is the mean-square projection of U(ay, ¢o5) on TH(ay). Also, by

)
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conditions (a) and (c) UP(ay, ¢) is mean square continuous as a function of ¢, so, by
the spanning condition (b), ELIU D(ag, dop) — X TH(atp)}?] = 0 as k — o, and hence
E{]Sur — UP(ag) — UPag, ¢°)?] 0. 1t follows that

n n
> Sear,i/n'? = 25 {UPeg) + UP(ao, ¢4)}/n2 250

i=1 i=1

By part (¢) and the dominated convergence theorem, {x(w)f(¥|X, V; a)du(y) and
fy;mfUIX, V@) du(y) are twice continuously differentiable, with derivatives bounded
uniformly in j. Also, | (W) f(¥| X, V; «) du(y) is bounded away from 0, so that each element
of T*(a) is twice continuously differentiable with derivatives bounded uniformly in k.
It then follows that for any & = ap + 0,(1/n'?), |J = J] Scklad - ol = O, (k/n'?)
for any matrix norm | | where J is defined in Section 7 and J = L; T* () S, ;- Also, by
Chebyshev’s inequality, |J — J| = O,(k/n"*) with J as in Section 7, so by the triangle
inequality. |J — J| = O,(k/n'’?). It also follows similarly that @ - Q] = 0, (K/n"%).
Furthermore, by standard matrix results, Apin (@) = Agin (@) — |2 — @], for the minimum
eigenvalue Ay;q( ). Also, it can be shown that equation (2b) and the extremal characteriza-
tion of Ay, imply that, for any constant vector b with |b| =1, E[|d’ U3, k)% 2>
El}b' 5?1 = b XN ) 10 2 AuinEB (W) 6" (W)']) 50 that Ayg(®) >
ck = by part (d). Therefore, Apin(Q) > vk~ with probability approaching 1. This resuit
implies that |Q~'7 — @~ = 0,(k*/n'?) = 0,(1). By UP(e, ¢) linear in ¢ and
[Z8  THo)/n] = Op(k),

zn] {UEZ)(CYO- (;k) - U}z)(ao, ¢k)}/nx/z = _(j,@—x - J'h i Tﬁ‘(ao)/n”z—ho.
i=1 i=1
Thus
i} Sest, i/ M = i} {UD () + UP(eto, 5)}/n'? 250
i=1 i=1
by the triangle inequality, so by Slutzky’s theorem
3 U a0) + UP(ag, 3} /n/2 4 NO, ElSerSil)-

i=1

- Furthermore, differentiating the identity Ea[Tk(oz)]‘= 0 with respect to « (as allowed by

parts (c) and (e)) gives E [QT"(ao)/ da] = —FE [T%(ctg)S.). Thus, by similar arguments, it
can also be shown that M and —-n~'zr 3 UM @) + UP@a, #*)}/8a both converge in
probability to E[SeerSerrl. :

Finally proposition 4 follows by the usual mean value expansion argument, with
I ,U;/n'’* expanded in o around op.
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