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1. Introduction

Suppose we obtain n i.i.d copies of a ran-
dom vector O with unknown distribution F'.
Our goal is to construct honest (1 — «) asymp-
totic confidence intervals (whose width shrinks
to zero with increasing n at the fastest pos-
sible rate) for a functional ¢ (F) in a model
that places no restrictions on F, other than,
perhaps, bounds on both the L, norms and
the roughness (more generally, the complex-
ity) of certain density and conditional expec-
tation functions. If ¢ (F) has a non-zero
semiparametric information bound (SIB), it is
known that if sufficiently stringent bounds on
L, norms and roughness are assumed, it is pos-
sible to construct honest asymptotic confidence
intervals whose width shrinks at the usual para-
metric rate of n=/2. However, with the very
high dimensional data collected in many ap-
plications, the roughness bounds necessary to
obtain n~!/2 rates may be considered substan-
tively implausible (Robins and Ritov, 1997)
and a new approach is then required. ( All
references are to be found at the end of our
companion paper in this same volume.)

In this paper we implement a novel "in-
ference machine" that takes as input apriori
roughness bounds and a functional ¢ (F') with
a finite semiparametric information bound and
outputs honest asymptotic confidence intervals.
We have not, as yet, been able to prove that our
intervals shrink as fast as possible. However,
we suspect that in many settings our shrink-
age rates are indeed optimal and the estimator
of ¢ (F') defined by the midpoint of our inter-
val achieves the minimax rate of convergence,
which may often be slower than the paramet-
ric rate of n=1/2. Our "inference machine" can
be extended to parameters ¢ (F) with a SIB
of zero by approximating 1 (F) by a sequence
¥,, (F) of functionals with non-zero SIB. The
particular functionals we consider in this pa-
per are : (i) the weighted average treatment

effect (WATE) of a dichotomous treatment in
the presence of high dimensional vector X of
confounding factors and (ii) the marginal mean
of a response Y, when Y is missing at random
(MAR), and data are available on a high di-
mensional vector of always observed covariates
X. We introduce novel confidence intervals for
these two substantively important functionals
that cover at their nominal level under weaker
smoothness assumptions than previous interval
estimators, often at the unavoidable price of
shrinking to zero at a rate less than n=1/2,

Our point and interval estimators are
higher order U-statistics. They are derived
with a new unified theory of parametric, semi-
, and nonparametric statistics due to Robins
and van der Vaart (Robins, 2004, Sec. 9)
based on higher order scores (i.e., derivatives
of the likelihood) and influence functions that
applies equally to both the \/n and non-\/n
problems. The theory reproduces the results
previously obtained by the modern theory of
non-parametric inference, produces many new
non-/n results, and most importantly opens
up the ability to perform optimal non-y/n infer-
ence in complex high dimensional models. This
theory of higher order influence functions ex-
tends the first order semiparametric theory of
Bickel et al. (1993) and van der Vaart (1991) by
incorporating the theory of higher order scores
and Bhattacharrya bases considered by Pfan-
zagl (1990), McLeish and Small (1994) and
Lindsay and Waterman (1996).

2. The Models

2.1 Weighted Average Treatment ef-
fect Model

We observe n i..i.d copies of O; =
(Wi, A, Xi) i = 1,.m, O; ~ F(0;0) €
MWATE (@) = {F(0;0);0 € ©}, where W is
the outcome of interest, A; is a dichotomous
exposure, X; is a d—dimensional vector of con-
tinuous covariates, treatment assignment is ig-
norable and the parameter 6 indexes the laws
included in model MWATE (). The parame-
ter of interest is the functional y (6, ¢) given by:

_ Ey [c(X)covg(W, A|X)]
1m0 = =g X vargAx)]




where ¢(+) is a known function. We refer to
(0, c) as a weighted average treatment effect
since (1) can be rewritten :

Ep(W|A=1,X,Tp(X) =1) )]

Ey [dc,e(X) < —Ey(WIA=0,X,Tp(X)=1)

Ty (X)e(X)varg(A|X
where d.g(X) = E‘Eg[c)()g)v)arg(ﬁ\)(l')]) and

Ty(X) = I(varg(A|X) > 0). The particular
choice ¢(X) = varg(A|X)~! recovers the aver-
age treatment effect (ATE) functional. Under
the semiparametric model

T(0)=Ey(W|A=1,X)—- Eg(W|A=0,X)

(2)
for all X, u(6,¢) = 7(0) for all ¢(X). There-
fore, when model (2) holds, valid inference on
the nonparametric parameter (1) for any choice
of ¢(X) will also yield valid inference for 7 (6).
In what follows, we shall not assume that (2)
holds and will only consider the case where
c = 1. If for any p € R, we define ¢, (0) to
be

Eg [{Y (p) = Eo (Y (p) [X)} {A - Eo (A[X)}]

with Y (p) = W — pA, it is easy to verify
that u(0,1) may also be characterized as the
p(0) satisfying ¢, (0) = 0. Thus inference
on 4 (0,1) is easily obtained from inference on
¥, (0). In particular a (1 — «) confidence set
for 1 (0, 1) is the set of p such that a (1 —«) CI
for ¢, (0) contains 0. Therefore, with no loss

of generality, we consider the construction of a
(1 — ) CI for " ATF (9) = 4 () for a fixed
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value p = p, and write Y (p) =Y,

2.2 Missing At Random Model

We observe i.i.d data (A4;Y;, A4;,X;) =
0; ~ F (Oi; 9) S MMAR (@) =
{F(0;0),0 € ©}, where Y; is an out-
come that is not always observed, A; is the
missingness indicator, X; is a d—dimensional
vector of always observed continuous covari-
ates, and Pyp(A = 1|X) > § ae. for some
0 > 0. The MAR assumption implies that
Py(A = 1|1X,Y) = Py(A = 1|X). Our goal
here is to make inference on the functional
YMAR (9) given by:

AY
1/}MAR 0) = Ey <P9(A: 1|X))

= Ep(Bp(Y|A=1,X)) (3)

Under MAR, wMAR is the marginal mean of Y’
in the absence of missing data.

2.3 Formalization of The Models

In both models, we assume for all 6 € O,
the distribution of X is supported on the unit
cube [0,1]" in R? and has a density with respect
to Lebesgue measure. To complete the specifi-
cation of models MWATE and MMAER e take
functions b=b(-),w=w (), 9 =g (-) to be el-
ements of 0, such that in both models w (X) de-
notes P(A =1|X;6), b(X) denotes E(Y|X;0)
and E(Y|X,A = 1;0) in models MWATE
and MMAE respectively, and g(X) denotes the
marginal density of X and the conditional den-
sity of X given A = 1 in models M"WATE and
MMAE pespectively. The model specific defini-
tions of b and g allows a more unified treatment
of the two models. We impose the following
known bounds on various L., norms in both
models :(a.1) |b(X)| < K w.p.1 for some con-
stant K < 00, (a.2) var (Y|X) < Ky w.p.1 for
some constant Ky < oo, and (a.3) there exist
6%, M > 0, such that §* < g(X) < M w.p.1.

Results in Ritov and Bickel (1990) and
Robins and Ritov (1997) imply it is not possi-
ble to construct honest asymptotic confidence
intervals for 1" 4T whose width shrinks to 0
as n — 0o without bounds on the roughness of
b(-) and w(:). Our bounds will be based on
the following definition.

Definition 1 A function h(X) with support
supp(X) is said to belong to a Holder ball
H(B},,Ch), with Holder exponent 85, > 0 and
radius Cp, > 0, if and only if all partial deriv-
atives of h(X) up to order |B,,] exist, and all
partial derivatives VPr) of order | 81,] satisfy

sup VI R(X + 6X)
Xesupp(X) _VLﬁhJ h(X)

< ChH(;X”ﬂh*LBhJ

We note that the integrated mean
squared error (MSE) and the uniform er-
ror minimax rates of convergence for es-
timation of a marginal density or condi-
tional expectation h(-) € H(B,,Ch) are

__Bn _%
O(n 24 ) and O (") "

We

logn

assume b (), w(+), and g (+) lie in given Holder

balls H(8,,Cy), H(B,,,C), H(B,, Cy).

Remark 2 In model MMAR if one had as-
sumed apriori that w(-) and the marginal
density of X lay in Holder balls with re-
spective exponents j3,, and B, then B, would

g’



be min(B8,,,8), since f(A=1X)f(X)
f(X|A=1)P(A=1).

2.4 First Order Inference

In this section, we consider the previous
approaches to the construction of conservative
uniform (i.e. honest) asymptotic confidence
sets where

Definition 3 C,, is a conservative uniform as-
ymptotic (1 — a) confidence set for ¥ if:

lim irﬁf ir;f {Prg[peCy]—(1-a)} >0 (4)

A standard interval estimator is the Wald
type interval centered around an asymptotic
linear (therefore asymptotically normal) plug-
in estimator ”(//; = 7,/}(5), ie:

Cp = & 20258 (@) (5)

where z_ ., is the a/2 quantile of the standard

/2
normal, # is a preliminary estimate of 6, and

s.e. (@) is a (say, nonparametric bootstrap)

~

1/2
var 1/))} . For instance, in

model MMAER the plug-in estimator

&MAR = yMAR (@) -V, [E(X)} ;

estimator of {

where 3() is a preliminary nonparamet-
ric estimate of b(-), and for any function
Vsiv,oiip="p (Oi1,0i2,...,0ip) of p subjects’
data, Vv, is the pth order U-statistic

(n —p)!

i1F£42... Fip

~MAR
The bias of ¥ ,

Ey (@MAR) —pMAR = B, (Z(Xi) - b(Xi)> ;

is "first order" and therefore the interval cen-
tered around it will not be a valid asymptotic
confidence interval unless b(-) is chosen such
that E<3(Xi)—b(Xi)> = o(n~1/2), as bias
must be of smaller order than standard devi-
ation O(n~'/2) for C, to satisfy (4). This pro-
hibits many minimax rate optimal estimators
of b(-), whose expected bias does not converge
at the usual parametric rate. In such a case,

an "undersmoothed" estimator 3() may have
smaller bias. However, a more general solution
is to center our interval around the one step
update:

~MAR ~MAR ~
"/}1 = 9 +U1,w1\/IAR (9)

- o)

where Ulﬂ/)JMAR (9) =V, [VkaIAR;i(a)] is the

first order influence function of 4% (9),

Vi ymany(0) = HMAR (9) — ™A% (9) and

MAR oy Ri _

b(Xi)) + b(X3)

See the next sections for a definition of influ-
ence functions. The bias of ¥

o (232 ) o]

is of "second order" and thus less than that of
the plug-in (Newey et al., 1991).

Consider now the model MWATE  De-
fine € = Y; - b(Xi),Ai = Az - OJ(XZ)
Then Ul’,l/)WATE (9) = Vn |:V1’,¢)WATE;,L' (0)] =

Vo, [eiAi — wWATE(H)} is the first order influ-

~WATE
ence function of »"ATF (4) and 1, =

~WATE o~ —~
1/) + Ul,wWATE (9) = anﬁ\zAz where a' =
Yi—B(X), A = Ai—B(X,). The bias of gy ©
is By [ (b(X0) = B(X0)) (@(X) —@(X)]

The analysis of zzl in both models is sim-
plified if the functions w(X;) and b(X;) are es-
timated from a separate independent training
sample (TS). We assume that our actual sam-
ple size is N and we randomly divide the N ob-
servations into two samples: an analysis sample
of size n and a training sample of size N —n
where (N —n) /n=f,1> f > 0. We obtain
our estimates b = Z() = ?)\(, Ons1,--,ON), @
and g from the training sample. Sample split-
ting has no effect on optimal rates of conver-
gence, although in the simplest form described
here does affect ’constants’. With care, we be-
lieve sample splitting can be avoided, in part by
using techniques similiar to those of Bickel and
Ritov (1988). Now, conditional on the TS, 1), is
a sample average of i.i.d random variables and
thus will have variance of O (n™'). When @(:)

and ?)\() are chosen to be rate optimal, 1, will

.. . ,(L+ﬂ7w>
have conditional bias O, | n \?PeTd " 28u+d




which is o(n~1/2) if, for example, ’87“ = % >
1/2, but not if %’ = % < 1/2. Tt follows

that Cls centered on @leill be asymptotically

honest when %“ = % > 1/2 but not when

% = % < 1/2. To handle the latter case we
introduce higher order influence functions.

3. Higher Order Inference

3.1 Theory of Higher Order Influence
Functions

Given n ii.d observations O =0, =
{0;,i=1,..n} from a model M(O) =
{F(0;0),0 € ©}, we consider inference on a
functional ¢ (0). In general, ¢ (f) can be in-
finite dimensional but here we only consider
the one dimensional case. In the following all
quantities can depend on the sample size n, in-
cluding the support of O, the parameter space
©, and the functional ¢ (6). We suppress the
dependence on n in the notation.

Given function g (¢), ¢ = {(;, ...,CT}T , de-

.
fine form = 0,1,2, ..., g\sy,..0,, ({) = Wgé?zm

with is € {1,...,r}, for s = 1,2,...,m where
the \ symbol denotes differentiation by the
variables occurring to its right. Given a
sufficiently smooth r—dimensional paramet-
ric submodel 6(¢) mapping ¢ € R" in-
jectively into ©, define ¢\; , (0) to be

(Qb 05) Nty (C) |<:§*1{9} and f\il,...im (9) to

be (foG)\“wlm (O)|_g-1 gy Where [ (030) =
Hi f(0i3 9)-

Definition 4 A U-statistic U, (0) =
up (Opif) =V, [Vp;il,,,,,ip (9)] of order

p and finite variance is said to be a pth
order estimation influence function  for
v (0) if (i) Eg[U,(#) = 0, § € © and
(i) for m = 1,2,...p and every suitably
smooth T dimensional parametric submodel
0(¢),r=1,2,..,

Wir,.in, (0) = Eg [Uy (0) Si...i, (0)]

where Sy, i, (0) = fiy,..i,, (0,0) /f(0,0) is
a U-statistic of order m. We then say that
¥ (0) is higher order pathwise differentiable and
refer to Si, .. ... (0) as an mth order score as-

sociated with the submodel 6 (C) .

Estimation influence functions are useful
for deriving point estimators of i with small

bias and for deriving interval estimators cen-
tered on an estimate of . A key result is the
following theorem which is related to results of
McLeish and Small (1994)

Theorem 5 :Extended Information
Equality Theorem: Given a pth order influ-
ence function U,(0), for any smooth submodels

0(C), 0°Ey [U;D Q)] /a<11 8(18 |C:571{9} =
iy, (0) - Thus, if the functions
Eg U, (607)] and — [ (0") — 1 ()] are Fréchet
differentiable w.r.t. 0" to order p + 1 for a
norm |||,

Eg[Up (0+00)] = —[(0+00)—v(0)]

+ 0 (llso ")

since  the  functions  Eg[U,(0")] and
— [ (07) — 1 (0)] of 6" have the same Taylor
expansion around 6 up to order p

Proof. See Robins and van der Vaart (2004).
]

Let U, (8) be the Hilbert space of all U —
statistics of order p with mean zero and fi-
nite variance with inner product defined by co-
variances with respect to the n-fold product
measure F™ (+;0) . Define the pth order tangent
space for the model M (©) , B, (0), to be the
subspace of U, (0) formed by taking the closed
linear span of all m*" order scores, m =1, ..., p,
at 0, as we vary over all regular parametric sub-
models 0 (s) of our model M (©). We say a
model is (locally) nonparametric for pth order
inference if By, (0) = U, (0).

Our models M"WATE (©) and MMAE (@)
can be shown to be (locally) nonparametric.

Theorem 6 If the model M (©) is (lo-
cally) monparametric, then (i) there is at
most one pth order estimation influence
function U, (6) for ¢ (0). (i) for p >
1, o) If U,(0) exists then Up_1(0) ea-
ists, Up(0) = Up—1(0) + Upp(0) where
Upp (0) is a degenerate pth order U-statistic
(t.e., Upp(0) = V, [me;il,m?% (0)] where
E[vp,p (oil,...Oil,...,oip;H)] = 0 for I =
1, ...,p)7 E@ [Up_l (0) Up,p (9)] = 0, and
varg [Up—1 (0)] < varg [Up (9)], b) Suppose the
(p — 1)th order estimation influence function
Up—1(0) exists. Then the pth order influ-
ence function U, (0) exists if and only the
functional vp_1 p—1 (oil,...,oipfl;ﬁ) has a first
order influence function for all o;,...,0;,—1



in a set Op_1 which has probability 1 un-
der F?P=V (..0). If U, () exists then, letting
n~! quzl (V10,11 (0igs -0y 04,_1,0;,30)] be
the first order influence function of the func-
tional vp_1,p—1 (oil, ey oipfl;e) s Voupsin iy, (0)
is the degenerate kernel obtained by subtract-
ing from the pth order U — statistic with ker-
nel ]flvl’vpfl’pf1 (Om ~~~in,1701p79) its pro-
jection on all U-statistics of order p — 1.

If one knows how to calculate first or-
der influence functions, then one can obtain
U1 (0),...,Up, () recursively using theorem 6b.

We now describe the main heuristic idea
behind using higher order influence functions
in models in which they exist. Consider
v (9) + U, (9) bvased
on a sample size n, where 0 is an initial es-
timator of 6 from a separate training sam-
ple that obtains the optimal rate of conver-
gence for 6. Here U, (0) is a pth order es-
timation influence function. Expanding and
evaluating conditionally on the training sam-
ple , we find by Theorem 5 that the condi-

tional bias Fy [@p — 1 (0) ﬂ =) (@) - (0)+
jo [ ( ) |9] is O, (||§ - 9||p+1) which de-

creases with p if, as we assume, [|§ — 0|| =
O, (n=°) for some § > 0.
Under weak conditions we would expect

that var {Up (5) — U, (0) |5} Jvar [U, (0)]
0,16~ 6l) so wary[U, (8) 9]

varg [U, (9)] (1+ Op(110 - 01] )
Theorem 6a, varg[Up(A)] increases with p.
Thus, the asymptotic mean squared error

among the candidate estimators v, of 1 () is
minimized at p = pop for which the squared
bias of O, (|[f — 6]+
varg [Up (0)] are of the same order. By choos-
ing p* slightly greater than p,, we could
guarantee that, asymptotically, variance dom-
inates bias and construct honest asymptotic
confidence intervals centered at 1.

Unfortunately in models MWATE (@) and
MMAR (@) respectively, it follows from The-
orem 6b and the dependence of the first
order influence functions U; ymar () and
Uy yware (0) on the infinite dimensional pa-
rameters b(-) and w (), that higher order in-
fluence functions for "V 4TF () and MAE (9)
do not exist.

the estimator zzp =

Now, by

) and the variance

To overcome this difficulty we proceed as
follows. In both models, we introduce a new
parameter t,, () that (i) depends on the sam-
ple size through a positive integer index m =
m (n) (which we refer to as the truncation in-
dex), (ii) has influence functions U, 7 (6) of
all orders p , (iii) equals ¥ (6) on a large subset
Osup,m of © with § € O4yp,m, which guarantees
that the plug-ins % (@) and 1, (A) are equal.

We then define the estimator @p,m =
P (@) + Upﬂ (5) . The conditional bias
B [,l0] =1 (8) 0f 0., is TB (9)+ EB, (0)

where the TB,, (0) = v,, (0)—1 (0) is zero on
O4up,m and does not depend on p and the esti-

mation bias EB, () = E {@p’m@ —,, (0)is
O, (||§— HHP‘H) by the above argument and

in many models including M"ATZ () and
MMAR (@) the order can be shown not to de-
pend further on m. Under weak conditions, the
conditional variance of ¥ is of the order of

pym
varg [Up@ (9)}
The rate of convergence of 1’/\Jp7m can

depend on the choice of ¢,, (0). Neverthe-
less, many different choices of v, (§) result
in wp,m that achieve what we conjecture
to be the optimal rate. The choice among
such "optimal" 1,, (#) can then be based on
computational considerations. For a class of
models that includes both MWAT® (@) and
MMAR (@) we have developed a general
method for deriving "optimal" 4, (6) that
minimize the computational complexity of
wpm To do so requires choosing 1, (6)
such that the first order influence functions
of ¥, (f) and 1 (f) are equal at 6, ie.,
Uz, (0) = U (9)

this methodology to derive the functionals
— A —

wzlv e () and 1p,]\f (9) given below. Due
to space limitations, we do not describe the

methodology here. We define wWATE 0) =

WWATE (g) 4 TBWATP (9) and ¥, (6) =

PMAR (9) + TBMAER () where TBWATE ( )=

B [{106) T4 (30} feo (¢ 2 ()]
and TBMAER () =

i

m

w.p.1. We applied



with

wWATE (X)

=3 (X)
By (K9, (X, X) {w (X*) =B (X*)} |X]
~ @y

@R (0} = (e (X))
x|
b (X) = b (X)

;) {Kfn (X7X*){ o (X))
+Ep [Kﬁn (X, X*) {b(X*) —B(X*)} |X}

where we use the model specific de-
finitions of g given in Sec. 2.3, so
that BZMR (X) # B};VATE (X). Here
K9 () = Kfn(n) (-,-) is a kernel which

satisfies the following conditions :(a.4) there
is an m—dimensional subspace L,, C Lo (g)
such that the operator K9 (-):La(g9) — Ly,
(K9.h () (x) = [ K (y,2) h(y)g(y)dy equals
h(z) for all h € Ly, (K% h(:))(x) = 0 for all
ht € L, where L is the orthogonal comple-
ment of Lm in Ly(g), and for any (z,y), g1()
and go (), (KEK% (1) () — K& (y,0),
(a.5) For any h(-) € H( h7C’h) with 8, <

max (S, By); [ (h(z) — Kfnh( ) g(x)da

0 (m=*#), (a6) | H Kf (Xin Xi) Ny =
O (m”7) where || - ||g is the Ls(g) — norm
and J > 1, (a7) for all ay,25 € [0,1]%,
K, (z1,22) = K7, (z1,22) (1+ O (lg — 9ll.0))
where || - || is the Lo, — norm.

The set OWTE on which szL/ATE 0) =
YWATE (9) is precisely the set of 6 for which
either b(z) — b(z) or w(z) — & (z) is in the
m—dimensional space L,,. The set
which z/JMAR( 0) = pMAR (9) is the set of 6
for which either b(z) — Z(av) or {w(z)} " —

is in the m—dimensional space L.,

{@ @)}
Condition (a.4) makes K2 (-,-) an orthogonal
. In the Appendix of

m
projection kernel onto L,

our companion paper (Li. et al., 2005) we show
the following. In both models, Condition (a.5)
ensures that the projection has small approxi-
mation error and that

BptBu
TB,, =supTB,, (#) =0 (m7 d ) .
[2SC]

Condition (a.6) insures that for all 6 € ©

o [t,5, 0] =0 (L (1.(2) ™)

Finally condition (a.7) ensures that the kernel
can be well estimated pointwise. We show how
one can construct kernels that satisfy (a.4) —
(a.7) below.

In the Appendix of our companion paper
we show that, in both models, for all § € ©

(p—1)Bgy

EB, (6) = Op (1()5”) B - (bl o)

A more detailed analysis shows that the
logn factor can be removed. For a given p,

the estimator ¥, () (@) that has minimum
asymptotic MSE among candidates v, ,, (@)

uses the value mgp; (p) = Mopt (p, 1) of m that
equates the order O ( max (1 ( )p 1)) of

varg [Upﬂmm) (9)} to the order

max [{T By} AEB, (0))] =

2(p—1)8,

logn | 94128
max n

m-

( _2Bp + 28, )
n a+253, d+2ﬁw ,
2(Bp+Bw)

d
of the maximal squared bias. The estimator

wpnphmnw(pom) (@) that has minimum asymp-
totic MSE among all candidates v, , (5) is

the estimator ¥, ., () (@) which minimizes

0 (71; max (1, (W)p_l>> .

To illustrate these results, consider the
WATE model. Suppose that ﬂ %” = %’ =
3/10. Then EB, (9) =0 (n*3/8) O (n=1/2)
SO 1/)1 fails to be n'/? — consistent. However,
w p.m 15 n'/? — consistent for all p > 2 if m = n.
If, ﬁ Bb = 1/4, and 69 = 1/5; then, again,
wl falls to be n'/? —conszstent Now, however,

1/)277121/20 (‘and thus 1/12 .m for any
1/2

wZ,mom(Q,n)

m) also fail to be n'/? — consistent. However

o~

Ypom 18 n'/? — consistent if p > 3 and m = n.
In general, whenever %“ = % = 1/4 and

% 50,9, will fail to be n'/2 —

for p < 14+ 1/6 (1—}—2%9) /%g whatever be
m, while @p,m 1/2
p > 1+ 1/6(1—|—2%9>/ =2 and m = n. When

% = % < 1/4, mept (p, n) will increase faster

consistent

will be n'/< — consistent for



than n for all p > 2; therefore zAD

(and thus @p,m
1/2

PoptsMopt(Poptn)
for any p and m) will fail to
be n'/¢ — consistent and thus usual parametric
rates are not achievable. For example suppose

,3; Bb — 1/8 and ’8 1/5 Here popt = 3

with mopt (3,n) = n1+2/5 S0 @am:(nlﬁ/zf,) is
the optimal-rate estimator in our class. Results
analogous to the above have been previously re-
ported in the literature for the "integral of the
square and of the cube of a density" functionals
(Bickel and Ritov, 1988; Kerkyacharian and Pi-
card, 1996) . However these problems are sim-
pler in the sense that estimation bias is not an
issue, so one only has to balance variance with
truncation bias.

Our companion paper presents simulation
results to determine whether our asymptotic re-
sults are relevant for finite samples.

3.2 Higher Order Estimated Influence
Functions in the WATE and MAR
models and Construction of Confi-

dence Intervals

In this section, we provide explicit formula

for @pm = (@) + U (5) . By Theorem

GUWM(E):UWM(%Z U7 (@)

with U, 0) =V, [V;,j@m%ilwwij (9)} '

P
Now 1 (0) and Uy, (0) = U (3) av
Next for

defined in Sec 2.4 for both models.
p>2,

= ﬁilx
L c(p, )%
P j+1
(H K (XisaXierl))
§j=0
X€ij

= All X
W,
i1
c(p, 7)
p—2 Jj+1
H K (XisﬂXierl)
j=0 AT
Xaju

where c(p.j) = (") (DY, 7 =
P;(A=1)) is the proportion of the training
sample with A =1, and ¢ = Y; fg(Xi),ﬁi =
A; —0(X;).

It remains to define a projection kernel
K¢, (z,y) which satisfies conditions (a.4) —
(a.7). First consider the case where X is uni-
variate. Assume that m = 2™ for a positive
integer M. We first define an m—dimensional
subspace of L,[0, 1] spanned by an orthonormal
basis {¢y (), k=0,...,m}, where ¢ ()
is to be a dilated (by m) and translated
(by k) appropriately chosen compactly sup-
ported ’father’ wavelet (Mallat 1998)—e.g. pe-
riodic wavelets, folded wavelets or Daubechies’
boundary wavelets with enough vanishing mo-
ments are examples. Next, assuming that g(-)
is everywhere positive on [0,1], we define the
m—dimensional subspace L,, as:

al ®,, () :
D,y ()
Ly, = Sar,1 (@) ¢M2(»L) ‘me(I)
Vi@ Vi Vaw )

am € R™

Then K¢, (z,y) is given by:

K (@) = ®5, (@) (By (2 (X)®7 (X)) @ (y)
where Ey (@, (X)®L (X)) =
J @, (X)PL (X)g(X)dX. It follows im-
mediately that K9 (z,y) = &L (2)®,.(y)

which greatly simplifies the computation of
¥p.m by removing the need to invert a m x m
matrix. The same construction can be used
in the multivariate case by replacing the uni-
variate basis with a multivariate orthonormal
basis formed by the tensor product of the bases
{¢ mp(T),k=1,. Lm} ..
where z = (a:l, e q). € [0,1]4
d-dimensional vector of covariates.

is the

Proposition 7 Under assumption (a.8) that
there is a k such that g(-) > k > 0 on the
unit cube in R, and g(z) € H(B*,Cg) with
8" = max(8,,8,,), the kernel K9, (x,y) satis-
fies conditions (a.4)-(a.7).

A proof is provided in the Appendix in our
companion paper.

We now turn to the construction of con-
fidence intervals. For a kernel K¢, (-,-) based
on compact wavelet bases, we prove elsewhere

{(bM,k(xd)JC =1,..



that ;bpym is asymptotically normal conditional
on the training sample, provided m (n) — oc.
Therefore Wald type ClIs C2" centered around

¥, m can be considered. Specifically we define

n

chm = '(Zp,m +1.964 /var ({/;Pv"” |5)

where var (&p,m |5> =
; war (U5, (0)10)

var @w@ =V, (Vme (5)2)

and, for P > 1,

A

ot (U, pare (7) ) =

57 (1.4

9) +

A2 x & x
P 2
v c(p, j)x
n Z;‘)72 J+1
=0 1:[11(;;1 (Xi., Xir)
+
(Ai1€i1> X (Alpap) X
. 2
V, c(p. j)
p—2 g+l
JZO X Hl KT%’L (Xis7Xi3+1)
S=

A

okswar (U, g () ) =

~ 2
A
(Jl> X & x
wil P
c(p, ) x
V., N T
Zj:() H Kgn (Xistis+1)
s=1

XAi.e+l/%

Note that var (@p’m@) is an unbiased estima-

tor of vary (@p’m@) .

We now analyze the properties of our
interval estimator for p > 1. We add
to our model assumptions bounds on higher
order conditonal moments of the statistics

Vj,j,Em;h,...ij ¢) that comprise ¢, ,,. Given
such bounds we can show that var; (@p’m@)

equals vary (@pm@) (14 0,(1)) and that, for

D= B[ p,m ]
m = m(n) = n",n > 0, e
) = nnn > 0, { et}

converges in law to a N (0,1) distribution
uniformly over the model.  Suppose that
Mopt (p) = n,n, > 0. Then if n > 7,

18 [3ynl8] /577 (3,08) | = 0p(1) i

formly over the model. Thus {/\(Aw’””lg)m,}

var
converges uniformly to a N (0, 1) and the inter-
val CP'™ is a conservative uniform asymptotic

(1 — ) CI for ¢ (6) in both of our models.
4. Discussion

Different subject matter experts will dis-
agree as to the maximum roughness of the func-
tions b,w,g . In contrast to point estimates,
for honest confidence intervals, the degree of
adaption to unknown smoothness is minimal.
Therefore an analyst should report a mapping
from apriori roughness assumptions encoded in
the exponents and radii of Holder balls (or
by other measures of roughness) to the asso-
ciated optimal (1 — «) honest confidence inter-
vals proposed in this paper. Elsewhere we de-
scribe how our methods can be used to con-
struct adaptive point estimates.

Our methods also apply directly to the
analysis of models whose dimension increases
with sample size. Indeed, such a model is the
submodel M (Ogyp nn ), 7 known, of the WATE
model on which ¢ () = ,,(#) . The di-
mensions of b(x) = a;;’:nn D0 (z) and w(z) =
ol iy ®nn () increase as n'". Valid point and in-
terval estimation for ¢ (f) can be based on the
estimators @p,m. In order to find the optimal
choice of p and m in this model, we note (i)
there is truncation bias only for m < n", (ii)
the variance remains O (% max (1, (%)p_l)) ,
and (iii) the estimation bias order will be deter-
mined by 3, and additional model restrictions
(if any) placed on the fraction of non-zero com-
ponents or on the rate of decay of the compo-
nents of the vectors ay, ,» and oy ,n as n in-

creases.



