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Semi-parametric Estimation of Models for Means
and Covariances in the Presence of Missing Data
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ABSTRACT. In this article we describe a class of inverse-probability-of-censoring-weighted
estimating equations for jointly estimating the parameters of models for the conditional mean and
covariance of a vector of responses given a set of regressors in the presence of monotone missing
outcome data. Our methods are valid when the data are missing at random in the sense of Rubin
(1976) and do not require a parametric model for the joint distribution of the data. However, they
do require a model for the non-responsive probabilities. We show that the solution to the optimal
estimating equation in our class has asymptotic variance equal to the semiparametric variance
bound. Because the optimal estimating equation depends on unknown population parameters, we
propose an adaptive locally efficient estimator whose asymptotic variance can achieve the
semiparametric variance bound.
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parametric efficiency bound

1. Introduction

Gourieroux et al. (1984), Prentice (1988), Zhao & Prentice (1990) and Prentice & Zhao
(1991) proposed estimating equations for-jointly estimating the parameters f3, indexing a
model for the conditional mean and covariance of a vector of responses Y given a set of
regressors X. As noted by these authors, with missing data on Y their approach requires the
assumption that the data are missing completely at random (Rubin, 1976), L.e. that, given the
covariates, the probability of non-response is independent of observed and unobserved data.
The goal of this paper is to provide methods for estimating f, when the non-response
patterns are monotone and the data are missing at random (Rubin, 1976), ie. when the
probability of non-response may depend on the observed data and is independent of the
missing data given the observed data.

One approach to inferences about f, in the presence of missing at random data is to
specify a fully parametric model for the law of Y given X and to estimate f, by maximum
likelihood ignoring the missing data process. Fully parametric inferences, however, can be
non-robust to misspecification of the full-data likelihood since they implicitly work by
inputing the missing data from their conditional distribution given the observed data.
Another approach is the pseudo-likelihood method of Arminger & Sobel (1990). This
approach does not require specification of the joint distribution of the full data but, contrary
to the claim of the authors, it can result in inconsistent estimates of f, when the data are
missing at random but not completely at random. In this paper we describe an estimation
procedure that assumes a model for the conditional means and covariances, but does not
require the complete specification of the distribution of the data.

Models for the covariances of the responses can be the focus of scientific interest or can
be used to improve the efficiency in the estimation of mean parameters. As an example of the
former, consider the longitudinal study reported by DeGruttola et al. (1991) of the
progression of infection with the human immunodeficiency virus (HIV) where serial measure-
ments of T-helper lymphocytes (T4) were available on a cohort of HIV-infected and
uninfected individuals. The goal of the study was to model the evolution of T4 counts over
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time, as well as to determine the variability of the individual rates of change of T4 counts in
the infected and uninfected cohorts. Their mode! for the variability of the individual rates
implied parametric restrictions on the form of the covariance matrix of the responses. In
their study, subjects who developed AIDS under follow-up were more likely to drop out. The
methods described in this paper are useful under this non-response scenario.

Models for means and covariances are useful even when the scientific focus is on the
description of the mean of the responses only. Chamberlain (1987) showed that the
semi-parametric information bound (as defined by Begun et a/., 1983) in the semi-parametric
model defined only by restrictions on the mean of the outcomes given the covariates is less
than or equal, and typically strictly less than, the semi-parametric information bound in the
semi-parametric model defined by restrictions on both the means and covariances. Thus,
typically, knowledge of the model for the covariance of the repeated outcomes given the
covariates helps in estimating the parameters of the model for the means.

In this paper we propose a class of semi-parametric estimators of f§, that are consistent
when the non-response patterns are monotone and the data are missing at random provided
one can specify a model for the non-response probabilities. Our class contains a member
whose asymptotic variance attains the semi-parametric variance bound in the model defined
by restrictions on the conditional means and covariances of the responses given a set of
regressors and the condition that the data are missing at random. The focus is the setting of
longitudinal studies, in which monotone non-response patterns are common. However, our
results are not restricted to longitudinal studies and are applicable whenever the pattern of
missing response is monotone.

In section 2 we present our model. In section 3 we introduce a class of estimating
equations and we show that it contains the efficient score equations. Because the optimal
equations depend on unknown population parameters they are not useful for data analysis.
Thus, in section 4 we propose an adaptive estimator whose asymptotic variance can achieve
the semiparametric variance bound. Section 5 contains some final remarks.

2. The model

We consider a follow-up study conducted over a fixed interval from time 1 to T. Let
Y, =(Yq, Y, ..., Yir)T be the vector of outcome variables corresponding to the ith subject,
i=1,...,n measured at prespecified visit times (0,1,2,..., T) where visit 0 occurs at a
time just prior to start of follow-up. Here and throughout T, when used as a superscript,
denotes matrix transposition. Let X; be a vector of baseline explanatory variables measured
prior to start of follow-up. We shall assume the following regression models for the first two
moments of the cutcomes:

E(Y, | X)) = q.(X;; Bo) S (2.1
and

E(Y, Yo | Xo) = hep (X35 Bo) (22
fori=1,...,nand 1<¢t,'<T. Here fisapxl vector of unknown parameters. The

functions g,( , ) and h,.(-, -) are fixed and known and may satisfy some constraints. For
example, if ¥, is a dichotomous 0-1 variable, q.(X:; B = h,(X;; By and h(X;; B) <
9.(X;; B (Xi; B) + {a.(X;; BT — q,(X:; Plg, (X3 I — q(X;; B} The  restrictions
(2.1) and (2.2) include models for mean and covariances. For example, if the parameters
of the mean and covariance models vary independently and E(Y, LX) = §.(X5 %),
cov (Vs Yo | X,) = ¢ (X;; B5) then By = (a3: 00)T, ¢,(X;; Bo) = 4,(Xis %) and 7 (Xy; Bo) =
(X3 O0) + 4, (X5 29)g o ( Xy o).
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Our goal is to estimate f, when the full vector Y; is not always observed because some
subjects drop out of the study. We assume that the study is designed so that, in addition to
Y, and X,, measurements are to be made on a » x 1 vector of time dependent covariates ¥,
t=(0,...,T). Weset W, =(VI, Y)T, r=(1,...,T) and Wy=(X., Vi, Yo)-

Define R, = 1 if subject / is observed at time ¢, i.e. if ¥, and V, are observed, and R, =0
otherwise. We assume that X, is always observed and that, at each f, Y, and V,, are either
both observed or both missing. Throughout we assume R;, = 1 for all subjects /, and that the
missing data patterns are monotone, i.e. once a subject leaves the study, return is not
possible, or, equivalently, R, =0 implies Ry = 0. Define W, ={(Wgs Wis oo » Wiy
Here and throughout we shall use the convention that overbars are used to include past data
recorded up to but not including the corresponding occasion. We shall assume that the
missing data process satisfies

P(R,-, =1 IRi(I—l) =1, Win Yx) = P(Rn =1 lRi(r—l) =1, V_Vu) (2-3)
and that

PR, =1|Ryy_n=1,W,)>c>0, t=1,...,T (2.4)
so that each subject i has a positive probability of remaining in the study. We shall suppose
that the vectors (Wi, 1y, Ra,-..» Rip)s i=1,...,n, are independent and identically dis-
tributed.

Under (2.3), censoring (non-response) is unrelated to current and future outcomes given
the past W,. Assumption (2.3) holds in particular when the data are missing at random in
the sense of Rubin (1976) since under monotonicity, missing at random is equivalent to

P(Rn =1 ‘Ri(t—-l) =1, Wi(T+l)) =P(Rn =1 l Ri(r—l) =1, [,T/”) (2.5)

We shall suppose that the response probabilities Th=PR,=1|R¢_\y=1,W,) are
known up to a ¢ x 1 vector of unknown parameters &,. That is, we assume that there exists
T.(«), a known function of « and W, taking values on (0, 1], such that

Zil = ,7:"(%) (2.6)
Typically, Z,(«) would be chosen to be a logistic function. That is, one would assume that
given Ry, _;, =1, R, follows a logistic model on functions of W, indexed by 2.

For each subject we shall call L, = W;r.,, the full data and
(Ras -+ s Rigs L3os. 1) ' (2.7)

the observed data where, L, ; is the observed component of L;, ie. Lops =W, if R, =0
and Ry,_j, =1and L, ;= L;if Rr=1. A semi-parametric model is characterized both by
the available data and by restrictions on the joint distribution of the data. Our “full-data”
semi-parametric model is defined by the restrictions (2.1) and (2.2) and the data L,. Our
“observed-data” semi-parametric model is defined by the restrictions (2.1) —(2.4) and (2.6) and
data (2.7). The first goal of this paper is to propose a class of estimators of f, that are consistent
and asymptotically normal under the “‘observed-data” semiparametric model. The second goal
is to show that the asymptotic variance of the optimal estimator in our class attains the semi-
parametric variance bound for all regular estimators of f, in the sense of Begun et al. (1983).

3. Estimation in the “observed-data’ model

In this section we propose a class of estimators of B,. To help understand our estimators in
the missing data problem it will be convenient to study first the problem of estimating f,
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when no outcomes are missing. If Y, =1,..., 7, is not a dichotomous variable define
Zo=(Yy, Y3, Y, Yiu_1ys. -5 Yu Yu)T and (Z Z,,,...,Z,TT)T. Z, and Z; are column
vectors of dimension ¢+ 1 and T(T +3)/2 respectively. Let g,(X;; Bo) =(q.(X:; Bs),
ho( X Bo)s Pae - 1y (Xss Bo)s -+ - A X Bo))" be the vector of conditional means of Z, given
X, When Y, is a dichotomous variable define Z, =(Y,, YiYi, 1y, --» Yu Y.)
and g,(X,; B) =(q,(X;; B)s he—y(Xi; B)s - - - b (X B)). Define &,(B) = Z, —g,(X;; p) and
(B =BT, ..., 6PN Let d(X;, B) be a p x T(T +3)/2 matrix of fixed functions of
X, and B (d(X,; B) is a p x T(T + 1)/2 matrix function if ¥,,, t=1,.... T, is dichotomous).
Consider the estimating equations

Upa(B) =n =2 . d(X,, Bec() =0. (3.1)

i=1

Equation (3.1) includes the class of estimating equations for mean and covariance para-
meters proposed by Prentice (1988) for repeated binary outcomes and by Prentice &
Zhao (1991) for multivariate continuous and discrete outcomes. These authors con-
sidered d(X;; B) = {0g(X;, B)/0B}c(X;)~" where c(X;) is an arbitrary “working” covar-
ijance matrix of Z, given X, chosen by the investigator and g(X; B =
&Xs BT, gr (X DT

When no outcomes are missing the estimating equation (3.1) has, under regularity
conditions a solution f(d) that is consistent and asymptotically normal for estimating 8,
(Prentice & Zhao, 1991). The following lemma states that any regular and asymptotically
linear estimator of f§, is asymptotically equivalent to a solution of an equation in the class
(3.1) for some choice of d. (The definitions of regularity and asymptotic linearity. are given
in the appendix.) '

Lemma 1
Suppose B is a regular and asymptotically linear estimator of Bo. Then there exists a function

d(X;; B) such that n'*{§ — f(d)} = 0,(1).

Chamberlain (1987) showed that the asymptotic variance of B(dry) where dey (X5 B) =
{6g(X,, B)/8B} var (¢ | X;) ™" and ¢ =¢;(B,) attains the semi-parametric variance bound for
the full data model. Since f(dey) does not use data on the time dependent covariates ¥y, this
implies that when no outcomes are missing, ¥, does not asymptoticaily add information
about fg.

Suppose now that some outcomes are missing and consider equation (3.1) restricted to the
observed outcomes, i.e.

n= Y d*(X; Bet (B) = 0. (3.2)

Here, for each B, e*(f) is equal to the vector of observed residuals and, given d(X;; B),
d*(X;; B) is the corresponding sub-matrix. Unfortunately, consistency of a solution of (3.2)
typically requires the stronger condition that the data are missing completely at random
(Rubin, 1976), i.e.

P(R" =1 l Rl(r—l) —1 (T+l)) —P(er =1 ‘Rl(t 1) ’1 X) (3'3)

This is so since when (2.3) holds but (3.3) is false &} (8,) no longer has mean zero conditional
on response because, as noted by Rubin (1976), subjects with R, =1 represent a biased
sample.

In order to derive our estimators of f, let & be the partial maximum likelihood estimator
of %, in model (2.6), i.e. & maximizes the partial likelihood,
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L) =[] L) =[] [T V@) ®{1 = £ ()} =R} e (34)

or equivalently & solves I S,(x)=0 where S,(«)={0logL;(«)/da}=2]_,{R;~—
Aa{0)Ry, _ 1y }{@ logit A, ()/6a} is the contribution to the score for « from the ith subject. Our
estimators f(d, ¢) will be indexed by d(X;; ) a p x T(T + 3)/2 matrix function of X; for each
B, (d(X;.B) is a p x T(T + 1)/2 matrix function if ¥,, t=1,..., 7, is dichotomous) and
W) =(dT(Wy), ..., $T(Wir))T where ¢,(W,) is a p x 1 vector function of W,. Specifi-
cally, f(d, ¢) solves

U, d, ¢, 8 =n-"? i U,(B.d, ¢,8) =0 (3.5)
. i=1

Wheré Ui(B, d, ¢, ) = Rrftr(@) =" d(X;; Ble;(B) — A,(§, @) with

r

Ai(¢’ a) = Z {Rit - Iil(a)Ri(l— 13} }iit(a)—ld)/(pvir) and ﬁiz(a) = H /:‘t(a)'

i=1

The estimating equations (3.5) use data from drop-outs, i.e. subjects with R, =0 as well as
from subjects with full data. Drop-outs contribute to the estimating equations (3.5) through
the estimator & as well as through A4, (¢, ). For example, if subject i leaves the study at time
t=2, then 4,(¢, &) is equal to {1 —Z; (@} 4 (@ 'd1(Wy) — 4n (@) ~'¢2(W,,). Note that
A;(¢, ) is a function of the observed data since if a subject leaves the study at time ¢, the
coefficients R, — A ()R, of the unobservables ¢,(W,,) are equal to zero for ' >t
Subjects with full data contribute additionally the term 7,(¢) ~' d(X;; B);(§) which, when
(2.5) holds, is equal to their contribution to the full-data estimating equation (3.1) weighted
by the inverse of the estimate of their conditional probability of remaining in the study at the
end of follow-up given W, .

The following theorem gives the asymptotic properties of f(d, ) under the regul-
arity conditions (R.1)-(R.9) of Appendix 1, which we shall henceforth assume to be true.
In what follows it will be convenient to define A%*=A4AT and resid(4,B) =4 —
E(ABT) var (B) ~'B, the residual from the population regression of 4 on B.

Theorem 1

Under (2.1)-(2.4) and (2.6), (i) with probability approaching 1 (w.p.a. 1) there exists
a unique solution f(d, ¢) to (3.5); (ii) n"/>{B(d, ¢) — Bo} is asymptotically normal with mean
zero and covariance I(d)~'Q(d, ¢, 2)I(d)~'T that can be consistently estimated by
Kd)~'d, ¢, DI(d)~'T where, I(d) = E[6{d(X;; Bo)e(Bo) }/0B™], d, ¢, %) = Elresid {U; (fo,
d, ¢, %), S, }%%, Hd) =n~'Z Rz (@) d(X;; P)oe.(B)[9BT, Qd, ¢,4) =n~' T resid®* and
reid, is the residual for subject i from the least squares regression of U.(f, d, ¢,4) on S, ().

Since the variance of the residuals from a least squares regression can never increase as the
number of covariates increases, part (ii) of theorem 1 implies that given two- nested correctly
specified non-response models indexed by the parameters afV and «@®=(@®T,yN)T,
Qd, ¢, a M) > Q(d, ¢, 2?) and hence the asymptotic variance of the estimator that uses the
non-response model parametrized by «® is no larger than that of the estimator that uses the
non-response model parametrized by «‘". Thus, increasing the dimension of the parameter
vector « in the model (2.6) can never decrease and typically improves the efficiency with
which we estimate f,. -

Our next result states that the class of estimators f(d, ¢) contains, modulo op(n‘”z), all
regular and asymptotically linear estimators of f§, under the “observed-data” semi-paramet-
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ric model and that the asymptotic variance of a member of this class attains the semi-para-
metric variance bound.

Theorem 2

(i) Suppose that [ is a regular and asymptotically linear estimator of fq in the “observed-data”
semi-parametric model. Then there exist d and ¢ such that n'’*{f — Bid, ¢)} =o0,(1); (ii) There
exist unique functions d.(X;; B) and eg(W,r; B) such that Ndeg, Gem. %) equals the semi-
parametric variance bound in the “‘observed-data” semi-parametric model. Furthermore
I(d.g) = QUdeg, Qo> %) SO that the asymptonc variance of fld.g, Per) attazns the bound; (iii)
der(X;; B) = 0g(X;; B)/BBT var {RirTur{co) ™ Yoy — A %) | X, )" where W(Wir) = (,ul(er)

"“T( T)T) Wlth .ur(VVn)"‘E(EI ire u l_l) and ¢eﬂ',t( ix)_ eﬁ'( i:IBO)ur(
1T

Note that because the asymptotic variance of B(d.s, doe) is equal to the semi-parametric
variance bound then, when d,s and ¢y are used in equation (3.5) instead of 4 and ¢
respectively, we can no longer improve the efficiency with which we estimate B, by increasing
the degree of parametrization of the non-response model.

Suppose now that the data are missing completely at random, i.e. equation (3.3) holds,
and let the semi-parametric model “random-observed-data” be defined as the “observed-
data” model except that restriction (2.3) is replaced by (3.3). Because (3.3) implies (2.3) the
solutions of equations (3.5) are also consistent and asymptotically normal for estimating f3,
under the “random-observed-data” model. In fact, the class of estimators that soives (3.5)
still contains, modulo 0,(1), all regular and asymptotically linear estimators of S, and
furthermore, it has a member whose asymptotic variance achieves the semi-parametric
variance bound in the “random-observed-data” model as the following theorem states.

Theorem 3
In the “random-observed-data® model the conclusions of theorem 2 remain true.

Theorem 3 implies that when we know that (2.3) holds, further knowledge that the
non-response process satisfies the stronger condition that the data are missing completely at
random does not asymptotically provide additional information about f;.

4. Adaptive estimation

The solution f(d.g, ¢p.q) is not directly useful for data analysis because u,(W,) and
d.o(X,: B) depend on the unknown probability law generating the data. Our approach will
be to replace them by “adaptive” estimates. Specifically, given a preliminary inefficient
estlmator ,8 we will estimate, in order, u, (W), d.a(X:; Bo) and ¢eq (W) To estimate
1, (W) we cannot simply regress the estimated residuals sy(ﬂ) on functions of W, among
subjects observed at time ;j since the missing mechanism (2.3) does not 1mply that
E(sy | Wi» Ry_y =1) equals E(g; | W, R;=1) for j>1+ 1. Recall that ¢, = e;(Bo) where
e;(f) is, by definition, the vector of residuals (Y, —¢q;(X;; B), Y: —hi{X:; B),

YV —h—n(Xs B, - - Ry (X5 BNT. However, it is straightforward to prove
that when (2.3) holds E(s i W,,, R,, v=1) = E(fy, Ty ey | Ry =1, W)P(R; =1]|
R,_,=1, W,) where 7, =%,(c), j=>t and 1 <:<T. Hence, we adopt the following

two-stage estimation procedure.
At the first stage, we specify flexible regression models

P(Ry=1|Ry_y =1, W) =1, Wa)s (4.1)
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E{ﬁi(r— l)ﬁi;lsij I R;= 1, Wir} = mj('“(fj('/)’ W) (4.2)

depending on finite dimensional parameters y{” and 7. Often the right-hand side of (4.1)
will be chosen to be of logistic form. Given preliminary estimates § of B, and & of «p, let
79 be the maximum likelihood estimator x{” and let (" be the (possibly non-linear)
least squares estimator of t!” in the regression of 7, _ I)(oc)&:v(ﬁ)/n,j(az) on W, among
subjects observed at the jth occasion. Then g, (W) =(iy,...,i;r)T where y, -1‘”(,("’
WmOED, W,), if t<j<T and fy=gf) if 1<j<t A(f &) =ZL, (R~
Fi(B Ry y)7(@) 7', (W,). We then estimate the p x p matrix var {R,-Tﬁ,-T(oco)“s,—
A; (. o9) | X;}. Given the multivariate (possibly non-linear) regression models

E(SySu | %) = (¥, X)) (4.3)

for 1<k <k’ <T(T+3)/2, where Sy is the kth element of R . r(co) ~'e; — A; (1 %),
estimate ¥ with ¥, the (possibly non-linear) multivariate least squares estlmator of the
regression of $S, on X, Here Sj is the kth element of R #t(d)~'e,(f) — A (4 3).
The estimate of d.q(X;; ) is given by d.w(X;; B) = {0g(X;, B)[EB} var {Ryrr(a) ~'e; —

A (1, o) | X, )" where VAr {RrTr(o) ~'e; — A; (1, %) | X;} is the T(T +3)/2 x T(T +3)/2
symmetric matrix with (k, k') element /[, (¥, X;). Notice that by restricting the functions
L (-, X;) to be such that the symmetric matrix with (k, £') element /. ('Y, X ) is positive
definite for all values of ¥ we guarantee the positive definiteness of var {R,r:r(%) ~'s; —
4; (.u? aO) |X} The estimate of ¢eﬂ" 1(VV:1) is glven by ¢eﬁ‘ 1( r) aeﬂ'(X'n g)ﬁr(Wl)

Finally, at the second stage, the adaptive estimator of f, is Bd.q, esr), the solution of the
equation (3.5) that uses d.q and @ instead of 4 and ¢.

It is standard to show that when (4.1), (4.2) and (4.3) are correctly specified, B(d.sr, bor)
has the same asymptotic distribution as B(d.q, bes) (see for example Robins er al., 1992).
Furthermore, f(d.q, $.s) will be asymptotically unbiased for f, even when (4.1), (4.2) or
(4.3) are misspecified or even incompatible in the sense that there exists no joint distribution
for the observable random variables compatible with (2.1), (2.2), (2.6) and the models
(4.1)=(4.3). A consistent estimator of the asymptotic variance of n'/2{f(d.q, Pos) — Bo} that
is robust to misspecification of (4.1)—(4.3) is given by [(d.g) ~'Qd.g, Perrs )I(dog) ~'T where
the matrix functionals /(") and Q(-, -, ) are as defined in theorem I.

5. Final remarks

In this paper we have considered the efficient estimation of the parameters of models for
mean and covariances of repeated outcomes under monotone missing at random or missing
completely at random data. Our model assumes that the non-response probabilities are
known up to a vector of unknown parameters. Using the results of Robins & Rotnitzky
(1992) and Robins er al. (1994), it can be shown that the semi-parametric variance bound for
estimating f, is unchanged if no restrictions are.imposed on the non-response probabilities,
and therefore that the non-response process does not asymptotically carry information about
Bo. When the non-response probabilities are not specified we can replace them, in the optimal
estimating equation (3.5) that uses d.; and ¢, by their kernel regression estimators. Under
appropriate smoothness conditions and with the bandwidth appropriately chosen, this
approach can be shown to result in semi-parametric efficient estimators of f,. However, .
unrealistically large samples are needed before the asymptotic distribution of the resulting
estimator is a good approximation to its sampling distribution. Thus, in practice one requires
models for the non-response probabilities. '

The estimating equation (3.5) uses only the residuals ¢;(f) of subjects with full data, ie.
with R, = 1. Thus, when #,+(,) is small, the estimator B(d, $) may possibly have poor small
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sample behaviour. As an alternative, one can replace in the estimating equation (3.5) the
functions ¢,(W,) by functions ¢*(W,; B) =d(X)e(f) + ¢,(W,), where T =diag(e}")
satisfying &(? =0 if j>¢ and & =1 if j <t The resulting estimating equations use the
residuals at all times ¢ where an outcome is not missing. The asymptotic distribution of the
resulting estimator coincides with that of the solution to equation (3.5) when
()bl(Wt) = ¢T(W1 > :BO)

In this paper we have focused on the case of monotone missing data patterns. Our results
can be extended to scenarios with non-monotone missing data patterns following the ideas in
Robins er al. (1994, 1995). This extension is beyond the scope of this paper.

In this article we have considered efficient estimation of the parameters of models of means
and covariances. Robins & Rotnitzky (1992), Robins er al. (1995), Robins & Rotnitzky
(1995) and Heyting et al. (1992) consider the same problem when only models for the mean
of the responses are known, i.e. when (2.1) is true but (2.2) is not specified. Robins &
Rotnitzky (1992) extend these results by allowing censoring (dropout) to occur in continuous
time.

Finally, caution is needed in using the methods of this paper. Although knowledge of the
model for the second moments often helps in the estimation of mean parameters, the gain in
efficiency of the semi-parametric efficient estimation (SEE) in models of means and covari-
ances over that of the SEE in a semi-parametric model that imposes restrictions only on the
first moments is accompanied by a lack of robustness to misspecification of the model for the
second moments. A sensitivity analysis deserves further study.
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Appendix

We first prove theorem 1. Let H()T = (U,(8, d)7, S,()T) where U,(f,d) =d(X; (B,
3T =(B7,aT) and y =B x « where § and « are the parameter spaces of B and «. We shall
prove our propositions under the following nine regularity conditions.

(R.1) y lies in the interior of a compact set y;

(R.2) (L, R), i=1,...,n, are independent and identically distributed;

(R.3) 4,(®) >c¢ >0 for all « e« for some c;

(R.4) E[H(y)] #0 if y # yo;

(R.5) var [H(y,)] is finite and positive definite;

(R.6) E[8H(y,)/0y] exists and is invertible;

(R.7) Elsup.oy |[HO)|l Elsup,en |0HG)/37|), Elsup,.n |[HGIHG)'|] are all finite,
where 4| = {£, 43} for any matrix 4 with elements 4; and N is a neighbor-
hood of y,;

(R.8) f(L, R;y) is a regular parametric model with score S.(y) =3 In f(L, R; y)/dy where
f(L, R;y) is a density that differs from the true density f(L, R) =f(L, R; y,) only in
that y replaces y,;

(R.9) For all y* in a neighborhood N of vy, E.[H(y*)] and E.[sup,cn [H@) H)|] are
bounded where E.. refers to expectation w.r.t. the density f(L, R; y*).

" Proof of theorem 1. Let U, = U,(By, d, §, %)- First note that E(U,) =0 by (2.1)-(2.4) and
(2.6). Let H*()T = (U,(B, d, ¢, 0)T, S, () 7). Then, by E(U;) =0, regularity conditions
(R.1)=(R.9) hold with H*(y) instead of H(y). Th. (2.6) and (3.4) of Newey & McFadden
(1993) or coroll. 1 in Ch. 8 of Manski (1988) imply that if H*(y) satisfies (R.1)~(R.7) then
w.p.a. 1 there exists a solution 7 to I H;(y) =0 such that 2 —yo) = —E{8H¥ (70)/
3y} 'n~'2 T H¥(y,) +0,(1) and part (i) of theorem 1 follows. By definition of H(y),
3T =(B(d, §)T,4T). Hence n'?{B(d ¢) — fo} = —E{0U,(Bo, d, $, %)I0B}~n "2 2 (U, -
E{0U;(Bo. d, ¢, ao)/aaT}E{GS,vi(%)/aaT}‘le ] where S, =S5, (%) Now by (2.3)

“E{0U(Bo. d, . %) |07} = E{0U, (Do, d)/éB} = —I(d). Furthermore, under regularity
conditions (R.6), (R.8) and (R.9), lem. (c.3) of Newey (1990) implies —E{GH¥(y)/
30T} = E{H*(3)S.. (e)T}. Thus E{3U(By, d. ¢, %)/0a} = —E{U,ST,} and E{3S, ()]
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00T} = —E(S, ;ST ,). Substituting these identities into the expression for n'2{f(d, ¢) — B}
and using the Central Limit Theorem the asymptotic variance follows. The consistency of
f(d) and Q(d, ¢, d) is a direct consequence of the Law of Large Numbers.

We now prove lemma 1 and theorems 2 and 3. Our proofs use a general representation for
the semi-parametric efficient score of an arbitrary semi-parametric model with monotone
missing at random data given in th. 4.1 and 4.2 of Robins & Rotnitzky (1992) and prop. 8.1
and 8.2 of Robins er al. (1994), hereon denoted respectively by RR and RRZ. We start with
a review of the theory of semi-parametric efficiency bounds borrowing heavily from the
survey paper of Newey (1990) and the monograph of Bickel ez al. (1992).

Suppose the data consists of # independent copies Z,, i =1, ..., n, of a random variable
Z. Let L(B, 0; Z,) be the likelihood for a subject 7 in a semi-parametric model indexed by a
p x 1 parameter vector f and a nuisance parameter § taking values in some infinite
dimensional set. Let (8,, 8,) index the distribution generating Z;. Define a regular parametric
sub-model to be a regular fully parametric model with parameters (8, ) and likelihood
L(B, n; Z,) with true values (8;, 7o), Where the “sub” prefix refers to the fact that for each
the distribution L{B, n; Z,) is a distribution L(8, 8; Z;) allowed by the semi-parametric
model. An estimator of f, is regular in a regular parametric submodel if, locally, it converges
uniformly to its limiting distribution. A regular estimator of f, is an estimator that is regular
in every regular parametric sub-model. The semi-parametric variance bound for B, is the
supremum of the Cramer—Rao variance bounds for §, over all regular parametric sub-mod-
els. The asymptotic variance of any regular estimator of f; is no smaller than the
semi-parametric variance bound.

Define the nuisance tangent space A to be the closed linear span of the set of all random
vectors bS,, where S, is the subject-specific score for 1 evaluated at the truth in some regular
parametric sub-model, usually S, = & In L{(B,, no; Z)/8n, b is a conformable constant matrix
with p rows, and the subscript / has been suppressed. We shall consider A as a sub-set of the
Hilbert space of p x 1 random vectors H with inner product E(H] H,) and E(HTH) < 0.
The projection of any vector H on A exists and is the unique vector II(H | A) in A satisfying
E[{H —TI(H | A)}74] =0 for all 4 in A. II is a projection operator.

The semi-parametric variance bound for regular estimators of f§, equals the inverse of the
variance of S.;=TII(S;|A*) where S; is the score for § in the semi-parametric model
L(B, 8; Z), usually S; =0 In L(f,, 8y; Z)/6B, and At is the orthogonal complement of A.
The random variable S,q is called the efficient score. Further any regular, asymptoticaily
linear estimator § with asymptotic variance {var (S.s)}~" has the efficient influence func-
tion {var (S.g))~'S.s, where f is asymptotically linear with influence function B if
n'™f — Bo) =X, B; +0,(1), E(B) =0, and var(B) <. In addition, Ay is the set of
influence functions of regular asymptotic linear estimators of §,, where for any set # of
random variables, we define #, to be the set with mean 0.

We now specialize the above general results to the semi-parametric model defined by
(2.1)=(2.4) and data (2.7). Let Z'") = W, be the data vector that would be available on
a subject in the absence of missing data. Let LY, 6; Z?) be the likelihood for a single
subject when Z® is fully observed in the fuil-data semi-parametric model characterized by
(2.1) and (2.2), indexed by the p x 1 vector § and an infinite dimensional nuisance parameter
8 and let S, A", and SR be the score for f, the nuisance tangent space, and the efficient
score for the full data modet respectively. Let Z be the observed data vector for a subject, i.e.
Z = (WT, RTT if the subject is observed at occasion r—1 but not at occasion ¢, ie.
R,_,=1 and R,=0, and Z=(WT,,,RT)T for a subject without missing data. Let
L(B, 8, Z) be the likelihood for a single subject in the semi-parametric model characterized
by (2.1)—=(2.4) and (2.6) and data (2.7).
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Proof of lemma 1. Let K = k(Z) with E(K) = 0. We first show that
I-I(K]A‘F)"') =E(K8TIX)E(£8T| X)le (A.1)

Following analogous identical to those in lem. A.5 of Newey & Powell (1990) we
have AY)={B, + B, + By; B, =b(X), By,=by(e,X), Bs=bhs(c. X, V) with E(B,) =0,
E(B,|X)=0, E(eBT|X)=0 and E(B;|e¢ X)=0}. Further, it is easy to show that
AP ={B}, AP ={B,} and AY’={B;} are mutually orthogonal. Now, II[K|A"-]
= K ~TI[K | AP). But TI[K | A¥] = ITK | AP] + T[K | AY] + TI[K | AY")] by orthogonality
of AP, AY? and AY". From the definition of a projection, one can check that IT[X | AY"] =
K—EK|X.e, TK|AP] = E(K|X.&)—EK|X)— E(Ke™| X)E(ee™| X)~'e,  and
MK | A = E(K | X) — E(K). So finally, K | A®) =K — E(K) — E(Ke" | X)E(e™ | X)~'z.
An immediate consequence is that

A+ = {d(X)e: d(X) is a conformable matrix with p rows} (A.2)

and thus Lemma 1 follows.

Proof of theorem 2. First consider the semi-parametric model defined by (2.1)-(2.2),
(2.4)—(2.6) and data (2.7). This model differs from the “observed-data” model only in that the
data are missing at random, i.e. it imposes only the additional restriction f(¥, | W,,¢) =
SV, | W,, R, =1, ¢). Since this condition is non-identifiable, i.e. it may be true whatever the
distribution of the observables is, the allowable densities for the observable random variables in
the semi-parametric models defined by restrictions (2.1)-(2.4) and (2.6), and (2.1), (2.2),
(2.4) —(2.6) are the same. Thus, in particular the semi-parametric efficient score and semi-para-
metric variance bound for estimating 3, are the same in both models. We henceforth assume that
in addition to (2.1)—(2.4) and (2.6), (2.5) holds. It follows from prop. (8.1)(b) and (8.2)(c) of
RRZ or th. (4.1)(d) and (4.2) of RR and (A.2) that A¢ = {Ryn7' U, (8o, d) — A(9, %)},
proving part (i). Now S.q is in Ag 50 Ser= Ry 7' Uy (Bo, de) — APers %) = UBo, degrs Do)
for some d.g and ¢q. Hence var (Syy) = QUdeg, Gorr). Further, [(dyy) = — E{U, (8o, dei)S¥"' T}
= E{U(fo, der, Per)SL.} = var (S,¢) where the second equality is by prop. (8.1)(c.1) of
RRZ or th. (4.1)}e) of RR. This concludes the proof of part (ii). Now, it follows from
prop. (8.1)(e.1) and (8.2)(d) of RRZ or th. (4.1)(f) and (42) of RR ' that
Geir. /(W) = E{dq(X; Bo)e | W,, R,_, =1} where dq(X; f,) is the unique conformable ma-
trix d(X) of p rows satisfying S =d(X)e +Tv{d(X)e} |A*] with v(B) =
2L (1-1)7;"{B—EB|W,R,_,=1)} for any random variable B. Now S& =
{38(X; Bo)/2B7} var (e | X) ~'e (Chamberlain, 1987) and using (A.1) from the proof of lemma 1,
it follows that d.(X; B,) is the unique matrix function d(X) satisfying

{08(X; Bo)/2BT} var (¢ | X) ~le =d(X)e + d(X)E{W(e)e™ | X} var (e | X) ~e. (A3)

Upon multiplying both sides of (A.3) by ¢ and taking conditional expectations given X and

solving for d(X) we obtain d(X)=2g(X; By)/df var (e | X)+EZL, (1 -1)a"

var (¢ | W,, R,_, =1).] X}]~' and it is straightforward to verify that this coincides with the

expression given for d,4(X; f,) in the statement of the theorem. This concludes the proof of the -
theorem. '

Proof of theorem 3. Theorem 3 is a direct consequence of th. (4.1)(f) of RR and prop.
(8.1)(e.1) of RRZ which implies that, when the data are missing at random, the set of influence
functions, the efficient score and the semi-parametric variance bound do not depend on a
model for, or knowledge of, the non-response probabilities 4,.
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