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Abstract: We consider the minimax rate of testing (or estimation) of non-
linear functionals defined on semiparametric models. Existing methods ap-
pear not capable of determining a lower bound on the minimax rate of
testing (or estimation) for certain functionals of interest. In particular, if
the semiparametric model is indexed by several infinite-dimensional pa-
rameters. To cover these examples we extend the approach of [1], which is
based on comparing a “true distribution” to a convex mixture of perturbed
distributions to a comparison of two convex mixtures. The first mixture
is obtained by perturbing a first parameter of the model, and the second
by perturbing in addition a second parameter. We apply the new result
to two examples of semiparametric functionals:the estimation of a mean
response when response data are missing at random, and the estimation of
an expected conditional covariance functional.
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1. Introduction

Let X1, X5,..., X, be a random sample from a density p relative to a measure
v on a sample space (X,.A). It is known that p belongs to a collection P of
densities, and we wish to estimate the value x(p) of a functional x: P — R. In
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this setting the mimimax rate of estimation of x(p) relative to squared error
loss can be defined as the root of
2

inf sup E,|T,, — x(p)|*,
Tn pEP

where the infimum is taken over all estimators T,, = T,,(X7, ..., X, ). Determi-
nation of a minimax rate in a particular problem often consists of proving a
“lower bound”, showing that the mean square error of no estimator tends to
zero faster than some rate €2, combined with the explicit construction of an
estimator with mean square error 2.

The lower bound is often proved by a testing argument, which tries to separate
two subsets of the set {P™:p € P} of possible distributions of the observation
(X1,...,X,). Even though testing is a statistically easier problem than estima-
tion under quadratic loss, the corresponding minimax rates are often of the same
order. The testing argument can be formulated as follows. If P, and @,, are in
the convex hull of the sets {P":p € P,x(p) < 0} and {P™:p € P,x(p) > en}
and there exist no sequence of tests of P, versus @, with both error proba-
bilities tending to zero, then the minimax rate is not faster than a multiple of
en. Here existence of a sequence of tests with errors tending to zero (a perfect
sequence of tests) is determined by the asymptotic separation of the sequences
P, and @), and can be described, for instance, in terms of the Hellinger affinity

p(PnaQn) = / V apr, V dQn

If p(P,, Q) is bounded away from zero as n — oo, then no perfect sequence of
tests exists (see e.g. Section 14.5 in [2]).

One difficulty in applying this simple argument is that the relevant (least
favorable) two sequences of measures P,, and @,, need not be product measures,
but can be arbitrary convex combinations of product measures. In particular,
it appears that for nonlinear functionals at least one of the two sequences must
be a true mixture. This complicates the computation of the affinity p(Py,, Qr)
considerably. [1] derived an elegant nice lower bound on the affinity when P, is
a product measure and @), a convex mixture of product measures, and used it
to determine the testing rate for functionals of the type [ f(p)dv, for a given
smooth function f:R — R, the function f(x) = 2% being the crucial example.

In this paper we are interested in structured models P that are indexed
by several subparameters and where the functional is defined in terms of the
subparameters. It appears that testing a product versus a mixture is often not
least favorable in this situation, but testing two mixtures is. Thus we extend
the bound of [1] to the case that both P, and @Q,, are mixtures. In our examples
P, is equal to a convex mixture obtained by perturbing a first parameter of the
model, and @,, is obtained by perturbing in addition a second parameter. We
also refine the bound in other, less essential directions.

The main general results of the paper are given in Section 2. In Section 3 we
apply these results to two examples of interest.
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2. Main result

For k e Nlet X = U;?:lXj be a measurable partition of the sample space. Given
a vector A = (Aq,...,\;) in some product measurable space A = Ay x -+ X Ay
let Py and @ be probability measures on & such that

(1) P\(X)) = Qa(X;) = p; for every A € A, for some probability vector
(ph v 7pk)'

(2) The restrictions of Py and @ to &; depend on the jth coordinate A; of
A= (A1,..., ;) only.

For py and ¢, densities of the measures Py and Q) that are jointly measurable
in the parameter A\ and the observation, and 7 a probability measure on A,
define p = [prdn()) and g = [ ¢x dm()), and set

B / (px —p)? dv
a = max sup —_
X

JoA ]. b bj

—pa)? dv
b:maxsup/ (D =py)” dv.
J X Ja; DPx Dy

—p)? dv

d:maxsup/ M—
J X Jx; D pj

Theorem 2.1. If np;(1VaVb) < A forall j and B < py < B for positive
constants A, B, B, then there exists a constant C' that depends only on A, B, B
such that, for any product probability measure m = 11 ® -+ - @ Mg,

p(/ Py dw(A),/QQ dw()\)) > 1= On?(maxp)) (4 + ab) — Cnd.

Proof. The numbers a, b and d are the maxima over j of the numbers a, b and
d defined in Lemma 2.2, but with the measures Py and @) replaced there by
the measures P; y; and @Q; x; given in (2.1). Define a number c similarly as

/ p? dv
max sup — —.
J7ox Jx; PA Py

Under the assumptions of the theorem c is bounded above by B /B.
By applying Lemma 2.1 and next Lemma 2.2 we see that the left side is at
least

k N N;—1
EH 1—42( J)br_2NJ2 ( J )arb_QNchNj—ld
=1 r=2 N = N T
k N N;—1
>1-E} 1—4§:< J)b’”—2Nf > ( g )Mb—QNj?ch—ld :
T r .
j=1 r=2 r=1
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because H§=1(1 —a;) >1-— Z?Zlaj for any nonnegative numbers aq, ..., ak.
The expected values on the binomial variables N; can be evaluated explicitly,
using the identities, for N a binomial variable with parameters n and p,

N
EZ;(]Z)bT:E((1+b)N—1—Nb) = (140bp)" — 1 — npb,

EN2cN"Y =nplep+1—p)"2(enp + 1 —p),

N-1
EN? Y (NT_ 1)aT =EN*((1+a)N"' = 1)

r=1

=np(1+ap)” *(1 + nap + np — p) — np(1 — p) — n’p’.

Under the assumption that np(1VaVbVve) < 1, the right sides of these expressions
can be seen to be bounded by multiples of (npb)?, np and (np)2a, respectively.
We substitute these bounds in the first display of the proof, and use the equality
Zj p; = 1 to complete the proof. m

Remark 2.1. If minp; ~ max; p; ~ 1/n'"¢ for some ¢ > 0, which arises for
equiprobable partitions in k ~ n'1T¢ sets, then there exists a number ng such that
P(max; N; > ng) — 0. (Indeed, the probability is bounded by k(nmax; p;)™+!.)
Under this slightly stronger assumption the computations need only address N; <
ng and hence can be simplified.

The proof of Theorem 2.1 is based on two lemmas. The first lemma factorizes
the affinity into the affinities of the restrictions to the partitioning sets, which
are next lower bounded using the second lemma. The reduction to the partioning
sets is useful, because it reduces the n-fold products to lower order products for
which the second lemma is accurate.

Define probability measures Py, and @, on X; by

1, dQx
, o dQjN, = ———.

1y, dPy
pj pj

dP; 5, = (2.1)

Lemma 2.1. For any product probability measure 1 = m ® +-- @ . on A and
every n € N,

o( [ Prann, [ Q) - Ef[pjuvj),

where (N1,...,Ng) is multinomially distributed on n trials with success prob-
ability vector (p1,...,pk) and p;:{0,...,n} — [0,1] is defined by p;(0) = 1
and

pitm) = p( [ P, a0, [ @y, dmn)). m=

Proof. Set P,:= [ P{dn()\) and consider this as the distribution of the vector
(X1,...,Xn). Then, for py and ¢, densities of Py and Q) relative to some
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dominating measure, the left side of the lemma can be written as

ST T cx, ar(Xi) dm(N)
f H?:l Hi:Xier Px (Xl) dW(A) -

Because by assumption on each partitioning set X; the measures Q and Py de-
pend on A; only, the expressions Hi:Xier ax(X;) and Hi:Xier pa(X;) depend
on A only through A;. In fact, within the quotient on the right side of the preced-
ing display, they can be replaced by Hi:Xier i, (X;) and Hz‘:X,;exj P, (Xs)
for g;, and pj, densities of the measures @Q;, and P;,. Because 7 is a
product measure, we can next use Fubini’s theorem and rewrite the resulting
expression as

o [ Pramv, [ Qgan(n) =Ep,

H?:l J Hi:xiexj G52, (Xi) dmj(X)
=1 S TLx, e, Pin, (Xo) dmy(A;)

Here the two products over j can be pulled out of the square root and replaced
by a single product preceding it. A product over an empty set (if there is no
X, € &) is interpreted as 1.

Define variables I, ..., I,, that indicate the partitioning sets that contain the
observations: I; = j if X; € X; for every ¢ and j, and let N; = (#1 <i<n:l; =
J) be the number of X; falling in X.

The measure P, arises as the distribution of (Xi,...,X,) if this vector is
generated in two steps. First A is chosen from 7 and next given this A the vari-
ables X1,..., X, are generated independently from Py. Then given X\ the vector
(N1,...,Ng) is multinomially distributed on n trials and probability vector
(PA(Xl), o Py (Xk)) Because the latter vector is independent of A and equal
to (p1,-..,pr) by assumption, the vector (N1, ..., Ng) is stochastically indepen-
dent of A and hence also unconditionally, under P,, multinomially distributed
with parameters n and (p1,...,px). Similarly, given A\ the variables I,..., I,
are independent and the event I; = j has probability Py (X};), which is indepen-
dent of A\ by assumption. It follows that the random elements ([3,...,I,) and
X are stochastically independent under P,.

The conditional distribution of Xi,...,X,, given A\ and I,...,1I, can be
described as: for each partitioning set X; generate IV; variables independently
from Py restricted and renormalized to &, i.e. from the measure P; A;; do so
independently across the partitioning sets; and attach correct labels {1,...,n}
consistent with I,..., I, to the n realizations obtained. The conditional dis-
tribution under P, of Xi,..., X, given I, is the mixture of this distribution
relative to the conditional distribution of A given (I3, ..., I,), which was seen to
be the unconditional distribution, 7. Thus we obtain a sample from the condi-
tional distribution under P, of (X1,...,X,) given (I1,...,I,) by generating for

P

each partitioning set X; a set of N; variables from the measure [ PJN){], dmi(Aj),
independently across the partitioning sets, and next attaching labels consistent
with I, ..., L,.
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Now rewrite the right side of the last display by conditioning on Iy, ..., I, as

H S Tir,—j @50, (X3) dmi(Xg)
in:Ii:ij, ;(Xi)dmj(Ag)

L,.... 1,

The product over j can be pulled out of the conditional expectation by the
conditional independence across the partitioning sets. The resulting expression
can be seen to be of the form as claimed in the lemma. =

The second lemma does not use the partitioning structure, but is valid for
mixtures of products of arbitrary measures on a measurable space. For A in a
measurable space A let P, and Q) be probability measures on a given sample
space (X, .A), with densities p) and g relative to a given dominating measure v,
which are jointly measurable. For a given (arbitrary) density p define functions
lyx = g — px and k) = px — p, and set

2
K

a = sup / 2 dv,
AEA P
[2

b = sup / 2 dv,
AXeAJ P

2
c = sup L dv,

xexJ Pa
2
£, d
d= sup/mﬂwdy.
AEA Px

Lemma 2.2. For any probability measure m on A and every n € N,

P(/Pfdw(A),/Q’;dw(/\)) >1Z< )br 1 221( > %n%n*ld.

Proof. Consider the measure P, = [ Py dr()\), which has density p,(#,) =
ST pa(z;) dm(X) relative to v™, as the distribution of (X1,...,X,). Using
the inequality Ev/1+Y > 1 — EY?2/8, valid for any random variable Y with
14+Y >0 and EY = 0 (see for example [1], we see that

p(/P;L dww/@g dr /\

¢ T an(X0) — T pa(X0)] dr(V)
pn(X1;-~ )

)

[T 9 (X0) =TT oA (Xa) ] dm(M)?
>1_§Epn pn(X17~-- ) '

It suffices to upper bound the expected value on the right side.
To this end we expand the difference []._,qx(Xi) — [l pa(X;) as

(2.2)
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2oin>1 Hiere PA(X3) [Tier €3 (Xi), where the sum ranges over all nonempty sub-
sets I C {1,...,n}. We split this sum in two parts, consisting of the terms
indexed by subsets of size 1 and the subsets that contain at least 2 ele-
ments, and separate the square of the sum of these two parts by the inequality
(A+ B)? <2A% +2B2%

If n = 1, then there are no subsets with at least two elements and the sec-
ond part is empty. Otherwise the sum over subsets with at least two elements
contributes two times

/f2|1|>2 [Licre pa(zi) [Lics O\ () dm(N)?
JTLi pa(zi) dm(X)

< [ J(Z v IT =) ety

dv" (Z,)

\I|>2i€l° el
52

=3 [ [ T I 2 teyanth) v o).
11]>2 iele ier PA

To derive the first inequality we use the inequality (EU)?/EV < E(U?/V), valid
for any random variables U and V' > 0, which can be derived from Cauchy-
Schwarz’ or Jensen’s inequality. The last step follows by writing the square
of the sum as a double sum and noting that all off-diagonal terms vanish, as
they contain at least one term £, (z;) and f&\ dv = 0. The order of integration
in the right side can be exchanged, and next the integral relative to v™ can be
factorized, where the integrals [ py dv are equal to 1. This yields the contribution
23 1152 bl to the bound on the expectation in (2.2).
The sum over sets with exactly one element contributes two times

/ J Z?:l Hi;ﬁj pa(@i)a(x;) dr(N)?

JTL palzs) dr(X) dv" (). (2.3)

Here we expand

[Ipr@@) = [Tp() = [ pate) = [J(ox = ma) ()

i#£] i#] i#£] i)
=— Y I p@) [I(=r)),
[1|>1,j¢ T icIe il
where the sum is over all nonempty subsets I C {1,...,n} that do not contain

j- Replacement of [[, . pa(x;) by [[,,; p(zi) changes (2.3) into
/fZ;; [Liz; p(zi)lx () dm(N)?

J 1T pai) dm(X)
< ni/ Hi;ﬁj P (i) [ Ox(x;) dm(N)?

v (Z,)

TG ety 2 )

2 T 2
<> [T Z L0 )t a2
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In the last step we use that 1/EV < E(1/V) for any positive random variable
V. The integral with respect to ™ in the right side can be factorized, and the
expression bounded by n2¢”~'d. Four this this must be added to the bound on
the expectation in (2.2).

Finally the remainder after substituting J[, ., p(z:) for [],.; pa(z:) in (2.3)
contributes

/IZ?A Z|I\21,j¢[ [Licre pa(@i) HieI(_“/\)(xiW/\(wj)dﬁ()\)Q
TTL (o) )

A 2 o

/(X X I DL 2w te)) dn() a2

J=1|I|>1,5¢Ii€l°

<nz// S vl e 7)) B ) dm) @2

[I|21,5¢1 i€l

4 )
OIDY /[ Mt (»p—i(wj)dw(ndu"(xn).

J=111|>1,j¢1 iele el p>\

v (Zy,)

We exchange the order of integration and factorize the integral with respect to
V™ to bound this by n? S s1er allp. w

3. Applications
3.1. Estimating the mean response in missing data models

Suppose that a typical observation is distributed as X = (Y A, A, Z) for Y and
A taking values in the two-point set {0, 1} and conditionally independent given
Z. We think of Y as a response variable, which is observed only if the indicator
A takes the value 1, and are interested in estimating the mean response EY . The
covariate Z is chosen such that it contains all information on the dependence
between response and missingness indicator (“missing at random”). We assume
that Z takes its values in Z = [0, 1]%.

The model can be parameterized by the marginal density f of Z relative to
Lebesgue measure measure v on Z, and the probabilities b(z) = P(Y = 1| Z = 2)
and a(z)”! = P(A = 1] Z = 2). Alternatively, the model can be parameterized
by the function g = f/a, which is the conditional density of Z given A =1 up
to the norming factor P(A = 1). Under this latter parametrization which we
adopt henceforth, the density p of an observation X is described by the triple
(a,b,g) and the functional of interest is expressed as x(p) = [ abgdv.

Define C{,[0,1]¢ as M times the unit ball of the Hélder space of a-smooth
functions on [0, 1]d. For given positive constants «, 3,7y, ¢ and M, M, we consider
the models

o Pi={(a,b,g):acC}0,1]%be Cy[0,1)% g =1/2,a,b > M}.
o Py ={(a ,b,g).a € Cg,[0,1)4, b e CP 0,114, g € C7[0,1]%,a,b > M}.
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If (a+3)/2 > d/4, then a \/n-rate is attainable over Ps (see [3]), and a standard
“two-point” proof can show that this rate cannot be improved. Here we are
interested in the case (a+03)/2 < d/4, when the rate becomes slower than 1/y/n.
The paper [3] constructs an estimator that attains the rate n~(2e+26)/(2a+20+d)
uniformly over Py if

y - (a\/ﬁ)(d—?a—2ﬂ

2y +d d d+2a+25>::7(0"ﬂ)' (3.1)

We shall show that this result is optimal by showing that the minimax rate over
the smaller model P; is not faster than n~(2e+26)/(2a+25+d)

In the case that a = 3 these results can be proved using the method of
[1], but in general we need a construction as in Section 2 with Py based on a
perturbation of the smoothest parameter of the pair (a,b) and @y constructed
by perturbing in addition the coarsest of the two parameters.

Theorem 3.1. If (o + 3)/2 < d/4 the minimaz rate over Py for estimating
[abgdv is at least n=20—20/(2a+26+d),

Proof. Let H:R% — R be a C* function supported on the cube [0,1/2]¢ with
[Hdv = 0 and [H?dv = 1. Let k be the integer closest to n2d/(2a+25+d)
and let Z1,..., Z; be translates of the cube k~1/[0,1/2]¢ that are disjoint and
contained in [0, 1}d. For z1,...,z; the bottom left corner of these cubes and
A=A, M) €A ={-1,1}F let

k
ax(z) =2+ k™Y NH((z — z)kY?),
i=1

k
ba(z) = 1/2+ k=P N H((2 — 2)k' ).
=1

These functions can be seen to be contained in C[0,1]¢ and C?[0,1]¢ with
norms that are uniformly bounded in k. We choose a uniform prior © on A, so
that Aq,..., A are i.i.d. Rademacher variables.

We partition the sample space {0, 1} x {0, 1} x Z into the sets {0,1} x {0, 1} x
Z; and the remaining set.

We parameterize the model by the triple (a, b, g). The likelihood can then be
written as

(a - 1A@) (P (D)1 - 1) (7))

Because [ Hdv = 0 the values of the functional [abgdv at the parameter
values (ax,1/1,1/2) and (2, by, 1/2) are both equal to 1/2, whereas the value at
(ax, bx,1/2) is equal to

k

/a,\bA %V = %+(%)a/(ﬁﬁ/d/(ZH((Z—Zi)kl/d))2 d271/ _ %_i_%(%)a/d%@’/d.

i=1
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Thus the minimax rate is not faster than (1/k)*/4+8/4 for k = k,, such that the
convex mixtures of the products of the perturbations do not separate completely
as n — 0o. We choose the mixtures differently in the cases a < § and a > (.
a < . We define py by the parameter (ax,1/2,1/2) and gy by the parameter
(ax,bx,1/2). Because [aydm(A) =2 and [ bydr(A\) =1/2, we have

A
p(X)i= [ (X dn(n) = 0¥ (200~ (2))
(rr ~ P)(X) = (1= A)(ar ~ 2)(2),
(ax = P2)(X) = Aoy —1/2)" (12~ b)),
(= (X)i= [ =) (X dn0) =0

Therefore, it follows that the number d in Theorem 2.1 vanishes, while the
numbers a and b are of the orders k—2%/ and k=26/¢ times

il 1/d 2 dv
max/z (Z)\ZH((Z—ZZ)]{Z )) U—kNL

J 5 Vi1

respectively. Theorem 2.1 shows that
1
p( / PP dr(N), / Qn d7r()\)) >1- C’nQE(k_‘w/d + k—%/dks—%/d).

For k ~ n2#/(2e+26+d) the right side is bounded away from 0. Substitution of
this number in the magnitude of separation (1/k)*/4+8/4 leads to the rate as
claimed in the theorem.

a > 3. We define py by the parameter (2,by,1/2) and ¢, by the parameter
(ax,bx,1/2). The computations are very similar to the ones in the case o < (3.
n

3.2. Estimating an expected conditional covariance

Suppose that we observe n independent and identically distributed copies of
X = (Y, A, Z), where as in the previous section, Y and A are dichotomous,

and Z takes its values in Z = [0, 1}d with joint density given by f. Let b(z) =
P(Y =1|Z =z) and a(z) = P(A = 1|Z = z). We note that

bZ) = PY=1A=12)a(Z)+{1—a(Z2)}P(Y =1|A=0,2)
= (P(Y=1A=1,2)-P(Y =1A=0,2)}a(Z)+ P (Y =1|A=0,2)
= [P(Y=1A4=0,2)-PY =1A=1,2)}{l-a(2)} +P(Y =1|A=1,2)

so that by combining the last two equations above, we can write

P(Y =1A,2) = A(Z){A—a(2)} +b(Z)
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where A(Z) = P(Y =1A=1,Z) — P(Y =1/A=0,Z). This allows us to
parametrize the density p of an observation by (A, a,b, f). The functional x (p)
is given by expected conditional covariance

Ep{covaps(Y, AIZ)} = Ea o (YA) — / abfdy (3.2)

We consider the models
o B = {(A,a,b7 f): A is unrestricted, a € C; [0, 1]d,b € C]@ [0, 1]d,f =1,a,b> M}
o By = {(A,a,b, f): A is unrestricted, a € C; [0, 1]d,b € CJBW [0, 1]d,f e C}, o, 1]d,a,b > M}

We are mainly interested in the case (a+ () /2 < d/4 when the rate of esti-
mation of y (p) becomes slower than 1//n.The paper [3] constructs and esti-
mator that attains the rate n~(2e+20)/2a+26+d) ypiformely over By if equation
3.1 of the previous section holds. We will show that this rate is optimal by
showing that the minimax rate over the smaller model B; is not faster than
n—(20+28)/(20+26+d)

The first term of the difference on the right side of equation (3.2) can be
estimated by the sample average n='>""" | V;A; at rate n~1/2. It follows that
x (p) can be estimated at the maximum of n~/2 and the rate of estimation
of f abfdv. In other words, to establish that the minimax rate for estimating
x (p) over By is n~(20428)/(2a+28+d) we shall show that the minimax rate for
estimating [ abfdv over By is n~(2a+20)/(2a+26+d),

Theorem 3.2. If (a+ 3) /2 < d/4 the minimaz rate over By for estimating
[abfdv is at least n=2(+F)/(2a+26+d)

Proof. Under the parametrization (A, a,b, f), the density of an observation X
is given by

(A (2){A-a(Z)}+b(2)]a(2))"

< (M=A(Z){A-a(2)} = b(Z)]a(2) "

< ([AZ){A=a(Z)} +b(2)]{1—a(Z)}) ™Y

< [{1-A2){A-a(2)} - b2} {1 —a(2))" Y x £ (2)

Suppose a < 3 and set

ax(z) = 1/24day(2)
k

= 12 kS N (2 ) k)
b,\(z) = 1/2+5b,\(2)_
k

_ 1/2—|—k:_5/d2)\iH((z—zi)kl/d)
NG
A2) = 1/2 = day (2)
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then at the parameters values (0,ax,1/2,1), [abfdv = 1/4 with a correspond-
ing likelihood py = {ax (Z)}* x[{1 — ax (Z)}](l_A), whereas at parameter values
(Ax,ax,bx, 1), [abfdv = 1/4 + n=2+0)/(d+2(e+5)) and the likelihood is given
by
o (X) = {an(2)/2)" x fax (2) /23071

% ([1/2+8bx (2))" T ([1/2 — ax (2) = dba (2)) 707D

so that
(ax —p2) (X) = (1= A) x 8by (2)" x {=0bx (2)}" 77

And we conclude that (¢ — p) (X) = [ (gx — pa) (X) dr (X) = 0.Furthermore

(pr — ) (X) = {dax (Z2)}* x [=bax (2) Y

so that
(r—p)° 1
maxsup dv
ix /XJ- pn P&
A 2
( NH ((z — 2) kl/d)>
k~2#/4maxsu / =1 dv = k=284,
i X; DA P(x;) ™
2
—pa)dm (A
Sup/ Ul —pdr (V)" 1
N Jx, PA P (&)
and
(pr—p)° 1
maxsup/ - dv
Iox Ja; DPx I)(A%)
i 2
(Z NH ((z — 2) k;l/d))
f2e/d maxsup/ =1 dv 3 k2/d
j x PA P (Xj)

Therefore, it follows that the number d of Theorem 2.1 vanishes, while the
numbers a and b are of order k=2*/¢ and k=2%/¢ respectively. Theorem 2.1.
shows that

1
P ( / Pldr (), / Qhdm (A)) >1- C’”nQE (k*‘*ﬁ/d + k*zﬁ/dk*%/d)
which gives the desired result for the choice of k ~ n2d/(2a+26+d),

Next, suppose a > 3, set ay (Z) and by (Z) as above, and let

—6ax(Z)bx (Z)

8D = T bax (2))a (@)
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then at the parameters values (0,1/2,b5,1), [ abfdv = 1/4 with corresponding
likelihood

pa (X) = [(ba(2))]" % [(1 = ba(2) "

whereas at parameter values (0,px,bx,1), [abfdv = 1/4 +
n—2(@+8)/(d+2(e+8) with corresponding likelihood given by

o (X) = b (2) /Q]Y x (Jax (Z) — by (Z) /2])(1—Y)A
X [1/2 = Sax (Z) — by (2) /2] 704

so that
(ax — ) (X) = (1= Y) x 6a(2)" x [~dax(2)]" Y

and we conclude that (¢ — p) (X) = [ (gx — pr) (X) dm (A) = 0. Furthermore

(pr — ) (X) = 6bx(2)" x [~8bA(2)]" )

so that 5
(o —p») 1 —2a/d
maxsup dv 3 k™
i /;cj px o P(X))
2
— dm (A
sup/ (I(qA py) dr ( )) ! dv=20
A Jay; P P (&)
and

(pr—p)° 1 —26/d
maxsup _— dv 3k
i /X px P (X))

which yields the desired result by arguments similar to the previous case . m

J
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