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SUMMARY

This paper proposes a new estimator of the variance of the Mantel-Haenszel estimator of common
odds ratio that is easily computed and consistent in both sparse data and large-strata limiting models.
Monte Carlo experiments compare its performance to that of previously proposed variance estimators.

1. Introduction

The Mantel-Haenszel (1959) estimator of the common odds ratio in a series of 2 X 2 tables
is widely used by practicing statisticians and epidemiologists. In spite of this popularity,
until recently it lacked a robust variance estimator. Hauck (1979) proposed a variance
based on a “large-stratum” limiting model (Model I) wherein the number of tables remained
fixed but individual cell sizes increased without bound. Breslow (1981), using a “sparse-
data” limiting model (Model II) in which the number of tables increased but the cell sizes
remained bounded, proposed one variance based on the conditional distribution of the
observations in each table given fixed marginal totals and a second empirical variance that
was more easily calculated. Since this latter variance is inconsistent under Model I, Breslow
and Liang (1982) later suggested a weighted average of the Hauck and empirical variances
that has a theoretical justification under either limiting model.

This paper proposes a Mantel-Haenszel variance based on the unconditional distribution
of the data that is both easily computed and consistent under each limiting model. Monte
Carlo experiments compare its performance with that of the previously proposed estimators.
The discussion attempts to clarify the relationship between the two limiting models.

2. Sparse Data

Consider a series of K 2 X 2 tables with the first row of each table formed by pairs of
independent binomial observations (X, Y;) with denominators (n, m1), success probabil-
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ities (pix, Por), K € {1, ..., K}, and common odds ratio y. We assume that as K — o only
a finite number of different denominator configurations (#, m,) occur (Model II). This
would be the appropriate limiting model for a matched or finely stratified case—control
study in which ng, m, denote the number of cases and controls and X}, Y, the number
exposed in each set. Let Ny = mp + my, tx = X + Yi, Re = Xi(mye — Y3)/ Ny,
S = Yi(ne — Xi)/Nk, and N. = ¥ Ni. The Mantel-Haenszel estimator is ymu =
S« Ri/Sk Sk. Under mild restrictions on the sequences of nuisance parameters { por}, ¥mu
will be asymptotically normal with asymptotic mean . (Since Ry, Sy are bounded random
variables, a sufficient condition is that ¢ be finite and nonzero and furthermore that the
pox do not converge toward 0 or 1 as K — «.) Let var® and E* represent asymptotic
variances and expectations while var and E represent their exact counterparts conditional
on por. Writing Ymu — ¢ = 3 (Rx — ¥Sk)/3 Sk and noting that E(R, — ¢S,) = 0, we can
conclude from the central limit theorem and Slutsky’s theorem that

limg o Y51 var(Re — ¥S)/K -
[limg.. Y1 ESH/KT?

Note that if the py, were independent and identically distributed with common distribution
function F, then the asymptotic normality of Yyy would hold both conditional on po, and
unconditionally. Furthermore, since E(R, — ¢Sk | pox) = 0, by the weak law of large numbers
the above variance expression would hold in either case. Thus, our results cover both
random and fixed sequences { pos}.

Breslow (1981) proposed both a “conditional” estimator of the Mantel-Haenszel variance
defined by

(1)

lim K varA(gleH) =
Koo

Yk var(Re — Sk s ¥)/K
[Zx E(Skl te; ¥)/K1?

where the estimator Yy is substituted for the unknown ¢ in actual computation, and an
empirical estimator given by

K Varc(leH) =

Sk (R — ¥mnS)*/K
Xk Sk/K)?

This paper proposes two new estimators of the Mantel-Haenszel variance defined by

K VEI'E (JMH) =

K vary (Ymn) = S $u, (Gvun)/K .

(Zk S/K)? 7

where
Y(in —X)Y Y Xim-—-7) o X
du(¥) = { - [1+<w—1)m]+—m [¢ ’ l)n}}

and we drop the subscript k when referring to a single 2 X 2 table; and

2k PRy + 2k (PeSk + Ok Ri) + 2k QkSk:|(ll/ )2
2R3 2R, S, 282 [rvHle

where P = (Xi + mi — Yi)/Ni, Ok = (Yic + i — Xi)/Nie, R+ = Sk Ri, and Sy = Tk Sk
The corresponding estimators of K var*(In Yuy) are

KV; = K var,(bmu)/(mn)>, i € {U, US, C, E}.

In contrast to V¢, Vys and Vy are easily computed. In addition, we will show that, like
Ve and in contrast with Vg, Vy and Vys are consistent under both large-strata and sparse

K varys (Ymn) = K[
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data limiting models. Vy is not invariant under the interchange of rows in each 2 X 2 table.
Vys is the arithmetic average of 7y and Vy recomputed upon interchange of rows and
serves as a symmetrized version of Vy. Vys is also symmetric under interchange of rows
with columns, i.e., iy <> ty, My <> By + My — b, X © Xi, Y o ne — Xi.

We show all four estimators of K var®(¥w) are consistent under limiting Model II. An
estimator will be consistent if it can be written as the ratio of consistent estimators of the
numerator and the denominator of (1). If ¥ is known and we can find an unbiased estimator
() of var(R — ¢S), then 3 ¢«(¥)/K will be consistent for the numerator by the weak law
of large numbers applied to sums of nonidentically distributed, bounded, and unbiased
estimators. Furthermore, since Ymu -2 ¥, if Sk é«(¥)/K is a smooth function of ¢, then
S de(Pam)/K will be consistent as well.

Hc(y) = var(R — S| ¢) is the exact variance of R — S under the noncentral hypergeo-
metric distribution for X with parameters (n, m, t) and noncentrality parameter ¢. It is a
smooth function of ¥, and E[¢c(¥)] = var(R — ¢S) since E(R — S| t) = 0 (Breslow, 1981).
Similarly, ¢£(¥) = (R — ¢.S)? is unbiased for var(R — ¢.S) since E(R — ¢:S) = 0. Furthermore,
E(¢e(¥)|t] = var(R — S| ¢). Since E(S|¢) and S are unbiased for E(S), it follows that
K varc(Ymy) and K varg(Ymy) are consistent.

Now define 4 = (1/N?)(¥ — 1)*ap\(1 — p))mpo(1 — po) and

= almll + @ = Dpvpell = p) + nly — (¢ = Dpidpi(l = pol}

$u(¥) was constructed by replacing p;, po by X/n, Y/m, respectively, whenever they occur
in B.
Lemma 1. E[éu(¥)] = var(R — ¥S).

Proof.

var(R — ¢S) = var{(1/N)[(y — DXY + mX — ynY]} = A4 + B,

where we have used the independence of X and Y. Since_ éu(y) is a Fisher-consistent
estimator of B, it may appear moderately surprising that E[¢u(¥)] = 4 + B. Fortuitously,
the bias of ¢y(y¥) in estimating B is exactly A, and this proves the lemma.

It follows that K vary(¥wmmu) and thus K varys(¥mu) are consistent.

The same arguments show that the four estimators are also consistent estimators of the
Mantel-Haenszel variance given in equation (1) under a limiting Model III in which #, is
bounded but m;, — o0 as K — .

3. Large Strata

Under Model I, the number of tables K remains fixed but, for each k, Ny — o in such a
way that n/N, and N,/N, approach nonzero limits /, and r,, where N, = £, N,.

Lemma 2. N.varu(Ymu) and N,varc(Pmu) consistently estimate N.var*(Ymm) under
Model I but N, varg(¥mm) does not.

Proof. Hauck (1979) showed that

NGy = Dot Nevar (R = YSO/N] _ ¢35 ub/a
N.var®*(Ymu) = [ZX, EAS/N.)]? ()t @

where the asymptotic expectations and variances are defined under Model I and where

we = rlil(1 = L) gikpok, wr' = (relipixgie)™ + [l — L)pokgor] ™', and  guw = 1 — pa.
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P 3
We should have expected equation (3) to hold since 4/N, is O(1/N,) and B/N, is O(1),
and thus B/N. is the asymptotically nonnegligible portion of the exact var(R — ¢.S)/N..
Since X/n, Y/m are consistent for p;, po, it follows by the construction of ¢y(y) that
qbu(tp)/N+ converges to limy, .. B/N.. Furthermore, since S;/N. converges to uy and
Su(y) is a smooth function of ¥, N+varU(¢MH) and thus N, varus(¥mu) are consistent
estimators of the asymptotic variance given in equation (2).

To show that N, varc(¥my) is consistent under Model I, we proceed as follows. Since
limy, oo B/Ny = limy,_,, Nivar[(R — ¢S)/N.] and E[¢c(1//)] = var(R — ¢.S), it follows
from the moment convergence theorem that, provided ¢c(y)/N is bounded, a necessary
and sufficient condition that ¢c(¥)/N, consistently estimates limy, ... (B/N,) is that
dc(¥)/Ns converges to some constant in probability as N. — c. Using the fact that
tn + m) 5 pl + po(1 — ), one can show that ¢c(¥)/N. converges to a constant in
probability. It is shown to be bounded in Corollary 1 of the Appendix. Similar arguments
applied to the denominator show that N, varc(¥mu) is consistent. On the other hand,
#e(¥)/N, fails to converge to a constant in probability as N, — o, essentially because it
does not take advantage of the fact that X, Y are sums of independent Bernoulli random
variables. If K = 1, N.vare(Ymu) = 0

4. Monte Carlo Experiments

Several Monte Carlo experiments were conducted to compare the performance of various
estimators of the variance of In(¥nu). As noted by Breslow and Liang (1982), the distribution
of Ymu can be quite skew in moderate size samples and inference on v is better based on
approximating the distribution of In({mu) by the normal. We included in the experiment
the four variance estimators defined earlier and V4, Va1, Vuc as defined below. First,

(Ek k/ Wi)

Vi = (S S

with

1 1 1 1\
= + + +
Wk <Xk + .5 e — X + .5 my— Y.+ .5 Y, + 5)

is the estimator originally proposed by Hauck, except Hauck did not add .5 to each cell
when computing w. Since V' is not invariant under interchange of rows or columns (Ury,
1982), Breslow and Liang (1982) proposed that a symmetrized version

o [(zk SH/w(Sk Ri/wk)]"z
w (Zk S (Zk R

be used in their “combined” estimator

N+ VHS + KZVE
N, + K?
Py and Vys are inconsistent under limiting Models II and III (Breslow and Liang, 1982).

VgL is consistent under limiting Models I and II but will be inconsistent under limiting
Model III if m/K is bounded away from O for k € {1, ..., K}.

Ve =
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Gart (reported by Ury, 1982) suggested another symmetrized version of the original
Hauck estimator wherein the data X, Yi in the kth table are replaced by fitted values
whose marginal totals agree with those observed and whose odds ratio equals Yuy. Since
both ¥y and Hauck’s original estimator are Fisher-consistent estimators of var*(¥yy) under
Model I and, by definition, all Fisher-consistent estimators must agree for data outcomes
in which ¥ is constant across tables, it follows that calculating either Hauck’s estimator or
Vu from these fitted values results in the same statistic, which we denote Vyg. Since
$u(y) is a biased estimate of var(R — y.S) when X and Y are replaced by their fitted values,
Vue is inconsistent under Model II. Nonetheless, as we show below, it is consistent under
limiting Model III.

We performed two sets of Monte Carlo experiments. Each set determined an incomplete
factorial design with 1000 Monte Carlo trials per experiment. We chose 1000 trials in order
to estimate the actual coverage rate of 90% and 95% confidence intervals to within several
percent. The first set, summarized in Tables 1-4, was composed of component experiments
using values of px and po, nearly identical to those reported in Breslow and Liang (1982),
namely pix = .3 + .005k(100/K) for K € {1600, 400, 100, 50, 25}, k € {1, ..., K}, and
D = .05 + .04k(20/K) for K € {20, 10, 5} and with the values of ¥, n, m shown in the
tables. The second set of experiments used the following levels of each factor: ¢ = 1, 3, 6.5;
n=1,2,8 m=2,8, 80 with n < m; K € {50, 25, 15, 5}; pox = .2 + .1[k mod 5],
k€ {1, ..., K}. In order to save space, we report results in Tables 1-4 only for those
experiments in the second set that provide qualitatively different information from that
obtained from the first set. The Monte Carlo results reported in Breslow and Liang (1982)
were in error (Breslow and Liang, 1984). The results reported here serve to correct their
Tables 2 and 3.

When m = 80 we did not compute V¢ but considered Vyg as an approximation to Ve in
order to save computing costs. This is justified theoretically by the fact that as m and thus
t, N > o, n bounded, ¢uc(¥) and ¢c(¥) converge in probability to limy_... B since A/B is
o(1), where ¢uc(¥) is ¢u(y) with X and Y replaced by their fitted values. It follows that
| prc(mu) — dc(Pmn)| converges to 0 in probability. Similar remarks apply to the denom-
inators of Vg and V. The above argument implies that Vyg is consistent under limiting
Model III. Several numerical examples showed that V' and V¢ differed by no more than
1% t0 2% when m =80, k=1, n= 1, po = .2, ¢ = 1. Similarly, when » = 30 and m = 30
we did not compute Ve.

Binomial random variables were generated using IMSL subroutine GGBN on an IBM 4341,
When ¥, R, = 0 or 3 Sk = 0 in a given trial, we completely ignored the trial for estimation
of var(In Yuy). Nonetheless we considered such a trial to represent a failure of the confidence
interval to cover the true parameter. Finally, we accumulated the 1000 trials in 20 batches
of 50 trials so that standard errors of empirical standard errors could be estimated.

For each estimator V; we computed both the average of \/I—/;, ie., \/Vi, over the 1000
trials, and the Monte Carlo variance, var(~¥V;), as an indicator of the efficiency of VV;. In
addition, we computed the actual coverage rates of nominal 90% [In(Jmu) * 1.64 VV;]
and 95% [In(¥uu) = 1.96 VV;] confidence intervals for In.y. The Monte Carlo standard
error of the simulated standard error of In(Ymn), i.e., se{se[In(¥mn)]}, was computed from
the empirical between-batch variability of the within-batch empirical standard error of
In(¥mn). Since se{se[In(Ymn)]} exceeded the Monte Carlo standard error of vVys or vV
by nearly tenfold in all experiments, we report only se[In(¥mu)] + 2 se{se[In(¥mu)]} as an
indication of the uncertainty remaining when assessing the bias of vV.

Tables 1-4 summarize the results. V', and Vs gave similar results. Therefore, only Vys
is reported. With ¢ < 3.5, In(¥mu) was essentially unbiased (data not shown). In these
instances Vys and V¢ were unbiased and gave nominal coverage rates to within Monte
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Carlo sampling variation. When K < 20, Vg was biased downward and failed to reach
nominal coverage rates. In sparse data V' was biased upward and gave excessive coverage
rates. In sparse data when m was small, Vg was biased upward and gave excessive coverage
rates. In sparse data when m was large, Vg was biased upward and gave excessive coverage
rates. It follows that Vg recomputed with Vyg substituted for Vys in the expression for
VL would have performed nearly as well as V¢ or Vys.

Although V- was in most experiments more efficient than Vy or Vys, in other experiments
(eg,n=1 m=2, K=50,¢ = 3.5), the efficiency rankings were reversed. It may be
somewhat surprising that V' can ever be as efficient as Ve since, with ¥ known, ¢c(y) and
E(S| 7) are, respectively, the minimum variance unbiased estimators of var(R — ¢.S') and
E(S). Presumably in sparse data the variability in ¥,y and correlations between numerator
and denominator can destroy any significant benefit that might accrue from using Ve,
which depends only on Ymu and ¢, in lieu of V.

When ¢ = 6.5, In(ymu) can be biased in sparse data unless K is quite large (Jewell, 1984).
For instance, with # = 1, m = 1, K = 400, the bias of In({my) was .40. When K = 1600,
In(Ymu) was unbiased. When all values of p;x and pox were between .1 and .9, In(¥mu) was
nearly unbiased forn =1, m=1, K= 100, ¢y = 6.5.

5. Estimation of var*(yay) in the Cox Proportional Hazards Model

Assume (7, my, 1) are fixed constants for k € {1, ..., K} and X; is distributed noncentral
hypergeometric with noncentrality parameter ¢ such that n; is bounded as K — oo.
Ymu is still asymptotically normal with the asymptotic mean ¢ (Breslow, 1981).
Previously we noted that E[¢,(y)|¢] = var(R — ¢S|¢), i € {C, E}. Surprisingly,
E[ou(y)| t] = var(R — ¢S| t) even though ¢ is fixed rather than being the sum of independent
binomial random variables. We established this result for the special case ¢t = 1. A referee
kindly supplied the proof given in Theorem 1 of the Appendix for arbitrary . By arguments
essentially identical to those given in Section 2, the variance estimators defined there will
be consistent in the above hypergeometric limiting model for all . We now apply these
results to the evaluation of estimators of var*(In Yyuy) in the Cox proportional hazards
model.

Consider a cohort survival study in continuous time composed of J strata with #, exposed
(E) and m, unexposed (E) individuals in stratum j. With Aj(u| -) being the hazard in
stratum j at time u, assume \j(u|E) = y\(u| E) and that an independent censoring
mechanism is operating. Let u;; < u; < uz; be the ordered failure times in stratum j.
Consider the set of 2 X 2 tables with n;;, m;; the number of exposed and unexposed
individuals at risk just prior to u; and with X;; + Y;; = 1 = ¢;; where X;; = 1 if an exposed
individual failed at #;;and X;; = 0 otherwise. Since correct large-sample inference concerning
¥ is obtained by treating (Xj; | n;, my;, t;) as independent noncentral hypergeometric
random variables with noncentrality parameter ¢ (Crowley, Liu, and Voelkel, 1982), it
follows that regardless of the orientation of the 2 X 2 tables, Vy, Vus, Ve, and Vg will be
consistent for var(In Yyu) both in a limiting model in which J — o, but n;, m; remain
bounded, and in a model in which J remains bounded but n;, m; — o. These results
continue to hold under a sampling scheme in which the case and a random sample of
noncases are sampled without replacement from each risk set (Oakes, 1981). In the limiting
model in which J remains bounded, if the entire risk set is sampled, m,; — o for all /, j and
therefore Vug will be consistent but ¥, will not.

If ties occur (i.e., if #;; can exceed 1), then under the discrete time logistic model discussed
by Cox (1972), In Yy is consistent for the logistic parameter. Furthermore, under either
risk set sampling plan defined above and regardless of table orientation, Vy, Vys, and V¢
will be consistent.
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6. Some Examples

Table 5 presents an empirical comparison of the four variance estimators that we believe
will have continuing value for applications. The first two data sets are examples of matched
sets to which the estimators V¢, Vys, or Vg would ordinarily be applied. Note that all three
of these variances are identical for 1:1 pair matching. Even Vg, which we know to be
inconsistent with such sparse data, yields numerical results that are reasonably close in this
example. Simplified computing formulas are available when Vg is applied to matched sets
(Connett et al., 1982; Fleiss, 1984).

Table §
Empirical comparison of four standard errors for the log Mantel-Haenszel estimator
Data set K N, log ‘/:MH \/Vc vVus ‘/713 vVVue

Leisure World 1:1 63 126 2.2687 .6065 6065 .6065 5826
matched pairs®

Leisure World 1:4 63 315 2.1355 4516 4635 4673 4408
matched sets®

Ille-et Vilaine® 6 975 1.6405 .1892 .1888 2052 .1897

Avadex? 4 317 1.1246 4028 4057 1977 .4066

2 Breslow and Day (1980, p. 167).

®Ibid (p. 174). See also Connett et al. (1982).
¢ Ibid (p. 137).

9 Gart (1971, Table 2).

The next two data sets illustrate the type of large strata to which Ve, Vs, or Vuc would
ordinarily be applied. The Ille-et-Vilaine data consist of 975 subjects classified into six
2 X 2 tables defined by age, while the Avadex data consist of 317 mice grouped into four
2 X 2 tables on the basis of sex and strain. The bias in V% is quite evident, especially with
the Avadex data, but the other three are all close.

In summary, one could recommend the use of Vy, Vys, or Ve for all types of data; Vyg
when m > 8 or so in all tables; and Vg for matched sets or finely stratified data. Vs, in
particular, is robust, symmetric, and easily computed. Variance estimators analogous to
Vys for the Mantel-Haenszel risk and rate ratios and risk and rate differences are given by
Greenland and Robins (1985). A variance estimator analogous to V¢ for the Mantel-
Haenszel rate ratio is given by Breslow (1984).

[Note added in proof: It has come to our attention that Flanders (1985, Biometrics 41,
637-642) has published an estimator of the Mantel-Haenszel variance similar to V. Given
this similarity, one would expect there to be little difference in performance. This conjecture
appears to be borne out by Flanders’ simulations.]

RESUME

Cet article propose un nouvel estimateur facile a calculer et convergent a la fois dans les modéles
limites & “données rares” ou a “fortes strates” de la variance de I’estimateur de Mantel-Haenszel du
classique rapport des probabilités. Ses performances sont comparées, a I'aide d’'une méthode de
Monte-Carlo, a celles d’autres estimateurs déja proposeés.
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APPENDIX
Definea,, =X, ap=Y, a0, =n—X,an=m-Y.
Lemma. For any function g, defined on the integers,
E{g(ai, a2, ax, an)anan |t} = ;pE{g(a., + 1, a2~ 1, a0 — 1, an + Napay | t}.
Proof. A proof is given in the Appendix of Davis (1985).
Theorem 1. E(¢u(¥)| £) = var(R — S| 0).
Proof. Now, from the above lemma,
E{du(y)| 1}
= N2 [myE(ana: | 1) + (y — IYE(aha | ) + nYE(anan | 1) — (¢ — DE(atiax | )]
= N2{mE(anax | t) + (¢ — DE[(ai2 + Danax|t] + nyE(ana»|t) — (¢ — 1)E(afia| 1)}
= N2E{apan[m+ (¢ — )m — an + 1) + ny — (¥ — Dan]| 4}
= N7?Efanax[Ny + (1 — ¢)an + an — ]I 4.
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Also, using the lemma, we have
var(R — ¢S|t) = E[(R — ¢S)*| 1]
= N7?[E(alia3:| 1) — 2¢E(a11a12a21a2| 1) + Y*E(ata | 1)]
= N{E(a}ia| 1) — 2¢E(anananax| ) + YE[(ai + 1)@ + Danax| (]}
= N(E(a} a3 | ) — YE(anaaxaxn|t) + yE[(ai + an + Danax|t]}
= N Y{E(a}ak|t) — E{(ai, — 1)@ — Danax|t} + YE[(m — ax + 1 — aiy + Dayjaxn|t]}
= N2E{ananla + a»n — 1 + Ny — Yai, + ax) + ¢¥]| 1}
= N7E{anax[Ny + (1 — y)an + a — 1)]] 4.
Therefore, E(du(y)| t) = var(R — ¢S | 1).

Corollary 1. var(R — ¢S'| t)/N. is bounded for all N..

Proof. 1t is straightforward to check from its definition that ¢u(y)/N. is bounded and thus so is
its expectation.



