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SUMMARY

We propose a new class of models for making inference about the mean of a vector of
repeated outcomes when the outcome vector is incompletely observed in some study units and
missingness is nonmonotone. Each model in our class is indexed by a set of unidentified selection-
bias functions which quantify the residual association of the outcome at each occasion ¢ and the
probability that this outcome is missing after adjusting for variables observed prior to time ¢ and
for the past nonresponse pattern. In particular, selection-bias functions equal to zero encode the
investigator’s a priori belief that nonresponse of the next outcome does not depend on that outcome
after adjusting for the observed past. We call this assumption sequential explainability. Since each
model in our class is nonparametric, it fits the data perfectly well. As such, our models are ideal for
conducting sensitivity analyses aimed at evaluating the impact that different degrees of departure
from sequential explainability have on inference about the marginal means of interest. Although
the marginal means are identified under each of our models, their estimation is not feasible in
practice because it requires the auxiliary estimation of conditional expectations and probabilities
given high-dimensional variables. We henceforth discuss the estimation of the marginal means
under each model in our class assuming, additionally, that at each occasion either one of the
following two models holds: a parametric model for the conditional probability of nonresponse
given current outcomes and past recorded data or a parametric model for the conditional mean of
the outcome on the nonrespondents given the past recorded data. We call the resulting procedure
27 _multiply robust as it protects at each of the T time points against misspecification of one of
these two working models, although not against simultaneous misspecification of both. We extend
our proposed class of models and estimators to incorporate data configurations which include
baseline covariates and a parametric model for the conditional mean of the vector of repeated
outcomes given the baseline covariates.
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1. INTRODUCTION

Consider a follow-up study whose design prescribes measurements of an outcome of interest
to be taken on n independent subjects at fixed time-points. The goal of the study is to make
inference about the mean outcome vector possibly as a function of baseline covariates and time.
The intended vector of outcomes is often not completely recorded because some subjects miss
some study cycles. When, as usual, the mechanism leading to these outcomes being missing is
unknown to the investigator, the expected outcome at each time-point is not identified from the
observed data. Inference must then rely on unverifiable assumptions about the missing data.

The problem of missing data in follow-up studies has received much attention in the statistical
literature, but most emphasis has been given to settings where the missing pattern is monotone,
in which no subject returns to subsequent study cycles after missing previous cycles. Robins
et al. (1999) described a model for monotone missing data patterns which requires the a priori
specification of a selection-bias parameter that encodes the residual association between the
outcome vector and missingness at each occasion after adjusting for past recorded data. They
showed that, regardless of the value of the selection-bias parameter, the model is nonparametric
(just) identified as it imposes no restriction on the observed data distribution and yet identifies
the mean of the repeated outcomes. Since all values of the selection-bias parameter determine
the same model for the observed data distribution, the selection-bias parameter is not identified.
Robins et al. (1999) therefore recommended conducting inference about the mean of the outcome
vector by repeating the estimation under different plausible values for the selection-bias parameter
as a form of sensitivity analysis. The goal of this paper is to extend the work of Robins et al.
(1999) to the case in which the outcome vector is incompletely observed in some study units and
missingness is nonmonotone.

Our interest in nonparametric identified models is motivated by the fact that other models
fail to distinguish (i) the nonidentifiable, i.e. untestable, restrictions on the missing data process
necessary to identify the full-data parameter of interest from (ii) additional identifiable restric-
tions that serve to increase the efficiency of estimation. The distinction between (i) and (ii) is not
only conceptually important but can also be practically important. For example, when one has
available a nonparametric identified model, one can first fit the model to the data. If the resulting
uncertainty concerning the functionals of interest, such as the marginal means of the outcomes,
is too large to be of substantive use, as measured for instance by the volume of a 95% confidence
region, then, as in any inferential problem, to reduce uncertainty one can choose between fitting
a nested submodel and refitting the same model after collecting data on additional subjects,
where possible, to increase the sample size. Clearly, when logistically and financially feasible,
the second option is to be preferred. Thus, fitting a model that is not nonparametrically identified
is tantamount to supplementing additional modelling restrictions for the unavailable additional
data. Furthermore, follow-up studies routinely collect high-dimensional data and models that are
not nonparametrically identified require assumptions to be imposed on the mechanism gener-
ating these high-dimensional data. However, specification of realistic models is difficult, if not
impossible. Nonparametric identified models meet the challenge posed by high-dimensional data
because they only make assumptions about the missing data mechanism, thereby reducing the
possibility of model misspecification.

Several available methods for the analysis of nonmonotone missing data assume that the data
are missing at random (Laird & Ware, 1982; Shah et al., 1997; Andersson & Perlman, 2001;
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Fairclough et al., 1998; Little & Rubin, 1987; Troxel et al., 1998). Although the missing at
random assumption enables a fairly straightforward likelihood-based analysis without needing to
model the missing process (Little & Rubin, 1987), we will argue in § 3-1 that this assumption is
rarely realistic for nonmonotone missing data. A recent model discussed by Lin et al. (2003) and
van der Laan & Robins (2003, Ch. 6) relies on a more plausible assumption about the missingness
process which nonetheless assumes no selection on unobservables for the marginal distribution
of the responses. In § 3-4 we show that it can be viewed as a special case of the model presented
in this paper, in which selection bias is absent.

Several proposals also exist for nonmonotone missing data where selection depends on un-
observables. With the exception of the selection-bias permutation missingness model of Robins
et al. (1999), none of the available models is nonparametric identified. The currently available
models rely on parametric assumptions for both the full data and the missing data mechanisms
(Deltour et al., 1999; Albert, 2000; Ibrahim et al., 2001; Fairclough et al., 1998; Troxel et al.
1998; Troxel, Lipsitz & Harrington, 1998) or on parametric assumptions for just the missing data
process (Rotnitzky et al., 1998; Robins et al., 1995). The selection-bias permutation missingness
model generalizes the permutation missingness model of Robins (1997) and the sequential coars-
ening model of Gill & Robins (1997). This model differs from but is related to the nonparametric
identified model we propose in the current paper. The two models are compared in § 3-5.

2. THE FORMAL SETTING

Consider a longitudinal study design that calls for measurements on a vector of variables L,
to be recorded at study cycles t =0, ..., T, for the ith of n independent subjects. The vector
L, t =1,..., T, includes an outcome of interest Y;, as well as other variables V;; recorded for
secondary analyzes. The vector L;y may include, in addition to Y; and Vo, a baseline covariate
vector X; of interest.

Suppose that L; = (L;o, ..., L;7) is not always fully recorded because some subjects miss
some study cycles. In particular, for each ¢, L;; is either completely observed or completely
missing and L is always observed. Thus, for each ¢, the observed data for subject i are the vector
O;; = (Ris, ¢(Rjy, Liy)), where R;; is a response indicator which equals 1 if L;; is observed and
is 0 otherwise, and where, for any random vector W, ¢(1, W) = W and c(0, W) is set to zero by

convention. Under our setting, the observed data O; = (L;¢, O;1, ..., O;j7),i =1,...,n, canbe
regarded as n independent realizations of the random vector O = ( Oy, Oy, ..., Or ). Here and
throughout Og denotes L. Furthermore, for any vector Z = (Zy, ..., Zr), Z; denotes the history

(Zo, ..., Z;) up to and including cycle ¢ and Z(; denotes the vector (Z,, ..., Z7). Throughout
we assume for each ¢ that Y; is either a continuous or discrete random variable; for any random
vector W, f(Y; | W) denotes a fixed version of the conditional density of ¥; given W with respect
to either Lebesgue measure or a counting measure and pr(R, = 1 | W) denotes a fixed version of
the conditional probability that R, equals 1 given W.

We assume that the nonresponse patterns are nonmonotone so that R, = 0 does not imply that
R,4+1 = 0. We additionally assume that no recorded past O,_; and no current outcome ¥; can
prevent the possibility of returning to study cycle ¢; that is,

pr(R; = 1| 0,1, Y;) > 0 with probability 1. (1)

Note that (1) would not hold in a study design where patients are withdrawn when they miss, say,
four consecutive visits (Zeuzem et al., 2000) or when all individuals with extreme values of Y;
are so physically impaired that clinic attendance at visit ¢ is impossible. The methods we propose
here are not applicable in such cases.



844 STIIN VANSTEELANDT, ANDREA ROTNITZKY AND JAMES ROBINS

Condition (1) was also assumed in Lin et al. (2003) and van der Laan & Robins (2003, Ch. 6)
except that visits could be in continuous rather than at discrete times. These authors obtained
identifiability by imposing the additional assumption of sequential explainability,

pr(R; =1 Ol—ls Y))=pr(R, = 1| O_I—l)» (2)

which we discuss in detail in § 3-4. A conflict as to the number and type of variables to include in
the components V; of the full data vector L, at each cycle ¢ arises when one wishes to impose both
assumptions (1) and (2) : to make sequential explainability (2) plausible one would generally wish
to choose V;_; to be high-dimensional; however, the positivity assumption (1) may be unrealistic
for high-dimensional V;_1, as V;_; may then well include covariates, such as for example the
subject’s state of consciousness, certain values of which, e.g. being unconscious, preclude the
possibility of being observed at occasion z. Since it will often be unrealistic to impose both (2)
and (1),

we propose to relax the assumption of sequential explainability: we will describe methods for
conducting inference about the marginal mean £ (Y;), t = 1, ..., T, and the conditional mean
given baseline covariates £ (Y; | X),t =1, ..., T, when (1) holds but (2) may fail.

3. IDENTIFYING ASSUMPTIONS
3.1. Preamble

Unless R, = 1 with probability 1, the observed data O identify neither the distribution of Y;
nor its conditional distribution given X because, as Theorem 1 below implies, many distinct
conditional laws of ¥; given O,_; are compatible with the observed data law. To identify these
distributions we must make unverifiable assumptions. We now review one popular such assump-
tion, that the data are missing at random, and argue that it represents processes that are unlikely
to generate nonmonotone missing data patterns in longitudinal studies. We then propose a class
of unverifiable assumptions that are naturally suited to conducting sensitivity analysis of the
investigator’s a priori belief about the process that generates the intermittent nonresponse in a
follow-up study. In the subsequent sections we discuss inference under any such assumption.

3-2. Missing at random

Robins & Rotnitzky (1992) and Gill et al. (1997) showed that the distribution of the full
data vector L is identified if the data are missing at random, provided that there is a positive
conditional probability of observing the full data, i.e. pr(R7 = 1* | L) > 0 with probability I,
where 1* denotes the 7 x 1 vector of ones. The missing at random assumption states that

pI’(RT = I7T | L) = pI’(RT = fT | L(FT))’ (3)

where L, denotes the observed part of L when Ry =7r.

Under any model in which pr(R7 | L) and f (L) are variation independent and the missing at
random condition (3) is imposed, the likelihood factorizes into a part that depends on f (L) and
another that depends on pr(R7 | L). Any method that obeys the likelihood principle then yields
the same inference whether pr(R7 | L) is fully known, unknown or known to follow a model. As a
result of this, many authors have proposed analyzing nonmonotone missing data using likelihood-
based methods under models that assume missing at random. However, convenient as the missing
at random assumption may be, the assumption should only be adopted if it is believed plausible.
Following Robins & Gill (1997) we will now argue that missing at random mechanisms that
could plausibly generate the observed data in follow-up studies with nonmonotone nonresponse
are quite restrictive and would rarely be plausible.
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Robins & Gill (1997) showed that the set of missingness probabilities pr(R7 | L) that satisfy
missing at random can be divided into two disjoint subsets. The first set contains processes in
which the observed data are generated as follows. The variable L is always observed. Then, with
probability pgo possibly depending on L, no further variable is observed. Otherwise one selects
which of L1, ..., L7 to observe next by flipping a T-sided coin with probabilities pgy, ..., por
that may depend on L. One then observes nothing else with probability p;o that may depend on
L and the most recently observed L,. Otherwise one selects which of the 7 — 1 still unobserved
L;’s to observe next with probabilities p11, ..., pi(r—1) that may depend on the already observed
L,’s and so on. The second subset contains all remaining missingness processes that satisfy
(3). Robins & Gill (1997) showed that the second subset is not empty. They also showed that
to generate the observed data O according to a missingness mechanism in the second set it is
required, in the course of the data-generation procedure, to use information about the components
of L that are not in L( Rr)» and thus are ultimately missing, in a subtle and often highly contrived
manner to ensure that missing at random holds. In agreement with the discussion in Robins & Gill
(1997), we believe that such missing at random missingness mechanisms are often unrealistic.
Consequently, the most reasonable missing at random processes with nonmonotone data are in the
first set. Moreover, of the processes in the first set, the only plausible choices for longitudinal data
are those in which, with conditional probability equal to 1, the next variable to be observed comes
later in time than any variable already observed, as decisions today cannot affect attendance in
the past. However, even these are rather unlikely processes when missingness is nonmonotone
because they effectively imply for example that, if a patient chooses today to miss his next two
visits and then to return, he will not reassess this decision based on evolving time-dependent
covariates associated with the response. This is unlikely, as often the decision to miss a given
study cycle is influenced by aspects of the subject’s health and psychological status that evolved
during earlier missed study cycles.

3.3. Occasion-specific tilted models

Part (ii) of Theorem 1 establishes that when (1) holds for a fixed ¢, t = 1, ..., T, the distri-
butions 1 (Y; | X) and f (Y;) are identified under Assumption 1 which postulates that, among
subjects with a given observed past O,_1, the distribution of Y; in the nonresponders at cycle ¢ is
equal to the distribution of Y; in the responders at cycle ¢ tilted by a known function.

Assumption 1. If
pr(R, =0 0;—1) > 0, “4)
then

eXp{qt(O_t—h Y}

f(Y|O—1aR=O):f(Y|O_—]9R=1) 2 2
e T U Elexplg(Or—1, Y)Y | R = 1, 0,1]

)

for some user-specified, i.e. known, function ¢;(O;_1, ;).

For ease of reference in the forthcoming discussion, we use .4,(¢) (A(g)) to denote the model
for the full data (L, R7) defined by (1) and Assumption 1 for a fixed ¢, forallz =1, ..., T. Note
that A(q) is the intersection of models A;(¢),t =1,..., T.

By Bayes rule, Assumption 1 is equivalent to

pr(R, = 0] O,_1, Y;) = expit{h,(O,_1) + q:(O0;_1, Y})} (6)
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whenever f(Y; | O;_1, R; = 1) > 0, where expit(-) = exp(-)/{1 + exp(-)} and

pr(R, =0 0,-1)

1 (O 1)) = _ ! -
PO = R, =T 0 Elexp(@( D1 Y0} | Re = 1, O]

(7

From (6), we interpret each function ¢,(O,_, Y;) as quantifying, on the logistic scale, the mag-
nitude of the residual association between the missingness probability at cycle ¢ and the possibly
missing outcome Y;, after adjustment for the observed past O,_. Thus, model A(q) encodes the
investigator’s a priori belief of the degree to which for each ¢ the decision to return to study cycle
t is influenced by prognostic factors for ¥; other than those included in the observed past, O;_1.
For example, the choice q,(Ot,l, Y;) = (1 — R,_1)AY; encodes the belief that, for those that did
not miss the prior cycle # — 1, the recorded variables L,_; at the prior cycle together with the
observed past O,_; prior to cycle t — 1 are sufficient to explain missingness at cycle ¢, but, for
those that missed cycle  — 1, the observed past O,_, is not sufficient to explain missingness at
cycle ¢. The choice q,(O_,_l, Y) = {(1 — R—1)X1 + X2}Y; additionally allows a residual depen-
dence on the current outcome of the respondents. In line with the terminology used in some of
the missing data literature, we call ¢,(-) a selection bias function (Scharfstein et al., 1999).

Part (i) of Theorem 1 establishes that model .A(g), and therefore A,(¢q) for each ¢, places no
restriction on the observed data law beyond the restriction that pr(R, = 1| O,_;) > 0 forall 7. As
such, each choice of selection-bias functions ¢,(O,_1, Y;),t =1, ..., T, fits the data perfectly
and cannot be rejected by any statistical test. Since there will never be any evidence from the
data that can help determine the functions ¢;(O;_1, Y;), the analyst should be reluctant to analyze
the data solely under one choice of functions ¢,(O,_1, Y;). Instead, he should pose a range of
plausible selection-bias functions and, as a form of sensitivity analysis to his prior beliefs about
the missingness mechanism, repeat the analysis under each choice of ¢;(O;_1, Y;) . This raises the
question of how to choose the selection-bias functions in practice. We suggest that one chooses,
as in the example above, a collection of simple selection-bias functions indexed by one or two
parameters that are to be varied in a sensitivity analysis. Ideally, the parameterization should
satisfy the following properties: it is easily interpretable so that a plausible parameter range can
be specified by subject matter experts; the values of the parameters equal to zero correspond to
the assumption of no selection bias for the outcomes; and nonparametric bounds are attained
when the parameters go to -c0.

In the following theorem, proved in the Appendix, and throughout, if (4) holds we define

mt(ot—l) = E[Y; CXP{Qt(Ot—l, YO} R =1, Ot—l]/E[eXp{CIt(ét—l, YO} R =1, Ot—l]-
Furthermore, we define ;(O;_1, Y;) = 1 if (4) does not hold and
ﬂt(O_t—l, Y)=[1+ eXp{ht(O_t—l) + Clz((_)t—l, Yt)}]_l
otherwise, where /,(O,_,) satisfies (7).
THEOREM 1.
(i) Model A(q) determines a model for the law of the observed data whose only restriction is
pr(R; = 1| O;—1) > 0 with probability 1, fort =1,...,T-

(ii) The conditional density f(Y; | O;_1) is identified under model A;(q) and therefore under
A(q). Furthermore, under models A;(q) and A(q), E(Y;) is equal to the following functional of
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the observed data distribution:

By =£{— SN 8
0= aT) ”
= E{RY, + (1 — R)m(O;-1)}. ©)

Part (ii) of the Theorem implies the identifiability of the marginal density of Y; and its condi-
tional distribution given X under model A;(g) and therefore also under model .A(g). However,
the theorem says nothing about the identifiability of the dependence among outcomes at different
occasions. This is so because this dependence is generally not identified under model A(g). In
particular, under model A(q) the correlations among the repeated outcomes are not identified for
any choice of selection-bias function.

3-4. Sequential explainability

The choice g; = 0 postulates the conditional independence of ¥; and R, given O,_,. This
assumption would hold if the observed past variables O,_, included all the predictors of Y; that
explain missingness at cycle . We therefore refer to the assumption that ¢, = 0 for all ¢ as the
assumption of sequential explainability. Lin et al. (2003) and van der Laan & Robins (2003)
consider such processes except that visits occur in continuous time.

The assumption that ¢, = 0 is less restrictive than the ion minimal missing at random condition

pr(R, = 1| R_i,L)=pr(R, = 1| O,_1) (10)

fort =1,..., T,because (10) implies (6) with ¢, = 0 but the opposite is false. For example, (10)
postulates the conditional independence given O,_; of R, with the current components L, the
future components L ;1) and the components of L, corresponding to missed cycles. However,
(6) says nothing about the dependence of R; on future components L 4 1) and the components of
L, corresponding to missed cycles. In fact, while assumption (10) imposes restrictions on the
observed data distribution and hence is a testable assumption, this is not true for (6) by part (i) of
Theorem 1. Note also that, under model .A(q) with ¢; = 0 for all ¢, nonresponse is nonignorable
for inference about f(Y;),# =1, ..., T, in the sense that likelihood-based methods do not result
in the same inference if pr(R; = 1| O,_1) is known, unknown or known to follow a model. This
is because the likelihood of the observed data at each cycle ¢ does not factorize into a part that
depends on pr(R; = 1| O,_) and another that depends on f(Y;).

3-5. Relationship between model A(q) and the selection-bias permutation missingness model

Members of the class of selection-bias permutation missingness models of Robins et al. (1999)
are indexed by permutations of the visit subscripts 1, ..., 7. One such model is particularly
appropriate for longitudinal studies and is defined by the assumptions that, for each ¢,

pr(R; = 1| Os—1, Ys, Y441)) > 0 with probability 1,

. S(Y: | Ot—l, Y(z+1), R, = l)eXP{Qt(O_t—l, Y, Y(H—l))}
Elexp{q(Oi—1, Yi, Yur)} | Ry =1, Or—1, Yei1)] '

withg,(0,_1, Yy, Y+1y) known. It differs from model .A(g) only in that the future outcome history
Y(14+1) is added to each conditioning event and to the function qi(0i—1, Yy, Y(+1))- Robins et al.
(1999) showed that for each ¢;, t = 1, ..., T, this model places no restriction on the distribution
of the observed data and identifies the joint distribution of Y7 = (Y1, ..., Y7). Thus this model
can be used instead of model A(g) when the substantive question at issue depends on the joint

f(Yi | O, Yi41), R =0)




848 STIIN VANSTEELANDT, ANDREA ROTNITZKY AND JAMES ROBINS

law of Y7 rather than simply on the marginals Y; of Y7. However, the ability to make inferences
about the joint law comes at a price as it is more difficult to model f(Y; | O,_1, Yi41), R =0)
than f(Y; | O,_1, R, = 0) both because the conditioning event (O,_1, Y41y, Ry = 0)is of greater
dimension than the event (O,_;, R, = 0) and because it is less natural to model the law of ¥,
given the observed past O,_; and the, possibly unobserved, future Y(;+1) than to model the law
of Y; given only the observed past O,_;.

4. ESTIMATION OF THE UNCONDITIONAL OCCASION-SPECIFIC OUTCOME MEANS

4.1. Nomparametric inference under model A(q)

We now discuss inference about the marginal means B = E(Y;) under models that assume (6)
for user-specified functions qt(O,_l, Y),t=1,...,T.

Models A(g) and A,(¢q) define the same model, i.e. the nonparametric model, for the observed
data distribution. Furthermore, as established in part (ii) of Theorem 1, under either model, B/
is the same, unique, functional of the observed data law. Thus, inference about B, under either
model is identical. In particular, the nonparametric maximum likelihood estimator ,BANPMLJ of B
under either model is obtained by calculating the expressions on the right-hand side of (8) or (9)
under the empirical distribution of O, i.e.

Bxemr. = En(R Y [1 + exp{h(O;_1)xemr.c} explgi(Or—1, Y
= E,{R;Y; + (1 — R)mnpme.(Or—1)},

where fz(@t_l)NpML,t = —o0if E,(R; | O_t_l) = 1 and otherwise

1 — Eu (R | Or—y)
E,u[R; explq(Oi—1, Y1)} | Or-1] ’

En[Y; eXP{(]t((_)z—l’ YO} IR =1, Ot—l]
E,lexp{q:(Oi—1, YD} | Ry =1, Os—1]

and where, for random variables W and Z, E,(W | Z) = >}, W, [(Z; = Z)/ >°}_, I(Z; = Z)
and E,(W)=n"' 31, W;.

Unfortunately, unless 7" is small and L, is discrete with few levels, with the sample sizes
found in practice the data available for estimating the required conditional expectations will be
sparse and consequently the estimator ,BANPMLJ will be undefined. One could assume that the
required conditional expectations are smooth in O,_ and use multivariate smoothing techniques
to estimate them. However, when O,_; is high-dimensional, they would not be well estimated
with moderate sample sizes because no two units would have values of O,_, close enough to allow
the borrowing of information needed for smoothing. Thus, in practice, because of the curse of
dimensionality, we are forced to place more stringent dimension-reducing modelling restrictions
on the law of the observed data.

Two dimension-reducing strategies are suggested by expressions (8) and (9) for B;. The first
strategy is to assume that the function 4 /(0,_1) follows a parametric model,

ht(éz—l) = ht(ét—l;a,*), (11)

h(O:_1)xpmr.: = log (

rnemL,((Or—1) =

’

where & t(O_,_l ;&) is a known function smooth in o, and o is an unknown p; , x 1 parameter
vector. The second strategy is to assume that m,(O;_) follows a parametric model,

mt(ét—l) = mt(éz—l;et*), (12)
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where m,(O,_1;6;) is a known function, smooth in 6, and 0 is an unknown p; ,, x 1 parameter
vector.

We use B:(q) (B(g)) to denote the model for the full data (L, R7) defined by the assumptions
of model A;(¢) and the additional restrictions (4) and (11) specified just for a fixed ¢, for all
t. Likewise, we use C;(q) (C(g)) to denote the model for the full data (L, R7) defined by the
assumptions of model A;(q) and the additional restriction (12) specified just for a fixed ¢, for all
t.

Models (11) and (12) are not in themselves of scientific interest. However, in practice we are
forced to impose one of the two models. Estimation of B, under model B;(¢) is not entirely
satisfactory because the resulting estimators of 8 can be biased if model (11) is incorrect, and
estimation under C;(q) suffers from the same limitation if model ( 12) is incorrect. Luckily, there
is an alternative strategy for the estimation of ;. This consists of computing an estimator that
is consistent and asymptotically normal in the union model B;(¢) U C;(¢), i.e. an estimator
of B/ that is consistent and asymptotically normal so long as one of the models B;(g) or
Ci(q), but not necessarily both, is correctly specified. Following Robins (2000) and Robins
& Rotnitzky (2001) we call such an estimator a doubly robust estimator in the union model
Bi(q) U C,(q) as it can protect against misspecification of either (11) or (12), although not against
simultaneous misspecification of both. The following definition introduces a generalization of
double robustness.

DEFINITION.  Given a collection {M,,;;u € U} of models for a law F indexed by the elements
of a finite set U with K elements, we say that an estimator X of a parameter ) = A(F) is a
K -multiply robust estimator in the union model U,cyM,, if it is a consistent and asymptotically
normal estimator of A when one of the models M,,, u € U, but not necessarily more than one of

them, holds.

4-2. Doubly and 2T -multiply robust estimation

In this subsection, we propose a doubly robust estimator of 8, in the union model B;(q) U C;(q)
and a multiply robust estimator of 8* in the union model U, cyM,(g). Throughout, U denotes
the collection of 7 x 1 vectors u whose components are either 0 or 1. For each such vector u,
My = {Nry,=0Bi(9)}N {Nr.y,=1C(q)}. Thus, a 27 _multiply robust estimator of 8* is consistent
and asymptotically normal for 8* = (B}, ..., B7) so long as at each ¢ one of the models 5;(q)
or C;(q), but not necessarily both, is correctly specified.

To construct the doubly and 27 -multiply robust estimators we reason as follows. Suppose
that we have specified working models (11) and (12). For any constant column vector d; and
conformable column vector functions ¢,(O,_;) and wt(ét,l), define

diRiei(Br) R, _
e A ]l - - 1
(O 1, Vo) { (01, Yz;at)}"”(O’ D ()
M (d;, V1, Br. 0r) = di Ree(Br) + di(1 — R){mi(Oy—156;) — By}
+ R (Or—1) exp{qi(Os—1, YO Y; — mi(Os—1; 0,)}, (14)

where €,(8;) = ¥; — f and 7,(O,-1, Yi; ) = [1 + exp{hi(Os-150) + (01, Y)}] 7" In the
Appendix we show that, provided we choose ¢,(O;—_1) in (13) and v,(O;_1) in (14) to have the
specific functional forms given by

¢9,,/3,,t((_)z—1) = mt(O_t—l;et) — B, 1//a,,t(ot—l) = eXp{hz(Oz—l;Olz)}, (15)

Hi(d;, 1, B, o) =
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for any fixed 6;, «; and B;, H;(1, ¢4, g,.1» Bs» o) and M (1, Yo, 1, B, ;) are identical, where 1 is
a scalar constant function equal to 1. We therefore write, for short,

OB, 0, ) = Hi(1, ¢91,ﬂ,,t’ Bi, o) = M(1, Woz[,z» Bt, 0r).

In the Appendix we also show that if model (11) holds then, for any 8, and regardless of whether or
not model (12) holds, H,(1, ¢s, g1, B/, &) has mean zero and therefore so does Q,(8;, 0;, o/
Furthermore, if model (12) holds then, for any «, and regardless of whether or not model (1 1)
holds, M,(1, Vo, 1, B, 0)) has mean zero and therefore so does Q;(B;/, 6", a;). These results
suggest that we can construct a doubly robust estimator A, of B;, throughout also denoted by
B:(W:, @), in model B,(q) U C,(q) by solving the scalar estimating equation

En{Q:(Bs, 61, 61)} =0, (16)
where ét and &; solve
En{M;(0, ¥:,0,0,)} =0, E,{H/(0,¢:,0,0)} =0,

using arbitrary Dim X 1 and p;j; x 1 functions %(Ot 1) and ¢,(0t 1), respectlvely Theorem 2
establishes that ;3[ is doubly robust in model B,(¢) U C:(q) and that 8 = (B, ..., Br)’, throughout
also denoted by ,3(1// ¢), is 27 -multiply robust in model U,cy M, (gq).

To state the asymptotic properties of B: and B in Theorem 2, we define

Ui(Bt, 01 a0) = Qi(Br, 01, ) — Iy, Q,(,Bt, 0;, Olt)la_, Hr(a,)Ht(O ¢, 0, ar)
— 1y, 0,(Bs, O, Oft)lej,M,(Qt)Mt(O, v, 0, 06;)
08,0, @) = (Q1(B1, 01, 1), ..., Or(Br. Or, 7))
UB,0,a) = (Ui(B1, 01, a1), ..., Ur(Br, Or, ar))’,

where, for any random vector function K(7,n) of a parameter (t,7n), I; x(t,n) denotes
E{0K(t,n)/0t}and 0K (T, n)/07 is a derivative matrix with (i, j) entry equal to dK;(t, )/d7;.
In what follows and throughout, we use a hat to indicate expectations calculated under the em-
pirical distribution of the observed data and evaluation at (8;, 6;, a;) = (,@,, é,, a;); for example,

= 0i(Br. b1, &) — Loy, 1y 1y HAO, @1, 0. 64) — o, 0,45, g, Mi(0, 91, 0, 6y)

and U = (Ul, .. (77)’ where I, Lo = Ey (00:(B:, 0y, ar) )0 ;=4 }» and so on.

Parts (i) and (111) of Theorem 2 proved in the Appendix, state the asymptotic distribution
of /3[ and ,B under models B,(q) U Ct(q) and U,cyM,(g), respectively. Parts (ii) and (iv) state
that the asymptotic variance of B; and ﬂ under these models remains the same regardless of the
choice of the functions v, and ¢, used to compute the estimators é, and &, of 6, and «f, when
in fact the true data-generating process satisfies models B;(g) N C(g) and N7 1{ZS’Z (@) NCi(g)},
respectively. In practice, the choice of functions v, and ¢, should therefore have little impact on
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the efficiency of B, and B when the models B;(¢) and Ci(¢), ¢t = 1, ..., T, cannot be rejected
using efficient goodness-of-fit tests. In what follows, for any matrix 4, 4®? denotes 44’

THEOREM 2.

Suppose that the regularity conditions stated in the Appendix hold.
(i) Under model B,(q) U C,(q), N n(B: — B;)— N(0, I';) in distribution, where

_ 2
o= E[{I5)o, (87,60 e?) Ui (B} 6] o))} ']

and 6,0 and 01? are the probability limits of 6, and &;. The matrix T'; can be consistently estimated
with

(i) Let (w(l) 1)) nd (w(z) 2)) be two pairs of distinct p;, x 1 and p;j x 1 func-
tions (Yy, ¢;) of O,_1. Then, under the intersection model Bi(q) N Ci(q), \/l’l{ﬂt(lfl(]) qb,(])) —

B, ¢ = 0,(1). )
(iii) Under model U,cyM,(q), N n(B — B*)— N(0, ) in distribution, where

[ = E[{I;(8". 6%, YU, 6", a*)} ]

and 0° and o° are the probability limits 0f9 = (91, .. GT) and & = (&1, ..., ar) . The matrix
T can be consistently estimated with I' = I 5 QE U 2)I b

(iv) Let (D, ¢D) and (v P, $) be two distinct sets offunctzons (Y (Oi-1), ¢[((_)t ), t =
.+ T}. Then, under the intersection model NI_ {B.(q)NCi(q)}, Nr{By®, V) —

BW®, ¢P)} = op(1).

It is possible to show that, at the intersection model B;(¢) N C;(q), every doubly robust estimator
B:(V,, ¢;) has asymptotic variance that attains neither the semiparametric variance bound for the
estimation of B, under model C;(g) nor, except when g, = 0, the semiparametric variance bound
for the estimation of 8, under model 5;(g). In our opinion, the hope to control bias is more
important than efficiency concerns, and we therefore recommend using doubly or 27 -multiply
robust estimators of B/ and B*, respectively.

So far, we have not allowed the parameters «, in model (11) and 6, in model (12), respectively,
to be shared across occasions. When we are faced with sample sizes that are not large enough to
yield well-behaved estimators of o] and ;" at each occasion ¢, two dimension-reducing strategies
can be envisaged. The first strategy is to reduce further the dimension of models (11) and (12)
at each ¢. The second strategy is to allow parameters «; and 0;, respectively, to be shared across
occasions and to compute an estimator of * that is consistent and asymptotically normal so long
as at least one of ﬂt 1Bi(g) or ﬂ _1C:i(g) holds. Denote by o and 6 the resulting p, x 1 and
pm X 1 parameter vectors mdexmg models (11) and (12), respectively, for all occasions . Then
such an estimator B of 8* can be obtained by solving estimating equations (16) at each occasion 7,
in which 6, = 0 and & = & now solve E,{M(y, 0)} = 0 with M(y, 0) = >, M,(0, ¥, 0, )
and £,{H(¢, )} = Owith H(¢, @) = Zthl H,(0, ¢y, 0, @), where 1 and ¢ are vectors of p,, x 1
functions v,(0,_1) and p;, x 1 functions ¢;(O,_1),t = 1, ..., T, respectively. Parts (iii) and (iv)
of Theorem 2 continue to hold for the resulting estimator j if we replace model U, cy M, (¢) by
(N Bi@)U AN Co(q)} , B by B and U(B, 6, a) by

OB, 0, &) = Lo, 0(B, 0, )15 (@ H($, @) = Io,0(B, 0, @) 1 (OIM(, 0).
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5. ESTIMATION OF THE OCCASION-SPECIFIC CONDITIONAL OUTCOME MEANS
GIVEN BASELINE COVARIATES

Suppose now that we are interested in inference about a parameter, which we denote again

by 8*, indexing a regression model for the conditional mean of ¥;, ¢t = 1, ..., T, given baseline
covariates X; thatis, fortr =1,..., T,
E(Y; | X) = g(X; B), (17)

where g;(X; B) is a known function that is smooth in 8 and * € ® C IR” is unknown. Denote
by A*(g) the model for (L,R7) defined by the restrictions of model .A(¢) and the additional
restriction (17) forallt =1,..., T.

Part (i) of Theorem 1 is no longer true if model .A(g) is replaced with model A*(g), i.e. A*(q)
does not determine a nonparametric model for the observed data law. Hence, in principle, under
(17) the postulated functions g, may sometimes be subject to an empirical test. Moreover, 8*
and ¢;,t =1, ..., T, may be jointly identified under (17). However, there would generally be
very limited independent information about 8* and ¢,,¢ =1, ..., T, and therefore their joint
estimation would require very large sample sizes. In fact, it follows from Proposition B1, Part 6,
of Rotnitzky et al. (1998) that, when pr(R; = --- = Ry = 0] L) > o > 0 with probability 1 and
both #; and g;,t =1, ..., T, in (6) are unknown, 8* cannot be estimated at rate +/ n. Thus, we
continue to recommend that one regard the functions g;, t = 1, ..., T, as fixed and known when
estimating 8* and then vary these functions in a sensitivity analysis.

As was the case for the estimation of the marginal means E(Y;), unless 7 is small and L; is
discrete with few levels, inference about 8* requires placing dimension-reducing assumptions
on either 4, or m,, in addition to the restrictions of model .A4*(g). We therefore consider, for each
t=1,..., T, models By(q) and C/(¢q) defined like models B;(¢) and C;(g) respectively but with
the additional restriction (17). Furthermore, we let M (¢g) be defined like M,(g) in §4-2 but
with B} (¢) and C;(¢q) instead of B;(¢) and C,(g) so that the union model U, cyM;(q) stands for
the model in which at each 7 either B} (q) or C;(¢) holds, but not necessarily both. In this section,
we consider the estimation of 8* under the union model U, cy M (q).

Although, as shown in the Appendix, the restrictions defining C;(q) for each fixed ¢, and
indeed simultaneously for all ¢, are guaranteed to be compatible, the same is not true for C;(g).
To be specific, for each ¢, given a function ¢, the function m;(O,_;) and the conditional mean
function £(Y; | X) are not variation independent; that is, fixing one restricts the range of possible
functions for the other. Thus, it may happen that there exists no joint distribution of (L, Rr) of
which the marginal of O is the observed data distribution and that satisfies simultaneously (5),
(12) and (17). Furthermore, even if such incompatibility is not present, it may still happen that
the parameter space for 8* under C(¢) is much smaller than that under .A*(g). This is clearly
undesirable because any reasonable dimension-reducing strategy should not, a priori, eliminate
the values of 8* regarded plausible under the model of scientific interest. The following simple
example illustrates these points.

Example. Suppose that T =1,Lo=X and Y; is binary. Suppose that in (17)
we assume that logit pr(Y1=1|X)= 8o+ X, q1 (Y1, X, V)=AY; with A >0 and
logit pr(Y; =1 | Ry =0, X) =6y + 0;.X. Under this model logit pr(Y1 =1|R; =1,X) =
A+6p+ 0 Xandhencepr(Y; =1 | R =1,X) > pr(¥Y; = 1| R; =0, X). Therefore, since

pr(Y1=1X)—pr(Y1=1|R =0,X)
pr(Y1 =1 | Ry = 1,X)—pr(Y1 =1 | Ry =0,X)’
itmust be that pr(Y1 =1 | R =0, X) <pr(Y1=1|X)<pr(¥Y; =1]| R; =1, X). This im-
plies that logit pr(Y; = 1 | X) = A* + 6y + 6, X for some 0 < A* < A. In particular, 81 = 6;. It

pr(Ri=1|X)=
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follows that the parameter space for § may be more restricted once we impose the restrictions on
pr(Y1 = 1| R; = 0, X). For example, if the model for pr(¥Y; = 1| R; = 0, X) restricts 6; to lie
in a strict subset of the real line and the model for pr(Y; = 1| X) leaves 8, unrestricted, then,
once the model for pr(Y; = 1 | R} = 0, X) is imposed, the parameter space for 8 is reduced to
that for 6;. The models would even become incompatible if a probit regression were considered
for pr(Y; = 1| X) and a logistic regression for pr(¥; = 1| R; = 0, X).

In the Appendix we show that B(¢), and indeed N’_, B¥(g), impose restrictions that are always
compatible.

When model C/(gq) is incompatible with model (17) then an estimator of §* that is consistent
under the union model B (q) U C;(¢) actually converges in probability to * only if the working
model B;(g) holds and hence the estimator is not really doubly robust. We do not regard this
theoretical difficulty to be of concern in practice since it is ameliorated if one postulates a richly
parameterized model (12). To see this note that, when no restriction is placed on n1,(O,;_;), model
C/(q) becomes model A} (g) defined like .A,(¢) but with the additional restriction (17). As shown
in the Appendix, the restrictions defining model .A7(q) are always compatible. Consequently, if
(17) is correctly specified then a flexible model for m,(O,_;) should result in a nearly correctly
specified model C;(¢). In order to highlight the possibility of model incompatibility, we refer to
estimators that are consistent and asymptotically normal under model U, cy M (q) as generalized
27 -multiply robust estimators.

In agreement with the discussion in Robins & Rotnitzky (2001), we recommend estimating
B* with generalized 27 -multiply robust estimators because such estimators are expected to have
small asymptotic bias if, at each t = 1,..., T, at least one of the models B;(g) or C;(q) is
approximately correct.

We construct generalized 27 -multiply robust estimators of 8* in model U, cy M (q) as follows.
Redefine H,(d;, ¢;, B, otr), My(d;, Yy, By, 0;) and (j)g,,,g,,t(O_,_l) asin (13), (14) and (15) but with
€:(B;) replaced by €,(B) = Y; — g(X; B), mi(O;—1;6;) — B by m;(O;_1;6;) — g(X; B) and with
d;= d;(X) an arbitrary conformable vector function of X. With these redefinitions, it is true that
H(d;, dige, pi, B, ) = Mi(d;, dipg, 1, B, 6;) for any arbitrary » x 1 vector function d;(X). We
therefore write

Qt(dt, B, 0:, ;) = Hi(d;, dt¢0,,/3,t7 B, ;) = M (d;, dﬂﬁa,,z» B, 0:)

Similarly to §4-2, we construct generalized 27 -multiply robust estimators 8 of A*, also denoted
throughout by B(d, dg, ¥, dy, ¢), in model U,cy M (q) by solving an r x 1 estimating equation
of the form

E {0, B.6,a)} =0, (18)
where Q(d, B,0,a) = ZtT:1 O:(dy, B, 0, ar), d(X) = (di(X), ...,dr(X)) for arbitrary r x 1
vector functions d,(X),t =1,..., T, and where 0 = (61, ...,07) and&@ = (&1, ..., &r) solve

En{M(dio, Y1, B,0)} = 0, Ex{H(dia, P1, B, )} =0
respectively, fort = 1, ..., T, using arbitrary collections of functions,
dop = {dip(X) : dig(-) is a py,» x 1 vector value map, t = 1, ..., T},
V= {Y:(O0,_1) : ¥y(-)is a p;m x 1 vector value map, t =1, ..., T},
dy = {dio(X) : dio(-) is @ prj, x 1 vector value map, t =1, ..., T},
¢ = {¢:(0:_1) : ¢:(")is a p;j, x 1 vector value map, t =1, ..., T}.
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Parts (iii) and (iv) of Theorem 2 remain valid if we replace U,cuM,(q) by U,euM(q),

B, ¢ by Bd.df’, y D, dP). ¢V, j = 1.2, Qi(B.6:. o) by Ou(ds. .6, ;) and we
use the redefinition U(B, 6, o) = Zthl Ui(B, 0;, a;), where

Ui(B, 6, ap) = Qt(dz, B, 0, o) — [a,,Qt(,B» 0, Olt)I(;,lH,(Olt)Ht(dta, @i, B.oy)

—1I5,.0,(B. 01, @) I,y (0 Mi(dsg, Vi, B, 6),

with d; = dy(X), dio = dio(X) and dig = dyp(X).

Theorem 3, proved in the Appendix, provides the optimal » x T" matrix function dop(X) =
(dy,opt(X), ..., dr,0pt(X)) in the sense that, among all estimators B(d ,dg, ¥, dy, @) that solve
(18) using an arbitrary » x 7" matrix function d(X) and a fixed collection of functions
do, ¥, dy and ¢, the estimator with the smallest asymptotic variance is the one that uses
d = dop. In particular, since under laws in the intersection model N, {Bf(q) N Ci(q)} the
limiting distribution of B(d, dg, ¥, dy, ¢) does not depend on the choice of dy, ¥, d, and
¢, we conclude that the estimator that solves (18) using d = d, has the smallest asymp-
totic variance among all estimators B(d, dg, ¥, dy, ¢) under any law in N B} (q) N CH(q)}.
In the following theorem, I'(d,dy, ¥, d,, ) denotes the variance of the limiting nor-
mal distribution of \/n{B(d, dg, ¥, dy, ) — B*} under model U,cyM;(q) and U*(B, 0, a) =
(Uf(B, 01, 1), ..., UF(B, Or, ar)), where each U;*(B, 6;, o;) is defined as U,(B, 6;, ;) but with
the 7 x 1 function d;(X) replaced by the constant real-valued function d;(X)=1. Also, 6° and o°
denote the probability limits of § and &. In addition, for any pair of conformable square matrices
A and B, 4 > B indicates that 4 — B is positive semidefinite.

THEOREM 3.
For every fixed collection of functions dy,V,d, and ¢, we have that

F(dopt’ d@a Wa d()la ¢) < F(dv dea w» d()la ¢): Where
aU*(B,6°, ")

dopt(X) =K { 3B

X} [var{U*(8*, 0%, a°) | X}]7".
p=p*

6. SIMULATION STUDY

We conducted two simulation experiments. The first compares the behaviour in finite samples
of the 27 -multiply robust estimators of marginal means with competitors that are not 27 -multiply
robust, and the second evaluates the behaviour of generalized 27 -multiply robust estimators of
parameters of regression models for the marginal means. Each experiment was based on 1000
replications of random samples of size 500 generated as follows. In both experiments, for ¢ > 1,
L, comprised just the outcome Y;. In the first experiment L, was standard normal and, for
t=1,...,4, given (L,_1, R,_1), R; was generated from

pr(R; = 0| R;_1, L;—1) = expit[—2-25 + 0-25¢ + 0-5{1 + I(t = 1)} Lo
+2(1 = Ri—1) + 2R, 1€1],

and then L, was generated as L, =2t +3Lo+ R;—1 + 2R;—16;,—1 — Y R; + €; for the choices
y =0 and y = —0-5, where €,..., €4 are four independent standard normal variates. It
is easy to check that the law of our simulated data satisfies the restrictions of B(g) and
C(q) with q/(O—1, Y1) = y Yy, h(Or—1500) = a0 + Lo+ 1(t > 1)@ Ri—1 + o3 R—1 Y1)
and m(Os_1;6;) = 6,0 + 01 Lo+ 1(t > 1)(02R—1 + 6,3 R,—1Y;—1) for specific vector values o
and 0,.

In the second experiment, given a standard normal variate X, we generated a4 x 1 multivariate
normal vector (Y1, ..., Ysq) with E(Y; | X) = Bit + X, B1 =2, 8, =3, var(¥; | X) = 5 and
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Table 1. Results from the first simulation study. Bias is 100 times the Monte Carlo mean
minus true parameter value, SD is 100 times the Monte Carlo standard deviation, Cov is
the Monte Carlo coverage probability times 100

IPW CM MR
q; Estimand  Misspec.  Bias SD  Cov Bias SD  Cov Bias SD  Cov
None -1-6 277 926 0-1 164 951 —0-1 168 943
B3 =669 C3& B, -1-6 277 926 —488 162 144 —-0-6 307 938
0 All -52.2 177 158 —48.8 164 144 —489 162 154
None -1-3 285 915 02 164 954 03 168 955
ps=861 Ci&By —52-1 184 187 02 164 954 03 164 954
All —-52-1 184 187 —47.6 164 183 —467 162 194
None —-0-4 285 93.0 —-2:3 220 895 1.0 179 950
B3 =699 C3& B, —-04 285 930 —86-2 295 116 07 441 929
—0-5Y; All —82-1 194 1.0 —-862 295 11.6 —-773 179 0-9
None -0-7 276 922 —4.0 239 94.1 1.2 173 949
Ba=887T C3&By —813 202 2:2 —4.0 239 94.1 —1.0 188 94-1
All —-81-3 202 22 -—-869 347 152 746 183 1-4

IPW, inverse probability weighted estimator; CM, conditional mean imputation estimator; MR, 27 -multiply
robust estimator; None, no model misspecification; C; & B,, misspecification of models C; and By; All,
misspecification of C, and 15, for each 7.

cov(Y;, Yy | X) =4, t & ¢'. Then we generated R4 given Y iteratively forz = 1, ..., 4 from
pr(R, =0 | R,_1, Lg) = expit[—2-25 4+ 0-25¢t + 0-5{1 + I(t = 1)} X
+{2(1 = Ri—1) + 2R 1,1 > 1) + e,

where ¢, =Y, — B1t — X and y =0 or y = —0-5. Under our data-generating process,
model B(¢) holds for qt(O_l—lv Y;) =yY, and ht(ét—l;at) =a;0 tonX + 1(t > )R- +
a3R;—1Y;—1) for a specific value of «;. Since the functional form of m,(@t_l) is compli-
cated we have considered an approximate working model for it, given by m,(0,_1;0) =
010+ 0 X+ 1(t > 1) {0 Ri—1 +03R; 1 X + 6,4R,1Y;—1}, and thus computed a generalized
27 -multiply robust estimator of (B, B2) such that, at each ¢, model C,(g) assumes that
m(O;_1) = m;(O0;_1;0) for some 6.

Under the data-generating process of the first experiment, the probability, times 100, of not
missing the outcome is 84-4, 69-0, 60-5 and 53-7 at the four occasions, respectively, for both
y = 0and y = —0-5. In the second experiment, these probabilities are 84-4, 60-1, 61-5 and 56-5
for y = 0. The values when y = —0-5 are similar.

Table 1 summarizes the results for the estimation of g3 = E(Y3) and B4 = E(Y4) in the
first experiment for the following methods: inverse probability weighted estimators, i.e. those
solving E,{H;(1,0, B;, &)} = 0, labelled ‘IPW’; conditional mean imputation estimators solv-
ing E,{M;(1,0, B, é,)} = 0, labelled ‘CM’; and ZT—multiply robust estimators, labelled ‘MR’.
The estimators were computed under various conditions: correctly specified working models
hi(O;_1;04) and m,(O,_1; 6;) as defined above for all ¢, labelled ‘None’; models n3(O5; 63) and
h4(O3; ay4) that incorrectly set a priori to zero the coefficients multiplying the term R,_Y;_1,
labelled ‘C3&8B4’; and models 4,(O,_1; «;) and m,(O,_1; ;) that for all ¢ incorrectly set a priori
to zero the coefficients multiplying the term R,_;Y;_1, labelled ‘All’.

The results for the 27 -multiply robust estimators in the first simulation study are as predicted
by the theory: they are nearly unbiased and the Wald confidence intervals centred at them cover
roughly at the nominal 95% level when, at each occasion, none or one of the working models, but
not both, is incorrect. In contrast, and also as expected, the inverse probability weighted estimators
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Table 2. Results from the second simulation study. Bias is 100 times the Monte Carlo
mean minus true parameter value, SD is 100 times the Monte Carlo standard deviation,
Cov is the Monte Carlo coverage probability times 100

q: Estimand Misspec. Bias SD Cov
None 0-08 10-60 94-6

0 B =3 By, C3 & B, 0-12 10-30 94.0
All 1.74 9-58 95-7

None 0-007 4.25 95-3

Br=2 By, Cs & B, —0-66 3.68 95-9

All —-10.7 3.87 172

None 1-70 12-00 95.7

—0-5Y, B=3 By, C3 & B, 1-36 12-20 93-1
All 3.37 11-30 91-2

None 1-31 643 96-7

Br=2 By, C3 & B, —4.21 7-69 88-1

All —24-8 9-10 571

None, no model misspecification; 3,, C; & B,, misspecification of models 3,, C; and B,; All, misspeci-
fication of C, and 3, for each ¢.

of B are nearly unbiased but those of 4 are not unbiased when the model for 3(0,) is correctly
specified but that of 14(03) is incorrectly specified. The reverse occurs for the conditional mean
imputation estimators. No estimator is unbiased when all working models are misspecified.
In addition, as predicted by theory, when g, = 0, the 27 -multiply robust estimator is more
efficient than the inverse probability weighted estimator when all working models are correct,
but is less efficient than the conditional mean imputation estimator. Interestingly, the 27 -multiply
robust estimators of 3 and B4 are also more efficient than the corresponding inverse probability
weighted estimators when ¢; = —0-5Y;, and both working models are correct even though this
cannot be deduced from the theory. Note also that the 27 -multiply robust estimator of Bs is less
efficient than the inverse probability weighted estimator when B3 is correct but C3 is incorrect.

Table 2 summarizes the results from the second simulation for the generalized 27 -multiply
robust estimators of 81 and 8 solving equations (18) that use, instead of d(.X), the vector function
of X and g,

:p) = (i y y) EBAQE0.0P)

where O*(B,0,a) = (01(1, B,01,a1), ..., Or(1, B,0r,ar)). Tt can be shown that using
d*(X; B) in (18) results in generalized 27 -multiply robust estimators that, under the union model
UueuM;i(g), are asymptotically equivalent to those that solve (18) with d(X) = d*(X; ). The
estimators were computed under various conditions: the correct working model hi(O_1; )
and the approximately correct model mt(O_,_l;Q), labelled ‘None’; the same models as in the
previous case except that the coefficients corresponding to R,_Y;_; of hz(O_l; o2), h4(03; o4)
and m3(0_2;93) were set to 0, labelled ‘B, C3 and B4’; and the same models as in the first
case but with the coefficients of R,_Y;_1 equal to 0 for all 7 and for all models, labelled ‘All’.
The results confirm that the generalized 27 -multiply robust estimators perform well even if the
model for m,(O;_1) is incorrectly specified provided, as in our simulations, the model is richly
parameterized.
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APPENDIX
Proofs

Proof of Theorem 1. Every observed data distribution is defined by a given collection of conditional
densities and probabilities, { (L, | O;,—1, R, = 1), pr(R, | O;—_) = 1,..., T}. Thus, to show that A(q)

is a model for the observed data law regtricted only by pr(R; = 1] 0;_1) > 0for t= 1,..., T, it suffices to
show the following: () given { /(L | Or—1, R = 1), pr(R; | Or—1) : pr(R, = 1] O;—1) > 0,2 =1,..., T},
there exists a distribution f*(L 7, Rr) satisfying the restrictions of .A(¢g) and such that, forz =1, ..., T,

f(Lt | Ot—h R/ = I)Zf*(Lt | Ot—l, R = 1), pr(R; =1 Ot—1)=pr*(Rt =1] O_t—l); (Al)

and (b) pr*(R, = 1 | O,_;) > 0 for every joint distribution f*(L7, Rr) that satisfies the restrictions of
model A(q).

We prove (a) by constructing a joint distribution f*(L 7, Ry) that satisfies (A1) iteratively as follows. For
t=1,R,_yisniland f*(L,_;) = S(Lo). Foreachr =1,..., T, wedefine f*(L, R, | L. 1, R;_1) equal
to f*(L,, R, | O, 1), where f*(L,, R, | O, 1)1sdeﬁnedbyf*(L |01, R, =1)= S(L, | O0,_1,R =1)
and pr*(R, = 1| 0,_ )=pr(R, =1] 0,_ 1), and when (4) holds f*(L,\ Y, | Y3, O,_1,R, = 0) is equal
to an arbitrary law and f*(Y; | O,_;, R, = 0) is equal to the right-hand side of (5). By construction,
f*(Lr, Rr) satisfies (1) and Assumption 1 forz = 1, ..., T, and thus is in model .A(g), and additionally
satisfies (A1), thus proving (a). Part (b) holds because it is implied by ( 1). This concludes the proof of
part (i). To show part (ii), note that, under model .A;(g),

f 1 0)=f(Y, |01, R = 1)

- R, = ) _ A Y
X (pr(Rt =1 | Ot—l) + pr( t O |_ Ot l)exp{?t(ot 1s l‘)} ) ’
Elexplgi(O, 1, Y} [ 01, R = 1]

where ¢,(0,_1, Y;) is defined arbitrarily if pr(R, = 0 | O,_;) = 0. Thus, f(Y; | O,_;) is identified under
A,(q) because the right-hand side of the last display is determined by the observed data law. To show that
(8) holds, we use expression (7) and note that, under models 4,(¢) and .A(q), the right-hand side of (8)

equals
E {Rth (1 + pr({?, =0| O_t—l)eXp{fir(Yt, Or—])} _ )}
pr(R; = 1| O;—1)E[exp{g:(Ys, Or-1)} | R =1, Or-1)]
=E<pr(R, =1| Ot—])E(Yt | R, =1, O_t—l)
- _E[Y, Y, 0} | R, =1, 0,_
tpr(R, =0]0,_1) [Y: exp{q:( v Y D} R, - O 1])

Elexp{q/(Y:, O} | Ry = 1, O;-1)]

From

E[Y, exp{q:(Y;, O_t—l)} | Ry =1, Ot—l]
Elexpl{q:(Y:, O—1)} | Ry = 1, Or-1)]

under model A,(q), it follows that the right-hand side is equal to E(Y;). The proof of (9) is now
immediate.

Proof that the restrictions imposed by models A*(q), B*(q), B(q), C(q) and N_{B,(q) N C:i(q)}
are compatible. To show that the restrictions of B*(q) are compatible we will exh1b1t a joint law
f*(Lt, Ry) satisfying the restrictions defining B*(¢). We construct such a law recursively as follows.
We define f*(Lg) as an arbitrary law and set R, as nil. Then, having defined f *(L, 1 R 1) for
t=1,...,T, we define f*(L;, R; | L1, Ri_ 1) as follows. The density f*(Y; | L1, R 1) satisfies

= E(Yt | R, =0, Ot—l)
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f Yif* Yl Ly, R—) f*(Ly—1, Ry | X)dY d R, dL, | = gt(X;,B*_), where L,_, = L, \ X and the
integral is taken with respect to the counting dominating measure for R, and the adequate dominating
measures for L _, and Y,. This ensures that (17) holds. Next, we define f*(L,\ Y; | Y;, R;, 0,_ 1) as
an arbitrary law Flnally, for a given fixed function 4 (0, o)), we set pri(R, =1 Y, L,1,R_ 1) =
pr*(R, =1|Y, 0,_)) = [1 + exp{h, (Or_1; af) + q:(0,_1, Y,)}]7" , which ensures that (5) and (11) hold.
Thus, by construction, f*(L7, Ry) satisfies the restrictions defining B*(q) Since B*(g) is more restrictive
than B(g) and .A*(q), this implies that the restrictions of B(¢) and .A*(¢g) are compatible.

We next recursively construct a law f*(L7, Ry) that satisfies, the restrictions imposed by the inter-
section model N 1{lS’,(q) N Ci(q)}. We define f*(Lg) as an arbitrary law and set Ry as nil. Then, having
defined f*(L, 1 R 1) fort =1, , T, we define f*(L,, Ri|Li_i, R 1) as follows. Given fixed func-
tions A,(O;_1; o) and m,(O,_; *) for each t = 1,..., T, we define f*(Y; | L,_1, R(_1, R, =0) =
(Y, | R, =0, O0,_), where f*(Y, | R, =0, O,_ 1) is any law that satisfies fth*(Yt | O,_1, R, =
0)dY; = m,(0,_1;67). Next, we define pr*(R, = 1 | L,_1, R,_1) = pr*(R, = 1 | O,_;) by the identity

pri(R, =1 O,_y)
pr*(R; =0 | 0,_1)’

/GXP{—hr(Otfl;a,*) =401, YOV *(Y; | Or-1, Ry = 0)dY, =

and we define f*(Y; | L,_{,R_|,R = )= (Y| O,_1, R, = 1), where

pr*(R, = 0] O,_1) (Y, 1 Oi—1, R, = 0)

Y10, R =1)= - . _ .
SR pri(R, = 11 O,1) explhi(O,_1;07) + qi(Or_1, Yo))

Finally, we choose f™*(L, \ ¥; | Y;, L,_1, Rt_l)to be an arbitrary law. By construction, f° *(i T, RT) satisfies,
for each ¢, (12), and hence model C,(¢), as well as (5) and (11), and hence model 5,(g) . This is seen
because, for the chosen law,

S Y, Ry =0] Ot—l) _ pri(R, =017, Or—l)

h(O,_1;af O,_1, Y = _ = .
exp{h (Or-1;0;) + q(O1-1, Y1)} R =110  pr(R =1]7%, 0,1

We conclude that f*(L7, Rr) satisfies the restrictions of model N_,{B,(g) N Ci(q)} and therefore also
those of C(gq).

PrOOfthat HZ‘(17 ¢9,,ﬁ,,tv ﬂf’ at) = M[(l’ l/fa,,tv ﬂt: 91‘) We haVe

Rie(Br) <1 _ R,

7(Oi—1, Yis o) | (m(0,-136,) — B}
(O, Yis 1) nf(Otl,Yt;Olt)> (015 6)) f

R[ —
=(l-—— O, _1;6,)—Y,}+ 7Y, —
< m(Ozl,Y,;a,)> {m,(O;-1;6,) i r — B

. <l _ R — R/{1 —ﬂt(ét—h Yt;at)}
' ﬂz(O_t—l» Yis o)

=Rie(B)+ (1 — Rt){mt(O_t—l;gt) — B}
+ R,w%,,(@,l)eXp{q,(O_,,l, Yoy, — mt(O_t—1§9t)}~
Now suppose that (11) and (4) hold. Then

E{ {?tet(ﬂi‘)
7(Oi=1, Yy af)

> {m(O,-1;6,) — Y} + Rie(B) + (1 — R)(Y, — By)

} = E{e,/(B))} =0,

R, = . _ p%
E |:{1 — M} {mt(Ot—laet) IBt }:|

Rt A A LO¥Y _ R¥ —
=F <E |:{1 — M} ’0t1a Yt:| {m,(Ot,l,Qt) ﬁt }) =0
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Rt —
E ]—-—— | 10,1, Y, =0-
(01, Yt;a*)

Thus, under (11) and (4), E{H,(1, ¢y, g ¢, B, &;)} = 0 for any 6;. Next, suppose (12) holds. Then (1 —
R )m,(Ot 1;07) =0 —R)E(Y, | 0,1, R, = 0), where E(Y; | O,_1, R, = 0) is defined arbitrarily if (4)
does not hold, and hence E[R,¢,(8) +(1 — R Mmi(0,_1;6,) — B = E{e(BF)} = 0. Also,
E[RVa,./(01-1) exp{qi(Os—1, Y)Y, — my(Or-1;6))}]

= E{wot[,t(OZ—I)E[eXp{qt(O_I—la YOHY, — m,(O_,_l;Gt*)} | 0_1—17 R, =1]pr(R;=1]| O_t—l)}

=0,
because E[exp{q:(O,—1, Y)Y — m(0,_1;67)} | O,_1, R, =1]=0. Thus, under model (12),
E{M,(1, Yo, 1, B/, 6;)} = 0 for any «;.

Proof of Theorem 2. To prove part (i) of the theorem, we assume that the regularity conditions 1-9
of Appendix B of Robins et al. (1994) hold with U,(8:, 0, @) and (B}, 6°, a”) replacing their H;(y)
and y, respectively, and their regularity condition 3 being replaced by the assumption that pr(R, =
1101, Yi;0) > 0 > 0 with probability 1 for some o and arbitrary o, in the parameter space. By standard
Taylor expansion arguments we have that v/ n(d, — 62) = —I; '\, (00)n="2 3>, M;,(0, ¥, 0,0) + 0,(1)
and/n(q, —a?) = =1, Hr(ozo)n’l/2 > Hi(0, ¢4, 0, o) + op(l) where 0,,(1) denotes a random variable

converging to 0 in probablhty Furthermore, because E{Q,(B}, 6, «?)} = 0 under model B;(q) U C/(q),
another Taylor expansion gives

0=n"">"0u (B0 &) + 1s.0,(B7. 00 a?) N 1By = B]) — L0, (B 00 ) I,y (0))

because

n VS H (0,61, 0.0) — Iy 0, (8160 02) 15y (0002 3 M 0,7, 0.67)

+o,(1).

When, as in regularity condition 6 of Robins etal. (1994), Iy, o, (8}, 69, a?) is nonsingular, this is equivalent
to

Na(B — B =150, (B;. 67 ,‘WZuwp 7) +op(1).

The asymptotic distribution of \ n(8, — B) under model B;(q) U C,(g) follows from the previous equation
by Slutsky’s theorem and the central limit theorem. The consistency of the variance estimator follows from
the law of large numbers. This proves part (i). Since ¢, and 9,, fort = 1, ..., T, are variation- independent
parameters, it also follows that (7', (B}, 67, aD)U(B}. 67, 2). ... I QT(ﬂT, 0%, aMUr(B:, 6%, ad)y
is the influence function corresponding to the 27-multiply robust CAN estimator for 8* under model
N_,{B,(g) UC/(g)}. This proves part (iii).

At the intersection model Bi(q)NCi(q), I, 0,(B*. 00, e)) =1, o (B*,02,2?) =0 and hence
Un(BF.6°, %) = 0,,(B7, 60, a?). It follows that the estimators (v, ¢") and ﬁ,(w(” ) have the
same influence functions at the intersection model B,(¢) N C;(g). This proves part (ii). Part (iv) is similarly
proved.

Proof of Theorem 3. By definition, U(B, 0°, a®) = d(X)U*(B, 6°, «’) and, by analogous arguments to
Thegrem 2 for estimators B(d) = E(d ,dg, V¥, dy, @), the variance matrix of the limiting distribution of
N n{B(d) — B*}is equal to I'(d) = W(d)Q2(d)¥(d), where

ﬂ:ﬁ*>_, Q) = E{ (du* (8,60 o))}

That I'(dop) < I'(d) follows after applying the Cauchy—Schwarz inequality.

W(d)=E (d()oa;U* (8.6, )
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