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Abstract

Often the variables in a regression model are difficult or expensive to obtain so auxiliary
variables are collected in a preliminary step of a study and the model variables are measured at
later stages on only a subsample of the study participants called the validation sample. We
consider a study in which at the first stage some variables, throughout called auxiliaries, are
collected; at the second stage the true outcome is measured on a subsample of the first-stage
sample, and at the third stage the true covariates are collected on a subset of the second-stage
sample. In order to increase efficiency, the probabilities of selection into the second and
third-stage samples are allowed to depend on the data observed at the previous stages. In this
paper we describe a class of inverse-probability-of-selection-weighted semiparametric es-
timators for the parameters of the model for the conditional mean of the outcomes given the
covariates. We assume that a subject’s probability of being sampled at subsequent stages is
bounded away from zero and depends only on the subject’s data collected at the previous
sampling stages. We show that the asymptotic variance of the optimal estimator in our class is
equal to the semiparametric variance bound for the model. Since the optimal estimator depends
on unknown population parameters it is not available for data analysis. We therefore propose
an adaptive estimation procedure for locally efficient inferences. A simulation study is carried
out to study the finite sample properties of the proposed estimators. © 1997 Elsevier
Science B.V.
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1. Introduction

In epidemiological studies, it is often of interest to estimate the parameters &, index-
ing the conditional mean of the outcome variable Y given a set of covariates (X, V).
Some or all of the variables Y and X may be difficult or expensive to obtain so
a vector of auxiliary variables Z may be collected in a preliminary step of the study.
Auxiliary variables may consist of the mismeasured variables of interest ¥ and X or
may be other variables that are associated with the outcomes Y and/or covariates
X of interest. These auxiliary variables can be used to determine which subjects
should have the accurate measures of Y and X taken in order to maximize efficiency
under cost or sample size limitations.

In this paper we describe a class of estimators for the parameters o, of the model for
the conditional mean of the outcome Y given the covariates (X, V') from multistage
studies in which accurate measures of Y and the subset X of the covariates (X, V) are
measured after measuring the covariates V and the vector of auxiliary variables Z.
Our methods agsume that a subject’s probability of being sampled to have his/her true
outcome and covariates measured at subsequent stages is non-zero and depends only
on the observed data. In particular, we consider a sequential study in which at the first
stage the auxiliary variables Z and the model covariates V are measured, at the second
stage the outcome Y is measured on a subsample of the first stage sample, and at the
third stage the remaining covariates X are measured on a subset of the second-stage
sample.

Our sequential design would offer cost benefits in settings in which error-prone
measures of the outcome and covariates are cheaper to obtain than the true outcome
which in turn is cheaper to measure than the true covariates. For example, consider
a study of the respiratory health effects of indoor air pollution. Relatively inexpensive
preliminary information on respiratory health status and indoor air pollution can be
obtained from questionnaire-based self-reports of asthma/wheeze episodes and the
presence of gas stoves in the homes of the study participants. More expensive but
accurate assessment of respiratory health status can be obtained from hospital or
physician’s records or from the results of forced expiratory exams (FEV, FVC).
Furthermore, accurate indoor air pollution assessment requires installation of
measuring equipment in the study participant’'s homes, a costly technique that can
often be carried out in only a small subsample of the study cohort.

Inferences about a, are usually carried out by specifying a parametric mode for the
joint distribution of the outcomes, covariates and auxiliary variables, and then
estimating x, by maximum likelihood. These methods, however, can be very non-
robust to the assumed parametric models for the marginal law of the covariates and
the conditional law of the auxiliaries given the outcomes and covariates, which are not
of scientific interest. In addition, with non-Gaussian data, fully parametric methods
are typically computationally complex because they require numerical approxima-
tions to integrals that do not have analytical expressions. In contrast, in this paper we
describe semiparametric estimators of «, that are numerically simple and are
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consistent and asymptotically normal without requiring specification of the law of the
covariates or of the conditional law of the auxiliaries given the outcomes and
covariates.

Extensive work has been done on semiparametric methods for estimating a, when
only the covariates are missing. Pepe and Fleming (1991) and Carroll and Wand
(1991) consider the case in which the covariate vector V includes the auxiliary
variables Z. They assume that f(Y | X, V) is known up to the parameter o, and they
let f(X|V) be unrestricted. These authors estimate «o with the value of o that
maximizes the so-called ‘estimated likelihood’ in which the contribution of a unit
i with missing X is equal to | f(Yi|x, V; a) dF(x|V;) where F(x|v) is an estimate of
F(x|v), the cumulative conditional distribution function of X given ¥ calculated from
the validation sample data. Pepe and Fleming (1991) assume that V is discrete and
estimate F(x|V;) with the empirical conditional distribution. Carroll and Wand (1991)
allow for continuous V; and use a kernel estimator of F(x|v). Both Pepe and Fleming
(1991) and Carroll and Wand (1991) estimators require that the probabilities of
selection of subjects having their X values ascertained do not depend on their values
of Y or X. Furthermore, as noted by Robins et al. (1994), these estimators can be
inefficient. Horvitz and Thompson (1952), Manski and Lerman (1977), Manski and
McFadden (1981), Cosslett (1981), Kalbfleisch and Lawless (1988), Breslow and Cain
(1988), Imbens (1992), Flanders and Greenland (1991), and Zhao and Lipsitz (1992)
proposed semiparametric estimators of & when Y is Bernoulli, Z is discrete and the
probability that X is missing can depend on Y, Z and V. Recently, Reilly and Pepe
(1995) proposed a so called ‘mean score’ method that extends the estimator of
Flanders and Greenland (1991) to discrete, but not necessarily binary, Y. Robins et al.
(1994) proposed a class of estimators that allows for non-discrete variables. They
showed that their class of estimators constitutes essentially all regular asymptotically
linear (RAL) estimators of o, since any RAL estimator of «p is asymptotically
equivalent to an estimator in their class. In particular, they showed that, with the
exception of the computationally difficult estimator of Cosslett (1981), the previously
developed semiparametric estimators are asymptotically equivalent to inefficient
estimators in their class. In addition, they showed that their class contained a member
whose asymptotic variance attained the semiparametric variance bound in the
semiparametric model defined solely by restrictions on the conditional mean of
Y given X and V, when only the covariates X are missing and the selection
probabilities are positive and depend on Y, V and Z but not on X.

Recent research has also focused on the problem of estimating 2, when Y is missing
for a subset of the study participants but X is always observed. Pepe (1992) proposed
an ‘estimated maximum likelihood’ approach similar to that of Pepe and Fleming
(1991). Under Pepe’s (1992) approach the likelihood for oy is maximized using
a parametric model for f(Y|X, V) and a non-parametric estimator of f(Z |Y,X, V)
calculated from the subsample of subjects with Y observed (when only the outcomes
Y are missing, the marginal law of (X, V') is ancillary and therefore need not be
estimated). Pepe’s (1992) estimator of o, is consistent only when the probability that
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Y is missing is independent of the auxiliaries Z. Pepe et al. (1994) proposed a mean
score method similar to that of Reilly and Pepe (1995) that allows for the missingness
probabilities to depend on Z and that does not require full specification of the law
f(Y|X, V). Rotnitzky and Robins (1995b) described a class of estimators that are
consistent and asymptotically normal for estimating x, when the law f(Y]X, V) i1s
parametrically modeled. Their approach does not require assumptions on the law
f(Z|Y, X, V). Their class contains a member whose asymptotic variance attains the
semiparametric variance bound for estimating o, in their model. These authors show
that both Pepe’s (1992) and Pepe et al.’s (1994) estimators are asymptotically equiva-
lent to inefficient estimators in their class. Rotnitzky and Robins (1995a) further
relaxed the parametric assumptions on f(Y | X, V') and proposed a class of estimators
that are consistent and asymptotically normal for «, in a model that imposes
parametric restrictions solely on the conditional mean of Y given X and V. They
further showed that 2 member in their class is semiparametric efficient.

Although extensive research has been done about the cases in which one of X or
Y are measured on only a subsample of the study cohort, there seems to be a lack of
work that addresses the estimation of &, when both X and Y are missing on a subset
of the study participants. The goal of this paper is to provide methods for estimating
2, under this scenario. In particular, we shall extend the work of Robins et al. (1994) to
include studies in which both outcomes and covariates are not observed at the first
stage.

The paper is outlined as follows. Our semiparametric model is defined in Section 2.
In Section 3 we present a class of estimating equations and discuss the asymptotic
properties of its solutions. In Section 4 we show that the asymptotic variance of the
optimal solution in our class attains the semiparametric variance bound for ¢, in our
model. In Sections 2—4 we assume that the data are missing by design. In Section 5 we
extend our methods to allow for data missing by happenstance. Since the optimal
solation in our class depends on the unknown full-data distribution it is not available
for data analysis. Thus, in Section 6 we describe an adaptive estimation procedure for
locally efficient estimation at a parametric submodel. Section 7 shows the results of
a simulation study of the finite sample properties of our estimators. We conclude with
some final remarks in Section 8.

2. The problem

Let Y;, i=1,...,n, be a (possibly multivariate) outcome variable which is either
discrete or continuous, and let (X7, V7)" be the associated vector of covariates. Here
and throughout, T, when used as a superscript denotes matrix transposition. We
assume that the conditional mean of Y, given X; and V', is known up to a finite vector
of parameters, that is,

E(Yil X, Vi) = g(Xi, Vi; o) ’ (1)
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where, for each &, g(., ;&) ts a known smooth tx 1 vector function of the same
dimension as Y;, and 24 is a g x 1 vector of unknown parameters. Our goal is to
estimate %, when Y; and X; are not measured in all study subjects, but instead
a (possibly vector) auxiliary variable Z; is measured in all study participants. Specifi-
cally, we assume that (Vl.T, ZT) are always observed and that (Y;.r, XT) are observed in
a subsample of the study cohort called the validation sample.

In many applications Z; is just an imperfect measurement of an outcome Y, that is
difficult or expensive to obtain. For example, Y; may represent body lead burden as
measured by bone lead levels. Bone lead levels are measured by a technique, called
K-XRF, that is lengthy and requires exposure to X-rays. Instead, Z; may represent
lead measurements from blood samples which are easier and cheaper to obtain. When
Z, is just Y, measured with noise, it is often reasonable to assume that

Z;=Y;+¢ and E(g|Y;, X, V)=0 2

Eq. (2), however, may fail to hold in settings in which the error in Z; is associated with
the values of the covariates X; and V; and the outcome Y, that is, E(g;| Y3, X;, Vi) is
a function of Y;, X; and V,. For example, in the air pollution study described in the
introduction, (2) will not hold if sick subjects from contaminated homes are more
likely to report wheeze episodes than sick subjects from clean homes. Throughout, we
will not assume that (2) holds.

In this paper we consider the problem of making inferences about oy when the data
are collected from a three-stage study design. Specifically, at the first stage, a random
sample of (VT, ZT) is taken. At stage 2, the outcome Y; is sampled from the first-stage
sample with probability that may depend on V; and Z;. Finally, at the third stage, the
covariates X; are sampled among subjects selected at the second stage, with probabil-
ity that- may depend of their values of V;, Z; and Y;. Formally, if 4,; and 4,; are the
indicator variables of selection into the second and third stages respectively, ie.
44; = 1if Y, is observed and 0 otherwise and 4,; = 1 if X; is observed and 0 otherwise,
the three-stage design specifies that

Pr(dy;, = 1Y, X;, Vi, Z) = Pr(d4y; = 1]V, Z) 3)
and
Pr(4;; = 1|Aiiy Vo Xo, Vi, Z) =Pr(dy; = 1|4, = 1, Y, Vi, 2)) 4. 4)

Eqs. (3) and (4) are equivalent to the condition that (Y], X[) are missing at random in
the sense defined by Rubin (1976). Note that when

Pr(AZi = 1|Ali = 15 Yh Vi’ Zl) = 1: (5)

then 4,; = 4,; and the three-stage design reduces to a two-stage design in which
Y; and X, are simultaneously ascertained in a subsample selected from the first-stage
sample with probability that may depend on V; and Z;. The estimation methods
described in this paper will also be valid for this two-stage design.
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Until Section 5 we assume that the probabilities of selection into the validation
sample are under the control of the investigator. That is, letting ny; = m;(V, Z)) =
Pr(dy; = 1|V, Z}) and o, = no(Y3, Vi, Z3) = Pr(dy = 114y, = 1, Y, Vi, Z;) we assume
that

(Vi Z;) and 7,(Y;, V;, Z;) are known functions. (6)
Furthermore, we assume that
T[ﬁ>0'>0, ]=1,2 | (7)

for some o, so that each subject has probability bounded away from zero of being
selected into the validation sample.

If the functions w,(V, Z,) and n,(Y;, V, Z;) are appropriately chosen, the three-
stage design defined by Eqs. (3), (4) and (7) will offer efficiency advantages over
a three-stage random sample design in which selection is done via simple random
sampling, i.e. with n, (V;, Z;) and n,(Y;, Vi, Z;} constant functions (Breslow and Cain,
1988:; Flanders and Greenland, 1991; Holcroft et al., 1995; Reilly and Pepe, 1995;
Tosteson and Ware, 1990). For example, designs that measure Y; more frequently
among subjects i with rare or extreme values of Z; and V;, and, in turn, measure
an expensive covariate X; on a smaller subsample that overrepresents the subjects
with rare or extreme values of Y;, V; and Z; will typically result in more precise
estimators of a, than the estimators calculated from three-stage random sample
designs.

For subject i we call L; = (Y], X7, VT, ZD)T the full data, and

(A 1is AZis LIbs.i) (8)

the observed data where we define Ly, ; = L; if d; = d; = 1, Lops,; = (YT, VI, Z)T
if 4;;=1 and 4,;=0, and Ly ; =V, ZN" if 4,; =4, =0. We assume that
(A4s, doi, L), i=1, ... ,n, are independent and identically distributed. A semi-
parametric model is characterized both by the available data and by restrictions
on the joint distribution of the data. Our semiparametric model, throughout
called ‘three-stage’, is defined by restrictions (1), (3), (4), (6), (7) and observed
data (8). The ‘two-stage’ semiparametric model is defined as the ‘three-stage’ model
with the additional restriction (5). The first goal of this paper is to provide a class
of estimators of «, that are consistent and asymptotically normal under the restric-
tions of the ‘three-stage’ model. Since the ‘three-stage’ semiparametric model does
not impose restrictions on the conditional law of Z; given Y;, X; and V;, then,
in particular, our estimators will be consistent whether or not Eq. (2) is true.
The second goal is to show that in the ‘three-stage’ model, the asymptotic variance
of 2 member in our class coincides with the semiparametric variance bound for
all regular estimators of o, in the sense defined by Begun et al. (1983). As we will
show, this member is not available for data analysis since it depends on the true
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law generating the data. Thus, our third goal is to provide an adaptive procedure
for nearly efficient estimation.

3. A class of estimators

To motivate our estimators, suppose first that x, was naively estimated from
a complete-case (possibly non-linear) least-squares analysis. That is, consider the
estimating equations

S d3ih(X, V)e(o) = 0, o)

where h(X; V;) is an arbitrary smooth g¢gxt matrix function and ¢(x)
=Y, —g(X;, Vi a). The estimators solving (9) use only data from subjects with
4,; =1, i.e. subjects with measured values of Y,, X; and V,. Unfortunately, when
selection into the validation sample depends on an auxiliary variable Z; that is
statistically dependent with the outcome Y;, or when selection into the third-stage
sample depends on Y; itself, the solutions to Egs. (9) may fail to be consistent
estimators of ay. This is so because 4,;h(X;, V) €;(2p) may not necessarily have mean
zero since subjects in the validation sample are a biased sample. The solutions of Eq.
(9) will be consistent for oy if selection into the validation study depends only on the
covariate V;, i.e. my; and n,; depend on V; only, but they will generally be inefficient.
This is so since, as we shall see later, with missing data the auxiliary variables
Z; provide information about o, but Eq. (9) does not use the variables Z,.

Robins et al. (1994) developed a general theory for making inferences about the
parameters of semiparametric models with missing data. Their theory motivates
considering estimators &(h, ¢) defined as the solutions to the estimating equations

n

n_l Z Dz(“;”’; ¢1a ¢2)=0 (10)
i=1
where
Die h, &y, @)
A h(X, V)e) (du—my) (42 — m3:445)
= - Via Zi - Yi, VL': Zia
Ty Mo Ty #a ) T4 ¢ )

and ¢,(V;, Z;) and ¢,(Y;, V,, Z;) are arbitrary q x 1 smooth vector functions chosen by
the investigator. The estimating Egs. (10) use data, including the auxiliary variables
Z;, from all subjects, not just those in the validation study. Subjects selected only for
the first-stage sample contribute the term
0— Ty
- "—,E_—Cf’x(yb Z)y= ¢V, Z))

ti
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to the estimating Eqgs. (10), subjects in the second-stage sample that are not in the
third-stage sample contribute the terms

1 . T 1
- ( pm i ) 01 (Vi Z)) + (}“) oY, Vi, Z3)

1 1i

and subjects in the validation study contribute the terms

L, v - LT, v, 2y - C T2

TyiTC2; 1i COMyT

¢2(YZ) Via ZI)

Note that the term (1/m,; 7)) (X, Vi) &;(%) is equal to the ith subject’s contribution to
the estimating equation (9) from a complete-case analysis weighted by the inverse of
the subject’s probability of being selected into the validation sample. When n; = 1,
i.e. the ‘two-stage’ model is true, the term corresponding to ¢, drops out of the
estimating equations. '

Theorem 1 below states the asymptotic properties of &(h, ¢) under the following
regularity conditions. Define H(y) = h(X, V)&(y) with y = «, and let y be the para-
meter space of y. We assume
v is compact and y lies in the interior of y;

(Li, 411 42), i = (1, ... ,n), are independently and identically distributed;

n(Vy, Z;) > ¢ >0 and =, (Y;, Vi, Z)) > ¢ > 0 almost surely for some g;

E[H(7)] # 0 if 7 # yo;

Var[H(ye)] is finite and positive definite;

E[0H(y,)/07"] exists and is invertible;

There exists a neighborhood N of 1y, such that E[sup,~|H®)I]

E[sup,ey | 0H()/377 || 1, and E[sup,ey | H(y)H(y)"[|] are all finite, where | 4| =

{3 A%} !7? for any matrix A with elements A4;;;

8 f(L, Ay, 4,;y) is a regular parametric model with score S,(y) = dlog
f(L, Ay, 43;7)/6y wheref(L, 4,, 4,;y) is a density that differs from the true density
f(L, 4, 4;) = f(L, 44, 43; ) only in that y replaces yo;

9. For all y* in a neighborhood N of y,, E.» [H(y*)] and E.. [sup,en || H (MTH)||] s
bounded, where E.» refers to expectation with respect to the density f(L, 4;, 4,; y*)

N kR W

Theorem 1. Under the regularity conditions 1-9, if the assumptions of the ‘three-siage’
model hold, then with probability going to 1, Eq. (10) has a unique solution é(h, ¢). This
solution satisfies (a) &(h, @) is consistent for estimating oo, and (b) the distribution
of nY2{4(h, ) — o} is asymptotically normal with mean zero and covariance
I7 W82k, )1 (W) that can be consistently estimated by I"Y QM ¢) T W)T
where I{h) = — E{W(X;, V) 0g(X;, Vi 0i0)/0a }, Q(h, §) = E{Di(cto; b, ¢) DY (ao; b, )},
and both T(h) = n™ 'S, 0Di(o; b, ¢)/0a” and Q(h, ) = n=' 5, Diles; b, ¢) DT (2; b, ¢) are
evaluated at o = d(h, ¢).

Outlines of the proofs of the theorems and lemmas in this article are provided in the
Appendix.
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4, Efficiency considerations
4.1. Optimal estimator

Our next result states that there is a member in our class of estimators %(h, ¢¢) whose
asymptotic variance attains the semiparametric variance bound for the ‘three-stage’
model.

Theorem 2. Under the conditions of Theorem 1, there exist unique functions heg (X, V;)
and ose(Yi, Viy Z)" = (P1.e0e(Vi Z)", b2, ete( Vi Vi, Z)T) such that Q7 hese, dese) equals
the semiparametric variance bound in the sense of Begun et al. (1983) for the ‘three-stage’
model. Furthermore, I{h.g) = Q(hese, Gere) SO that the asymptotic variance of G(heer, Petr)
attains the bound.

Theorem 2 follows from the general theory of Robins et al. (1994) on efficient
estimation in semiparametric models with data missing at random. Theorem 2
says that there exists no estimator that is locally uniformly asymptotically normal
and unbiased for all distributions of the data that satisfy the restrictions of
the ‘three-stage’ model whose asymptotic variance is smaller than that of
8 hete, Petr).

We now derive h s and ¢.¢. We first start by determining the functions ¢, j = 1,2,
that minimize the asymptotic variance of &(h, ¢) for a fixed choice of h.

Lemma 1. Under the regularity conditions of Theorem 1, for a fixed h(X;, V), the
asymptotic variance of G(h, ¢) is minimized at A(h, ¢") with ¢* = (&%, ¢4) where
¢}1(Vi7 Z)= E{h(Xi; V) eoo)l Vi, Z3} and ¢2(Yi; ViZ) = E{h(Xi, Viei(@o)| Y, Vi Zl}-

Lemma 1 justifies the inclusion of the terms ¢, and ¢, in Egs. (10). Since, in general,
¢" #0, Lemma 1 says that we can improve the efficiency of estimators from an
inverse-weighted-probability analysis based on only data from the third-stage sample
(i.e. an analysis based on Egs. (10) with ¢; = ¢, = 0) by appropriately choosing the
functions ¢, and ¢,. The optimal function ¢* depends on each specific k. In the
following theorem we derive the optimal function hee.

Theorem 3. h.i is the solution to the functional (integral) equation

09(Xs, Vi, 1 —my,
e V) = {2 V5 s, v o 2 [ 13, 7 0, )

TqiTa;

S E {1 — T2ty el | X, V.-} (X, V), (h

where & = §:(%), Porr = O™ and t(X;, V) = {E[Eis:'r/nliﬂ:‘Zi | X, VI~ L
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Suppose that data on Z; were not collected, then ¢ (V)=
E[he(X;, Vi) &:| V] = 0. Since data from subjects selected only to the first-stage
sample contribute to the estimating equations (10) only through the function
¢, (Vi, Z)), the efficient estimator of oy would be based solely on data from subjects
selected to the second and/or third-stage samples and it would therefore disregard the
recorded values of V; from subjects in the first-stage sample only. We conclude that
when data on Z; are not collected then, asymptotically, the recorded data V; from
subjects not selected into the second or third-stage sample do not provide information
about a,.

The functions k. and ¢ cannot, in general, be used for estimating «, since: (a)
except in the special cases discussed in Section 6, k. does not exist in closed form in
the sense that it cannot be explicitly represented as a function of the true distribution
of the data, and (b) A and ¢ depend on the unknown distribution of the data. In
Section 6 we discuss a nearly efficient adaptive procedure that overcomes the difficul-
ties described in (a) and (b).

5. X; and/or ¥, missing by happenstance

In many epidemiological studies the data are missing by happenstance rather than
by design, and thus the non-response probabilities ny; and n,; are unknown. For
example, in the asthma study described in the introduction, respiratory health records
may simply not exist on a subset of subjects, or some subjects may simply refuse to
take a forced respiratory exam. In this setting, suppose that we continue to assume
that the restrictions of the ‘three-stage’ model hold except for condition (6) that the
selection probabilities are known. Instead, suppose that we correctly specify paramet-
ric models for the selection probabilities

Ty = T1:(Yo) {12)

and

e = Tz(Wo) (13)

where 1. () = n,(Vi, Z ) and m,(¢) = ny(Y, Vi, Zi; ) are smooth functions of
a (r x 1)-dimensional parameter ¥ and of (V,, Z,) and (Y, V;, Z;) respectively. We can
obtain consistent estimators of a, as follows. We first obtain s, an efficient estimator
of o in model (12)—(13). For example, ¥ is the consistent root of Y7, 8y.:() =0
where S, ;(i) is the contribution from the ith subject to the score for Y in model
(12)—(13). It is straightforward to show that

1i — T Y)

a4 i— i
S,.(W) = ) _}__TC_Z_("[’_)

4
Gu1(Vis Zi3 ) + n?;(lll) — ¢y (Vi Vi Zi5 ), (14)
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where
¢ logitm,;(th)

G (Vi Zi §) = my; 50 (15)
and

$yaYi Vi Zi ) = m.-%tﬂ@ (16)
Our estimators &(h, ¢; ) of aq solve

i Di(x: b, ¢y, d2, %)) =0, a7

i=1

where Di{x; h, ¢, ¢,, ¥) is defined like Di(a; b, ¢;, ¢,) but with m;(y) and w,{(y)
instead of m,; and m,;. The following theorem states the asymptotic properties of

a(h, ¢; |/7).

Theorem 4. Let H(y)" = ([h(X, V)e(®)]", Sy, (4}, 77 = (@, ¥7), and y = a x o, where

a and W are the parameter spaces of % and v. Suppose that the regularity conditions 1,

2 and 4-9 of Theorem 1 hold with the new definition of H(7). Furthermore suppose that it

also holds that ny(Vi, Z; ) > a >0 and n,(Y, Vi, Zi ) > a > 0 almost surely for

some a and for all € . If the assumptions of the ‘three-stage’ model hold and if (12) and

(13) are correctly specified then with probability going to 1 Eq. (17) has a unique solution

&(h, ¢; ). This solution satisfies

(a) x(h, ¢; Jt) is consistent;

{(b) \/_r; {a(h, ¢; W) — %0} has an asymptotic normal distribution with mean zero and
variance I(h)™! Resid{D(ag; b, $), Syi(Wo)} I(R)™ "7 that can be consistently esti-
mated with I(h)™? Igsi\d{Di(zxo; h, @), Syi(Wo)} I(h)™ "7 where I(h) was defined in
Theorem 1, T(h) = n='%, éDy(a; h, ¢, §)/0a", for any random vectors A; and
B; Resid(A;, B)) is the residual variance from the population linear regression of A; on
B.. ie. Resid(A;, B;) = var(4;) — cov(A4;, B) var(B;) ! cov(4;, B)" and @(Ai, B)
=n"'Y (A; — BB)(A; — BB)T with B defined as the least squares coefficient in the
linear regression of A; on B;;

(c) a(h, ¢; §) and 2(h, $*) are asymptotically equivalent, where ¢* = ¢ + E[D(h, ¢) Sy
{V’dT(Szp)}'—l ¢y, with Sy = Sy(Yo), by = (D1 (V. Z W), dyalY, V, Z; Yo)) and
b1 (V, Z; o) and ¢y:(Y, V, Z: o) defined in (15) and (16);

(d) AVar{n'2[a(h, §) — 2,1} = AVar{n'2[4(h, ¢, ') — %0}} = AVar {n'2[a(h, ¢")
— %p] }. where AVar{d,} denotes the variance of the asymptotic law of 0,;

(€) given J nested correctly specified models, j =1, ... ,J, for the missingness process
ordered by the increasing dimension of the parameter vector W'Y, the asymptotic
variance of RV {a(h, ¢; §V) — a0} is non-increasing in j;

(f) if Y., V;and Z; are discrete and models (15) and (16) are saturated, then d(h, ¢; V) is
asymptotically equivalent to &(h, ¢").
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Theorem 4 part (c) says that &(k, ¢; ) has, for some specific ¢*, the same asymp-

totic distribution as &(h, ¢*), the solution to (10) that uses ¢* and n known. Part (d)
says that estimating the missingness probabilities efficiently under some correctly
specified model for non-response when in fact they are known can never decrease the
efficiency with which «, is estimated. This phenomenon has been noted by Robins
et al. (1994) who also give a heuristic explanation for it. Part (e) says that we can
improve the efficiency with which we estimate oy by adding more parameters to the
models for the missingness probabilities. There exists, however, a lower bound for the
asymptotic variance of &(h, ¢; ). This bound, by Part (d), is equal to the asymptotic
variance of &(h, ¢"). Part (f) says that when Y;, V; and Z; are discrete this lower bound
is achieved by the asymptotic variance of the solution to (17) that uses the empirical
estimates of the selection probabilities.
Remark. In Eq. (17) we could have used a n'/>-consistent and asymptotically unbias-
ed but inefficient estimator  of Y, in model (12)—(13) (an estimator  of ¥, in model
(12)~(13) is efficient if n'*(J — o) = E[Sy, (Vo) Sy, o) 17 n ™2 LI  Syalibo) + 0p(1),
and it is inefficient if this inequality is false). It can be shown that Eq. (17) that uses an
inefficient ¥ will have a root &(h, ¢; ¥) that is consistent and asymptotically normal for
estimating ao. However, the asymptotic variance of n*/2(4(h, ¢; ) — o) will no longer
be given by the formula in part (b) of Theorem 4. Furthermore, parts (c) and (d) are no
longer true if i is an inefficient estimator of ¢ in model (12)-(13) and part (e) is false
when §? are inefficient estimators of the parameter vectors ¥, j =1, ... ,J.

6. Adaptive estimation

The optimal functions ¢ and h.¢ are not useful for data analysis since they depend on
the unknown distribution of the data. In this section we derive estimators &(feer, Pege)
that use functions . and @, calculated from the data and discuss their asymptotic
properties. Our plan is as follows. We first consider the estimation of ¢" for a fixed
choice of h. Then we show how to obtain an iterative solution to the integral equation
for heg in (11) under a fixed law of the data satisfying the restrictions of the model, and
we discuss special cases in which an explicit solution of (11) can be obtained. Finally, we
present an adaptive estimation procedure for locally semiparametric efficient estimation
of @, under a fixed law. A locally semiparametric efficient estimator under model 4 at an
additional restriction R is an estimator that attains the semiparametric variance bound
when both 4 and R are true and remains consistent when A is true but R is false.

6.1. Adaptive estimation of ¢"

For a fixed value of h, we now consider the estimation of ¢* Suppose we have
specified the (possibly nonlinear) regression models

E{h(Xi: V) &)l Vs Zi} =e;(Vi, Zi; 21,0) ‘ (18)



C.A. Holeroft et al. | Journal of Statistical Planning and Inference 65 (1997) 349374 361

E{MX, V) &)Y, Vi, Zi} = eaY, Vi, Zi5 Ay.0), | (19)

where ¢, and e, are known functions, smooth with respect to A; and 4,, respectively.
We estimate 1, o with A, the (possibly non-linear) least squares estimator in the
regression h(X,, V) &:(&) on (YT, V7, ZT) among subjects in the validation study, where
& = &(h,0) is the preliminary estimator of a, that uses ¢ = 0. Unfortunately, to
estimate A, o we cannot simply regress h(X; V) &(%) on (V], Z]) using data on
subjects in the validation sample since condition (4) does not imply that
E{h(X,V)e|V,Z,4;, =1} = E{MX, V) ¢|V, Z}. However, it is straightforward to
show that the inverse-probability-of-selection-weighted estimating equations

S 22 (¥, Z) (hX, Ve — e (Vi Z3 1)} = O, 20)
i 1Mo
where u(V;, Z,) is any smooth vector function of (VT, ZT) of the same dimension as 4,
have a solution 7, that is a consistent and asymptotically normal estimator of 4, ,.
Thus, we estimate 4, , with the solution 1; to (20) with &; replaced by ¢{&) where
& = a(h, 0).

Our estimators of ¢% and ¢% are given by ¢ =e,(Vi,Z;4,) and
AL = e, (Y, V, Zi: X,). It is straightforward to show that the estimator 8(h, ¢*) has the
same asymptotic distribution as &(h, ¢') where ¢! = (¢1, ¢1)is the probability limit of
" = (¢, ¢%) (see for example Robins et al., 1994, proof of Proposition 2.4). A consis-
tent estimator of the asymptotic variance of &(h, ¢*) is provided by the variance
estimator given in Theorem 1 but with ¢" replaced by ¢”. Thus, when (18) and (19) are
correctly specified, %(h, ¢") is asymptotically equivalent to &(h, ¢"). Furthermore, as
noted by Robins et al. (1994), &(h, ¢") will be consistent for ay even if (18) or (19) are
misspecified or incompatible with the restriction (1).

When Y;, V; and Z; are discrete, the estimators

-1
ag(.% v, Z) = {ZADI[(Y?‘, V;r, Z’lr) = ()’T, vT) ZT)]}

X {ZAz.-I YL VEZD = (5 0T, 2N) 1 k(X V) si(&)} (21)
and
T Ay T T T i
¢l(va Z) = {Z—I[(Vn Zt) = (D s ZT)]}
T T
<5 210, 2D - N Y @)

where & = &(h,0) and I(E) is the indicator of the event E, are guaranteed to
converge in probability to ¢% and ¢% respectively. Thus, when Y, V; and Z; are
discrete, &(h, ¢") with ¢* = (¢4, ¢%) defined in (21) and (22) is efficient for the specific
choice of h.



362 C.A. Holcroft et al. { Journal of Statistical Planning and Inference 65 (1997) 349-374
6.2. Solution to the integral equation (11) by successive approximations

For any distribution f*(Y, X, V, Z) allowed by the model satisfying restriction (1)
we can obtain the solution k. to the integral equation (11} iteratively by the method
of successive approximations as follows: (a) arbitrarily pick an initial value ho(X, V});
(b) calculate h,,, (X, V) by evaluating the right-hand side of (11) at ha(X, V) and
taking expectations with respect to f*(Y, X, ¥V, Z); and (c) iterate until convergence.
Using the same arguments as in Robins et al. (1994), it can be shown that h, (X, V)
converges to ke (X, V) as m — 0. '

6.3. Closed-form solutions for heg

We now consider some special cases in which there exists a closed-form expression
for heff'

6.3.1. ‘Two-stage’ model when data on Z are not available

When data on Z are not available ¢ . =0. Thus, since in the ‘two-stage’
model the third term in (11) is zero because m,; = 1, when data on Z are not
available (X5 Vi) = {0g(X,;, Vi %0)/0a} t(X;, V;). Note that in this case, the
semiparametric efficient estimator is just the complete-case estimator solving
Zidu{@g(Xz, Vi do)/a“} {VaT(SiIXia Vi)}—l gi(a) = 0.

6.3.2. Normal model
Suppose that data on Z are not available, Y is a scalar random variable, and
consider the ‘three-stage’ model satisfying

g( X5 Vi a0) = %01 + 202X, (23)

7,; is a constant p;, Ty; is a constant p,. (24)
Define V* = (1, VT)". Suppose that in truth,

¥V~ N Z), X|V ~NGTV*, Q). e X, V ~ N(©, 0. (25)

for some p = o, 7 =0, £ = Zo, @ = 2o and ¢® = 7§.

Let £F(a, 71; L) be the likelihood for the full data L = (YT, X7, ¥T)T in the model
satisfying (23) and (25) where n = (¢, Z,7, @, o2). The observed-data likelihood in
the fully parametric normal model satisfying restrictions (23)1A25) is Z(%, 1,
Ay, Ay Lows) = ¥ (o, Ly 4:{[ £Fdx )40 -4 {[f £FdxdY} —“pi(l - py) ~ ot
(1 — p)™1— 42 The ith-subject’s contribution to the score equations for 0 = (=T, 7"
is then given by

i olog LT (6
st = P50 1t — PO v

)
+ (- 205 {1220 v} 26
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where E, denotes the expectation taken under the parameter value 6. The solu-
tion Ovee = Gae. itwe)” to Y, SHP® =0 is the maximum likelihood estimator
of 8,. In the Appendix we show that ;g remains consistent for estimating a,
even when (23) and (24) hold but (25) is false. Thus, dy g is locally semipara-
metric efficient in the model ‘three-stage’ satisfying (23) and (24) at the additional
restriction (25) with efficient score S, . = SNOR — E[S{ORSNORTY (E[SNOR
SWWORITIL~1gNOR) - Now, the closed-form expression heg(X, V)= E[Syer| Y =
1,X,V]—E[S, .Y =0,X, V] follows from the following lemma proved in the
Appendix.

Lemma 2. If & is a regular asymptotically linear estimator of aq in the ‘three-stage’
model with influence function B=A4,4,b;(Y,X,V,Z)+ 4,(1 — 4;)b,(Y,V, 2)
+ (1 — 41 — 4,)bs(V, Z), then & is asymptotically equivalent to d(h, ¢)(ic,
n'2{3 — &h, §)} = 0,(1)), where ¢((V,Z)=ba(V,Z), ¢:(Y,V,Z)=mby(Y,V,Z)
+ (1 —n)bsy(V,Zy and h=(hy, ....,h) with h(V,X)=E[B|Y =e;,X,V]
— E[B|Y =0, X, V] and e; and 0 are vectors of the same dimension as Y, e; has jth
element equal to 1 and all other elements equal to 0, and 0 has all its elements equal
to zero.

6.3.3. (Y, Z) Discrete in the ‘three-stage’ model

We now show that when Y and Z are discrete, h. exists in closed form. First notice
that in the integral equation (11), @1, ot = E{®2.ec| V, Z}, thusif we find a closed-form
expression for @, ., (11) provides a closed-form expression for he. Upon right
multiplying both members in (11) by ¢ and then taking conditional expectations with
respect to (Y, V, Z) we obtain that ¢, ¢ solves

$o(Y, V, Z)=m(Y, V,2) + E{E[(1 —m)n]* E(@,|V, Z)e"| X, V]e(X, V)e| Y, V, Z}
+ E{E[(1 — mo)(myma) ™' poe" | X, V1e(X, V) el Y, V,Z},  (27)

where m(Y, V, Z) = E{[0g(X, V; 00)/da]t(X, V) el Y, V, Z}, and t(X, V) is defined in
Theorem 3. In the Appendix we show that (27) has a unique solution.

Suppose for simplicity of notation that «, is an unknown scalar (for a g x 1 vector
a, the following expression is obtained analogously for each of the g components of
the vector ¢,(Y, V, Z)).

Suppose that Y takes J, values y,, ..., y,, and Z takes J, values z,, ...,z,,. Let
J = J, x J, and with a slight abuse of notation define ¢,(V) and m(V) to be the J x 1
vectors with jth element ¢.(y;.,V.z,,) and m(y;,V,z;, ) respectively where
j=j2Ji +ji, 0<j, <J,—1 and 1 <j; <J;. In the Appendix we show that
a closed-form expression for ¢, . is given by

G2,e0e(V) = {IJxJ - q(V)}—lm(V), - (28)
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where I, ; is the J x J identity matrix and g(V') is a J x J matrix, with (%, s) element

as(V) = E{E[(%) §TPE(Y =y, |V,2)(Z =z, , ) P(Z|Y, X, V)|X, V]

1

Xt(X, V)[.Ykl - g(X7 V):” Y= Ye,s V7Z :Zkz+l}

. E{( =m0 V20 40) )[y,-, —gX, VT

nl(V’ Zs, + 1) TcZ(ysp V’ Zs; +.1)

XPr(Y =y, Z =z, | X, VIUX, V)0, — 9(X, V)]
IY = Yk,» VaZ ::Zkz—(»l},

where g(X, V)=g(X,V;ay), k=kyJy + ky; s=5J1 4+ 55 1<k, s, <Jy; and
The function ¢, . is then calculated as E{, |V, Z}.

6.3.4. Z discrete in the ‘two-stage’ model

When restriction (5) holds the third term in the integral equation (11) vanishes, In
this case if we find a closed-form expression for ¢, ., then Eq. (11) provides
a closed-form expression for h;. Upon right multiplying Eq. (11) by € and then taking
conditional expectations with respect to (V, Z) we obtain that ¢, . solves

¢1(V.Z)=r(V,Z) + E{E[(1 — m)n7 "¢ | X, VIU(X, V)|V, Z}, (29)

where r(V, Z) = E{[0g(X, V; ag)/0a] t(X, V)|V, Z}, and t(X, V) is defined in The-
orem 3 with n, = 1. In the Appendix we show that Eq. (29) has a unique solution.
Using the notation of Section 6.3.3 and assuming, without loss of generality, that a,
is a scalar, we obtain the closed-form expression for @, . = (@1 eV, 21), -+

(bl,eff(V’ ZJZ))T’ .
1. ee(V) = {IJ;,xJI - I(V)}_I"(V)» (30)

where r(¥V) = (r(V, zy), ... ,#(V, z;)))", and [(V) is the J, x J, matrix with k, s entry
L.s(V) equal to

1—
he(V)Y=E {EI:( - 11:1) 1Z=z)P(Z|Y,X,V)e"|X, V] tX, V)|V, Z = zk}.
1
6.3.5. X independent of Y given V
Suppose that Y is conditionally independent of X given V and that auxiliary
variables Z are not collected. Then, it is straightforward to show that for any h(X, V),
¢" =0, and ¢4 = E{h(X, V)| V}s. Furthermore, since ¢ = Y — g(V; ao) does not
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depend on X, E{(l —m)(mimy) tec™| X, V}=E{(1 - ny)(mym;) 'ee’|V} and
E{ee"(mymy) | X, V} = E{ee"(n;7,) "' | V}. Thus, the integral equation (11) sim-
plifies to

ho = {2 L2010+ et )2 {1 ) Gy

1
M7

where t(V)} = E(ee"/r,®, | V)~ '. Taking conditional expectations with respect to V in
(31), solving for E(h.| V) and then replacing its solution in (31) we obtain

V- ) iy T -1
hetr = {_—_——_‘39()( ’ ’“0)} (V) +E {WEQ(X’ Vi V}E[ﬁ—;— V]
1

du Ju
V} t (V)} ;

X {1 — E[EE—T
T
hote = W G2V (V) + E(RE | V) {ry — a2 (V) H(V)}, (32

which simplifies to

where 62(V) = E(ee” | V) and hfe = {0g(X, V; ao)/0a} 6*(V) ™! is the efficient h for
estimating o, if no data are missing. When nt; = 1, i.e,, Y; is measured on all subjects,
Eq. (32) agrees with the closed-form expression for 4. found by Robins et al. (1994).

6.4. Locally efficient adaptive estimation

We now describe an adaptive estimator of «, that is locally semiparametric efficient
at a full-data parametric submodel satisfying the restriction (1) with likelihood
L,y Y,X,V,Z) indexed by « and a finite dimensional parameter #. Our es-
timators are calculated as follows. Given a preliminary estimate & = &(h, ¢) for
arbitrary choices of h and ¢,

1. Estimate 5 by # solving

4, \ 8log £F .
Y X Vi Z) = 0.
Zi:(ﬂh'ﬂzl-) an (“’ 11! Y;; X,, Vu Z:)

2. Solve the integral equation (11) by successive approximations as described in (6.2),
(or explicitly if a closed-form solution exists), at the law L7, #; Y, X, V, Z).
Denote the solution fi¢. Evaluate ¢ at the law £7(&,7; Y, X, V, Z) to obtain
(beff .

It is straightforward to show that under regularity conditions (see, for example,
Robins et al. (1994, Proposition 2.4)) &(he, derr) is asymptotically equivalent to
&a(h', ¢"), where h' and @' are the probability limits of e and G Thus, if the true
law of (Y, X, V, Z) is equal to L (0o, 1oy Y, X, V, Z) for some 7o, then h' = hes and
&' = Pegc. The estimator &(feer, Perr) is therefore locally semiparametric efficient at the
parametric submodel ¥F (o, ; ¥, X, V, Z).
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{
7. Simulation studies

In order to examine the finite sample properties of our estimators, we conducted
two simulation studies, one with Y; a scalar binary variable and another with
Y; a scalar continuous variable. We considered a two-stage study in,which auxiliary
variables are observed at the first stage, the true variables of interesi, Y, and X, are
simultaneously measured in the second-stage validation sample, thatis 4,; = 4,; = 4;
and 7,; = 1, and no covariates V; are collected.

We generated, for each of 6000 subjects, a binary exposure X; with P(X; = 1) = 0.6;
an outcome Y; with law f; (Y;|X,) or f,(Y:|X;) depending on the study. f, (Yi| X)),
the probability density of the binary outcome of our first study, satisfied
fi(Y:=1|X)= {1 + exp(— apy — 2o X;)} ', for our second study Y; was a continu-
ous variable with density f,(Y;]X;) ~ Normal(%; + %92X;; 1), and in both studies
%y = 0.07 and «o, = 0.5. We generated Z; = (Z¥, Z¥, Z¥, ZP), a 4x 1 vector of
binary variables with P(Z¥ = 1]Y;, X;) = {1 + exp{0.73 — 3X,)}~ LP(ZY =1]Y, X)
= {1 +exp(0.73 —3Y)} "% P(ZF =1]Y, X) = {1 +exp(1.5 —3X; —3Y)}7Y, and
P(ZP = 1Y, X)) = {1 + exp(2 — 3X; ~ 3Y;)}~'. The auxiliaries Z¥ and Z] were
therefore conditionally independent of Y; given X; and of X given Y, respectively and
their conditional probability laws satisfied P(Z¥ =1|X;=1)=P(Z] =1|Y;=1)
=091 and P(ZX¥ = 0|X; =0) = P(Z] = 0| Y; = 0) = 0.67. The selection indicators
4; were generated according to P(4; = 1Y, X;, Z)) = {1 + exp(2.25 — 3ZP)} 71 so
that selection into the validation study depended only on the variable Z7. The data
were generated so that Z¥ and Z] were independent predictors of X; and Y; respec-
tively, ZX¥ and Z? were strong predictors of both X; and Y;, but Z was the only
determinant of missingness. Each study was based on 1000 simulations.

Table 1 shows the results for study 1 with Y; binary and Table 2 shows results for
study 2 with Y; continuous. Each table provides Monte Carlo averages and variances
for the estimators considered, their asymptotic relative efficiencies compared to the
semiparametric efficient estimator of row 9 calculated as the ratio of the Monte Carlo
variances, and the estimated coverage probability of 95% confidence intervals. The
estimated coverage probabilities from 1000 replications have a simulation accuracy of
approximately 0.6%. For Y, binary and for those estimators known to be consistent
from the theory, we have also calculated their asymptotic variances and computed
their ratio of the Monte Carlo variance to their asymptotic variance. These ratios are
shown in the last column of Table 1.

The estimator &, gur, Was calculated using all of the data generated on Y; and X ie,
irregardless of their value of the selection indicator 4;. &; ruLL solves Y7, h(X)) &(2)
= 0 with A(X) = (1, X))T and it is the semiparametric efficient estimator of oo, had
Y; and X; been measured on all units in the sample (Chamberlain, 1987). The
estimator d, nawve solves Egs. (9) using h(X;) = (1, X,)'. The estimators in rows 3-9
solve Egs. (10) with A(X ;) = (1, X,)". The estimator in row 3 uses ¢ = 0. The estimators
in rows 4-9 each use @", the estimate of ¢" described in Section 6.1, from saturated
models for E[h(X)e;|Z¥], where Z¥ is the subvector of Z; containing the auxiliary
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Table 1
Simulation results for Y discrete. Sample size = 6000; number of samples = 1000. True ¢, = 0.5

Row Estimator of «, MC MC ARE Cover. MC Var/
Ave Var Prob Asy Var
1 &5 puLL 0.4995 0.00269 375 0.962 0.94
2 &3, NAIVE — 04081 0.00927 1.09 0.0
3 & (h, 0) 0.4988 0.01542 0.65 0.956 1.03
&,(h, @) and ¢* calculated from the auxiliaries:
4 z? 0.5020 0.01474 0.69 0960 1.03
5 z? 7 0.5019 0.01350 0.75 0.954 1.01
6 z°,zY 0.5023 0.01446 0.70 0.939 1.08
7 VA ALS 0.5009 0.01077 094 0.946 1.05
8 VARV ANYAL 0.5025 0.01295 0.78 0.941 1.06
9 VANV ANV ARY ALE 0.4992 0.01010 1.00 0.933 1.10
&,(h, 0; ) and model n(y) includes:
10 zxY —0.1345 0.00958 1.05 0.0
11 z® 0.5003 0.01473 0.69 0.958 1.03
12 z?, zZX 0.5002 0.01348 0.75 0.955 1.0i
13 zP zv 0.5006 0.01446 0.70 0.939 1.08
14 VA At 0.4988 0.01077 0.94 0.945 1.05
15 VANV AN AL 0.5007 0.01293 0.78 0.944 1.06
16 VAR ARV ARY AL 0.4996 0.01404 0.72 0953
(main effects only)
17 ZP z*, ZY, ZXY 04974 0.01008 1.00 0.938 1.10

variables listed in each respective row. Since X; is binary, then any function
of X; is linear in X,. In particular, hee(X))T = (Peser (X)), heer2(X)") where
hetsi(X ) = cyj + ¢2;X, for some constants ¢, ;and ¢,5j = 1, 2. Then he(Xi) = C h(X))
for the matrix C with entries cy;, k, j = 1, 2. Thus, each of the estimators in rows 4-9
would be semiparametric efficient if only the specifically listed auxiliary variables were
available. The estimators in rows 10-17 solve Eqgs. (10) that use ¢ = 0 and the true x;
replaced by an estimate of it. The estimator in row 10 uses m; estimated from the
misspecified model that assumes that 4; follows a logistic regression on Z¥Y. The
estimators in rows 11-15 and row 17 use m; estimated from saturated logistic
regression models of 4; on the auxiliary variables listed in each row, i.e., each model
contains linear terms of each auxiliary variable as well as all first- and higher-order
~ products. The estimator in row 16 used ; estimated from a model that included only
linear terms of the listed variables.

In the 1000 replications, the validation sample sizes were 51 and 44% of the sample
sizes of the first-stage study for ¥; binary and Y; continuous, respectively. In both
tables, the complete-case estimator of row 2 and the estimator of row 10 that
estimated m; from a misspecified model are severely biased. A heuristic explanation of
the smaller bias of the estimator in row 10 compared to that in row 2 is that: (a) the
estimating Eq. (9) used n; = 1 for all i, and (b) #; is a better approximation to the true
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Table 2
Simulation results for Y continuous. Sample size = 6000; number of samples = 1000.
True a, = 0.5
Row Estimator of «, MC MC ARE Cover.
Ave Var Prob
t A— 0.4998 0.00069 4.39 0.953
2 &, NAIvE 0.1212 0.00181 1.67 0.0
3 &,(h, 0) 0.4987 ~0.00416 0.73 0.944
&,(h, $") and $" calculated from the auxiliaries:
4 zb 0.4999 0.00416 0.73 0.944
5 ZP, Zx 0.5006 0.00357 0.85 0.949
6 z°, zZ¥ 0.4993 0.00400 0.76 0.938
7 zZP z¥r 0.5000 0.00371 0.82 0.952
8 AR ARVAS 0.4997 0.00328 0.92 0.947
9 Z°, 2%, 2V, 2 0.4998 0.00303 1.00 0.955
&, (h, 0; ) and model n(y) includes:
10 zxY 0.2653 0.00234 1.29 0.003
{1 z° 0.4993 0.00416 0.73 0.946
12 zZP, zZx 0.5000 0.00358 0.85 0.950
13 z°, zr 0.4988 0.00400 0.76 0.940
14 A At 0.4992 0.00371 0.82 0.953
15 zb z* z¥ 0.4992 0.00329 0.92 0.949
16 ZP, ZX,Z%, Z¥Y 0.4992 0.00395 0.77 0.945
(main effects only)
17 VAV ARy ARV AL 0.4992 0.00304 1.00 0.954

n; than the constant 1, even when #; is calculated from the misspecified logistic
regression model of 4; on ZX*. This is possibly due to the fact that Z]" is a better
proxy for Z? than a constant-valued variable. All other estimators considered were
unbiased.

The almost identical asymptotic variances of the estimators in rows 4-9 compared
to those in tows 11-15 and 17 using the same auxiliary variables is as predicted by the
theory since, &,(h, ") and Z,(h, 0; i) are asymptotically equivalent. To verify that
&, (h, ") and 4, (h, 0; ) are asymptotically equivalent first note that Theorem 4 part
(f) implies that in a ‘two-stage’ model, i.., when nz = 1, &,(h, ¢*) and &,(h, O; ) are
asymptotically equivalent for any variable Y, not just for Y discrete. The assertion
now follows since, as noted in Section 6.1, a(h, " and &(h, ¢") are asymptotically
equivalent because ¢* is estimated from a saturated model for the conditional mean of
h(X ;) e; given the auxiliaries. Since hq(X;) = C h(X;) for some constant 2 x 2 matrix C,
the estimators in rows 4-9 are semiparametric efficient for estimating «o when the only
auxiliary variables available are those listed in each respective row. Thus, the differ-
ences among their Monte Carlo variances are exclusively due to the different amounts
of information about «y, carried by the available auxiliary variables in each row. For
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example, a comparison of the asymptotic variances in rows 7 and 8 indicates that
ZXY¥ carries more information about «y, than the two independent predictors ZY and
ZY of X;and Y; together. The almost 50% increase in efficiency of the estimator in row
9 compared to the estimator in row 4 illustrates the importance of collecting auxiliary
variables that are predictors of the missing data X and Y even when they are not
determinants of missingness.

A comparison of the asymptotic variances of the estimators in rows 3 and 11-17
illustrates the efficiency gains obtained by estimating =; even when it is known.
A comparison of rows 16 and 17 indicates the efficiency improvements in the
estimators of a, obtained by augmenting a linear logistic model for n; with first- and
higher-order interactions of the auxiliary variables. The last column of Table 1 indi-
cates that the asymptotic variances of the estimators of «, are well-approximated by
their finite-sample variance.

8. Final remarks

In this paper we have described a class of consistent and asymptotically normal
estimators of &, when both outcomes and a subset of the covariates are not
always observed and auxiliary variables are measured in all study subjects. Our
methods allow for the probability of selection into the validation sample to
depend on the values of the auxiliary variables. Our approach requires selection
probabilities that are bounded away from zero and that are either known or can
be parametrically modeled. As opposed to the fully parametric approach, our
methods provide consistent estimators of a, under any law of the covariates
and any conditional law of the auxiliary variables given the outcomes and
covariates.

In particular, our estimators will be consistent even if Eq. (2) describing the
nature of the noise in Z; does not hold. Eq. (2), however, provides additional
restrictions on the joint law of the data that are informative about ay. That is,
it is possible to show that the semiparametric variance bound for estimating %o in
the model defined by the ‘three-stage’ model restrictions and Eq. (2) is smaller than
the asymptotic variance of &(h., Perr). Thus, if Eq. (2) is known to be true, it
is possible to construct estimators that are more efficient than &(her, derr). These
estimators, however, will be inconsistent for estimating o, if Eq. (2} fails to be
true.

Finally, when the missingness probabilities are unknown, as an alternative to using
(), we could have replaced () by a completely non-parametric kernel regression
estimator to protect against misspecification bias. Although a detailed consideration
of the large sample properties of the resulting estimator of a, is beyond the scope of
this paper, under sufficient regularity conditions and with the bandwidth appropriate-
ly chosen, this estimator can be shown to be asymptotically normal with asymptotic
variance equal to that of &(heee, Perr)-
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Appendix

In this appendix we outline the proofs of the theorems and lemmas in this article.
Because these proofs use arguments that are, in many cases, identical to those used in
the proofs of the results in Robins et al. (1994), whenever possible, we prove our results
by referring to the specific proofs in Robins et al. (1994) and specifying the appropriate
changes in notation so that their arguments apply to our results. We start with the
proof of Theorem 4. Theorem 1 is a special case of Theorem 4 parts (a) and (b) and its
proof is therefore omitted.

Proof of Theorem 4. With the new definition of S, (), the proof of parts (a)}{e) is
identical to the proof of Proposition 6.1 of Robins et al. (1994). Part (f) is a corollary to
part (e) since when Y;, V; and Z, are discrete there is only a finite number of correctly
specified models m,; and =,; and by part (e) the lower bound for the asymptotic
variance of &(h, ¢; /) is achieved when the models 7;;(y) and n,,() are saturated in
Y. X V). O

Proof of Theorem 2. The proof is identical to the proof of Proposition 3.2 of
Robins et al. (1994) by defining A,{¢) = (41; — ) ¢y (Vie Z) + (Ao — mpidy))
(r1:72) " 02(Ys, Vi, Z;) and noting that Eq. (4) implies that the missing data patterns
are monotone. [

Proof of Lemma 1. Let D(h, ¢) = D(og; b, ¢). It follows from Theorem 1 that the
functions ¢* and ¢% minimizing the asymptotic variance of &(h, ¢) minimize the
variance of D(h, ¢). Now, write

D(a; h, @) = D (o, B) + J (o, b, ¢),

with DF(o; h) = h(X, V)ee) and J(oh, ¢) = (4; — =ymy )[D (o b) — ¢1(V, Z)]
+(dy — Mpd ) mmy) P [DF (o h) — @5(Y, V, 2)]. Further, by (3), (4) and (7),
for all a, (4, —my)w; '[DF(a;h) — ¢.(V,Z)] has mean O given (V,Z) and
(45 — radi)(my ;)" *[DF(e; h) — ¢2(Y; V, Z)] has mean O given (Y, V, Z) and thus
they are both uncorrelated with DT (x; h). Hence, with the definition A®? = AAT for
any A, we have

Var[D(e; b, ¢)] = Var[ D" (s B)]
+ E{(1 = m)n{ ' E{[D"( 1) — ,1%%|V. Z}}
+ E{(1 — my)(my72) " *E{[D"(x; h) — $21®*|Y, V, Z}},
which is minimized in the positive definite sense at ¢; = E [DF (o h)|V,Z] and

¢2 = E[DF((X, h)‘ Y: Va Z] O

Proof of Theorem 3. The conditional mean model (1) coincides with model ‘full’ of
Robins et al. (1994). Furthermore, by (3) and (4), the missing data patterns are
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monotone. Thus, Propositions 8.1(e) and 8.3(b) of Robins et al. (19943 imply that hqg
solves St.. = I [m™ ' (D*)| A" *] with D* = h(X)eand II[|-], m~'(-) and A+ defined
as in Robins et al. (1994). Hence, Propositions 8.2(e) and 8.3(a) of Robins et al. (1994)
imply that S%; solves

1 -,
—ZE[hX: Y.V, Z]]le}

T, 1

St =E {[MX)S _1 = ™ E[h(X)e|V, Z] —

x Var(e| X)~'e : (A.1)

Eq. (11) follows after post-multiplying both members of (A.1) by ¢” and then taking
conditional expectations with respect to X.

Proof that d,y is a regular estimator of a,. Let #1 = (y', @', 6%*, ut, Z7) represent

a set of nuisance parameters defined as follows: ' = E[X, V*T]{E[V*V*T]} "1, .
Qf = E[(X —y1"V)®?], ¢* = E{[Y — (29,0 + %,1 X)]?}, u' =E(V), and 2=
E[(V — u")7], where expectations are taken under any law f* of the data satisfy-
ing the restrictions of the ‘three-stage’ model. By definition of y', E{(X —
Yy V*V*T} =0, and therefore E(X — yTV*) = 0 because the first element of V' * is 1.
Thus,

E(X)=yTE(V*). (A2)

Now, to show that &y is a consistent estimator of ap, it is enough to show that
E[SY%(ay, #7)] = O with expectation taken with respect to f*. To show this, simply
write the score for 6 in a normal model evaluated at 5T and check that by definition of
n' and by (A.2) it has mean zero at the law f*. [J

Proof of Lemma 2. It follows from Propositions 8.1 (¢2) and 8.2(c) of Robins et al.
(1994) that there exist h and ¢ such that

B; = Di(h: 4’) (A-3)

Evaluating (A.3) at 4,; = 4,; = 0 we get ¢,(V, Z) = by(V, Z). Evaluation of (A.3)
at 4;;=1 and A4, =0 gives ¢(Y,V,Z) =y by(Y,V,Z) + (1 — my) bs3(V, Z). The
proof of Lemma 2 is concluded after noticing that E{D(h, ¢)|Y =¢;, X,V}
—~ E{D(h, $)|Y =0, X, V} is equal to the jth column of the p x T matrix function
h(X,V) and calculating the same difference of conditional expectations on the
left-hand side of (A.3). O

Proof of Egs. (28) and (30) for discrete ¥ and Z. Eq. (28) is equivalent to

¢2.e5¢(V) = (V) ¢2,cff(V)- = m(V),
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$0 it is enough to show with k =k, J, + ky,
[9(V) b2.eee(V) )i
= E{E[(1 — r)ny 'E(¢,|V, 2)e"| X, VIt(X, V)e|lY =y, V,Z = Zy, 1)
+ E{E[(1 — m)(r ;) | X, V]t(X, V)s| Y = Vio V. Z =2, .4},

where [q(V) ¢, (V)] denotes the kth element of the vector q(V) s, e(V),
k=1, ...,J. But with q(V'), denoting the kth row of the J x J matrix g(V'), we have

La(V) G2.ere (V) Ik = q(V i B2, ere(V).
The sth element of ¢, (V) is equal by definition to @2, ee¢(Vs,» Vs 25, 4 1) Where
S=SIJ1 +32,0<52<J2'—1 and 1 < 5 SJ[ S0,

qV i ¢2,ec(V)

el

$p 82

1—71:1
L3}

>6TPr(Y =y |V, ZM(Z =z, , )P(Z|Y, X, V)
P2(¥s,s Vo 2o, + I, VIUX, VYD, — 9 X, VINY =3, V. Z =2, 1}

1_n2(ys>szs +l) ) T
+E : : v, —9(X, V)]
{(RI(V, Zy, 1) ﬂz()’w V,zg, 1) :

Pr(Y = ys,9 Z = Z.s'z+ IIX: V) ¢2(ys17 V: zs,+l) t(X> V) [yk, - g(X5 V)J
JY:ykﬁ V,Z=Zk2+|}.
But,

E {Z S —m)a; " Pr(Y =y, |V, Z) (Z = z,,, ) P(Z| Y, X, V)

5y 8

X ¢2(ys|7 V; zsz + l)lXa V}

=E {Z[l =V, 2 )]V, 2,1 )7 €T E(2l V. Z =2, 41)

53 .

x P(Z = z,| Y, X, V)| X, V}»

=E{E[(1 —m)ni ' ¢"E($,|V,2)|Y, X, V]|X, V}

= E{(1 - m)n; " e7(:|V, 2)IX, V},
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and

ZZ( TR >U =g NIPY =y, Z = 2, 1|, V)

5 8 ﬂ1(‘/: zs; + l) nz(ys,s V, Zs,, + l)

1—-m
X ¢2(ys|, V, Zg, + 1) =E [(—'%) 8T ¢2|X’ V:l’
mn

2

which proves the result. []
The proof of equation (30) follows by an analogous argument.

Proof that Eqs. (27) and (29) have a unique solution. The uniqueness of the solutions of
Egs. (27) and (29) follows from the uniqueness of the solution h(X, V) of Eq. (11}
using arguments identical to those used to prove the uniqueness of Eq. (27) in the
paper of Robins et al. (1994). The uniqueness of h.¢-(X, V), on the other hand, follows
by identical arguments as those used in Robins et al. (1994) to show the uniqueness of
their hqq(X™*).
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