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SUMMARY

Several designs are proposed for case—control studies within cohorts when the cohort is open to late
entry. These and previously proposed designs are examined with respect to consistency and efficiency
of relative risk parameter estimation, and a small simulation study is reported. If study costs increase
in proportion to the total number of “at-risk” controls, the most efficient design, Design C, is as
follows. For a case failing at time ¢, controls are selected at random (and without regard to “at-risk”
status) from among cohort members who are (i) known not to have failed prior to ¢ and (ii) have not
been previously selected as controls. At each ¢, control sampling proceeds until a prespecified number
of controls who are “at risk™ at ¢ have been obtained. The efficiency advantage of Design C over that
of the standard case-control design proposed by Thomas (in Appendix to Liddell, McDonald, and
Thomas, 1977, Journal of the Royal Statistical Society, Series B 140, 469-490) will often be small.
If, on the other hand, the costs increase in proportion to the number of distinct “at-risk” controls,
Design C is no longer the most efficient design. In this case, several alternative designs are proposed.

1. Introduction

Thomas (1977) proposed a design, hereafter referred to as Design A, for sampling within a
cohort. In this design, controls for a case occurring at time ¢ are randomly sampled (without
replacement) from cohort members known not to have failed by time z. Controls are
selected independently at distinct failure times. Time may refer, for example, to chronolog-
ical time or to study subject age. This sampling procedure has been shown to yield a partial
likelihood function (Oakes, 1981; Prentice, 1986a) so that standard asymptotic likelihood
procedures will generally be appropriate for the estimation of relative risk parameters. The
purposes of such sampling include computational reduction and, importantly, reduction
in the number of cohort members for whom covariate data need be assembled.

Robins, Gail, and Lubin (1986) and Prentice (1986a) consider modifications to the above
sampling procedure and some aspects of the (asymptotic) biases and efficiency properties
of corresponding relative risk estimators. The fact that Design A may involve sampling the
same individual as a control for more than one case prompted consideration of designs in
which a subject selected as a control at time u would be ineligible for control selection at
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any ¢ > u. Robins et al. noted that inconsistent estimates of relative risk may arise from
cohorts open to late entry if the controls for a case occurring at ¢ are merely a random
sample of “at-risk” subjects who have not previously failed and who have not previously
(i.e., at any u < t) been selected as a control. A cohort member is “at risk” at time ¢ if the
subject is under active follow-up for the study disease at that time. Prentice (1986a) argued
that this problem could be avoided by selecting controls at time ¢ without regard to their
“at-risk” status. This leads to a sampling Design B in which the controls for a case occurring
at time ¢ are a random sample of cohort members without failure prior to ¢ and not
previously selected as controls. If the case had been selected as a control at (at most one)
time u < ¢, then the controls are matched to the case with respect to “at-risk” status at time
u. This is essentially Design B in Prentice (1986a), though the earlier description was
incomplete in not specifying the matching on “at-risk” status at u if the case had been
selected as a control at u < .

In this paper further sampling options are considered toward avoiding the rather cum-
bersome matching in Design B and toward possible improvements in estimating efficiency.
Attention is also paid to whether sampling at time ¢ continues until a specified number of
controls are obtained or until a specified number of “at-risk” controls are obtained. Possible
variance estimators for relative risk regression parameters are given and a simulation study
is reported.

We shall see that the preferred design depends on the cost structure of the study. In a
case—control study, costs may increase in proportion to the total number of at-risk controls
or, alternatively, in proportion to the total number of “distinct” at-risk controls (Langholz
and Thomas, unpublished manuscript, 1987). For example, costs would be proportional
to the total number of distinct controls if all covariates were time-independent. Alterna-
tively, costs would be proportional to the total number of at-risk controls if, for example,
each subject provided a blood specimen at weekly intervals and, for a case failing in week
J, the jth blood specimen of the case would be compared to the jth blood specimens of the
case’s matched controls.

2. Design Options for Synthetic Case-Control Studies

Consider now an additional sampling Design C in which the controls for a case occurring
at time ¢ are simply a random sample of cohort members without prior failure aad not
previously selected as controls. Thus, sampling proceeds without regard to whether the case
had previously been selected as a control and without regard to the “at-risk” status of the
controls.

Note that in describing Designs A-C we have referred to any subject sampled as part of
the comparison group for a given case as a “control,” without regard to the subject’s “at-
risk” status at the time of case occurrence. Of course it is only the “at-risk” controls that
contribute to the data analysis and for whom covariate data need be assembled. (A more
descriptive terminology might have been to refer to our controls as precontrols or potential
controls, and to describe the “at-risk” controls as true controls.) Note that in our description
of Design A, we have assumed that controls were selected without regard to at-risk status.
Thomas, in his description of Design A, assumed controls at ¢ were sampled only from
those “at risk” at . Because, under Design A, control selection proceeds independently at
distinct failure times, these two descriptions are equivalent (since the non-“at-risk” controls
do not contribute to the data analysis).

Note also that our description of Designs A-C has not provided a prescription for
stopping control sampling at a given point in time. In accordance with standard practice
for Design A, we will assume for each design that control sampling continues until a
specified number of “at-risk” controls have been obtained, or until the available control
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pool is exhausted. If covariates are time-independent, the costs associated with ascertaining
the covariate status of a particular subject will not depend on the number of cases for which
the subject serves as a control. Therefore, in this setting, we might wish to consider a Design
D, a modification of Design C, in which control sampling at time ¢ is from cohort members
without prior failure and continues until a specified number of “at-risk” controls have been
chosen who have not previously been selected as controls, or until the available control
pool is exhausted. In this design, we do not exclude previously selected controls as later
controls.

Another approach to control selection at time ¢ would be to continue sampling until a
specified number of controls (without prior failure) are obtained, without regard to their
“at-risk” status, or until the available control pool is depleted. The above designs with this
stopping prescription will be referred to as Designs A’-D’, respectively. (Under Design D’
control sampling proceeds until a specified number of controls have been chosen who have
not previously been selected as controls.) These designs may be of lesser practical interest,
due to the fact that a random number of “at-risk” controls will be obtained in each risk
set, but they are useful in the consideration of statistical properties.

3. Relative Risk Estimation

In the notation of Prentice (1986a), let Z(¢) denote a covariate measurement for a study
subject at time ¢ and let A\{¢; Z(u), 0 < u < t} denote the (instantaneous) failure rate at
time ¢ among subjects with covariate history {Z(u), 0 < u < ¢t} prior to time . A relative
risk regression model can then be written

Mt; Z(uw), 0 < u <t} = MNE)r{X()8]},

where the modeled regression vector X(¢) = {X,(¢), ..., X ()} consists of functions of
{Z(u), 0 < u < t} or products of such functions with time, 8 is a corresponding column
p-vector of relative risk regression parameters to be estimated, r(-) is a fixed function,
usually 7(-) = exp(-) or r(-) = 1 + (+), standardized so that (0) = 1, and N\o(-) is a baseline
hazard function corresponding to a standard covariate history for which X(z) = 0
(Cox, 1972).

Consider a cohort of size n and let {N;(u), Y:(u), 0 < u < t} denote counting and
censoring processes up to time ¢ for the ith subject, so that N; takes value O up to an
observed failure on subject i and value 1 thereafter, while Y, takes value 1 at times at which
the ith subject is “at risk,” and value 0 otherwise.

For the purposes of this paper, we say a cohort is closed if a subject “at risk” at time ¢, ¢
> y, was also at risk at u (if any subject was “at risk” at ). Otherwise, the cohort is open.

A standard independent censorship condition requires

Nt {Zi(w), Yi(w), 0 < u < t}] = Yi(0)Mt; Zou), 0 s u <t}

where Y;(¢) is the limit as u increases to ¢ of-Y;(«). This implies that given {Z(u); u < t},
previous at-risk history is not a predictor of failure among those at risk at .

For each of the above designs we propose that the relative risk parameter be estimated
as the value, 8, that maximizes

5
h r” i
L(B) = ), 1

(8) il;[l (21&1%@,-) ’"Ii) )
where R(¢) is the matched case-control set for a failure occurring at ¢, and where the
observed failure or terminal right-censoring time for the ith subject is given by #; =
inf{z| Y;(u) = 0, all u > ¢}, and where the corresponding censoring indicator is defined by
6; = 1if N;(t;) # N;(¢t7) and §; = 0 otherwise, while r; = Y,(¢;)r{X,(¢,)8}.
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Note that £ is a solution to the “score” equation U(8) = d log[L(8)]/d8 = 0. Unbiased-
ness of the score statistic U(8) at the “true” value of 8 is a key step in the development of
a consistency (asymptotic unbiasedness) result for 8. At a failure time ¢, simple random
sampling of controls from cohort members without prior failure, that is independent of
control sampling at other failure times, gives, as the conditional probability that the ith
subject is the case,

Y (0)r{Xi(¢)8}
Yiero Yit)riXu(t)B8}’

where F(t) = [R(t), {N,(u), Yi(u), Zi(u), 0 < u <t | € R(t)}] and N(t) # N(t~) means
that N,(t) # N,(¢7) for some [ € R(¢). The fact that (2) is a probability distribution implies
that the conditional, and hence the unconditional, expectation of the logarithm of (2) with
respect to 8 is 0. Therefore, the score statistic under Design A’, in which a prespecified
number of controls are selected independently at each case occurrence, has mean zero. The
same is true for the standard Design A since (2) continues to hold if one adds to the
conditioning event F(¢), the requirement that exactly m(¢) controls are “at risk” at time .
Specifically, the information that exactly m(¢) + 1 of the Y;(¢) values in R(¢) are unity
provides no differential information concerning which of these m(¢) + 1 subjects is the
case at time ¢. In fact, a stronger result holds for Designs A and A’ in that (2) continues to
hold if one conditions on {F(u), u < t}, so that (1) is a partial likelihood function for each
of these designs.

The conditional probabilities (2) also obtain for Design B’ so that the score statistic also
has a mean of zero for these designs. As in Prentice (1986a) let A(u, t) = 1 if the case
occurring at time ¢ was selected as a control at time u < ¢, while A(x, ¢) = 0 otherwise, and
add {A(u, t), 0 < u <t} to the conditioning event in (2). Under Design B’, R(¢) consists
of a prespecified number of subjects that are matched with regard to the value of {A(u, 1),
0 < u < t}, and also with respect to “at-risk” status at time u, if the case occurring at ¢ had
been selected as a control at # < ¢. This matching, along with the independent censorship
assumption mentioned above, implies that the sampling procedure conveys no differential
information concerning which subject in R(¢) fails, so that (2) continues to hold with this
additional conditioning. Therefore, the score statistic has conditional, and hence uncondi-
tional, mean zero under Design B’.

For Designs C’ and D’ the matched case-control set R(¢) consists of any case occurring
at time ¢ along with a random sample of prespecified size (if available), selected from cohort
members without prior failure. The fact that none of these controls have been selected as
controls at earlier time points (Design C’), or that a prespecified number had not been
selected at any earlier time point (Design D’), provides no differential information
concerning the failing individual, so that (2) obtains and the score estimating equation is
unbiased under these designs.

This leaves Designs B, C, and D. Since with these designs, control selection at time ¢
depends on sampling at earlier time points as well as on the “at-risk” histories {Y;(¢), 0 <
u < t} of selected individuals, there is potential for (2) not to hold. The following example
makes it clear that score statistic bias can occur with these designs. Suppose a cohort
consists of four subjects {a, b, ¢, d} and that subjects {a, b, ¢} with modeled covariate
X = 0 are followed until a first failure at time u. Immediately thereafter subject d with
X = 1 becomes “at risk” and follow-up terminates immediately following the second
failure at time ¢. Suppose Design C or D is applied with two “at-risk” not-previously-
selected controls selected at time # and one such “at-risk” control selected at time ¢. The
expectation of the score statistic at time u is zero since R(u) is either (a, b, ¢, d) or (a, b, ¢),
and hence always includes all cohort members “at risk” at u. Without loss of generality,

Pr{N:(¢)# N;(t )| F(¢), N¢)# N ")} = (2
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suppose subject a fails at time u. If R(1) = (a, b, ¢, d) then the possible values for R(¢)
under Design C are (b), (c), or (d), there being no controls that have not been previously
selected. On the other hand, if R(u) = (a, b, c), possible values for R(¢) are (b, d), (c, d), or
(d), according to whether b, ¢, or d fails at time . It follows that whenever R(¢) = (b, d) or
(c, d) then b or c is the case, respectively, in violation of (2). For example, at 8 = 0 the
conditional expectation of the score statistic given R(¢) = (b, d) is —% and the (marginal)
expectation of the score statistic is —5 times the probability of matched sets (a, d), (b, d),
or (c, d) arising at time ¢, that is, (—3)(3) = —15.

Similarly, under Design D, if R(1) = (a, b, c, d), with subject a failing at time u, then
R(2) = (b, ¢, d), there being no controls that have not previously been selected. If, however,
R(u) = (a, b, ) then R(¢) must be (b, c, d), (b, d), or (c, d). If R(t) = (b, d) or R(¢t) =
(c, d) then failure at time ¢ must have occurred in subject b or c, respectively, while if
R(t) = (b, c, d) there is a probability in excess of (2) that the failure is subject d.
Hence, (2) is violated at time ¢ and it is straightforward to show that the score statistic
generally has a nonzero (marginal) mean. For example, at 8 = 0 the score statistic has
mean —5’—4. A similar example shows the score may have nonzero expectation under
Design B in the presence of interval censoring, where a subject is said to be interval-
censored if there is some time ¢ at which the subject is not at risk, but the subject was at
risk at times prior to and subsequent to .

Even though U(B) is not unbiased under Designs B, C, and D, the expected value of
n~'2U(B) will approach zero as the cohort size n — o under fairly weak conditions. In
particular, such will generally be the case if the fraction of the cohort that is “at risk” and
has not previously been selected as a control is bounded away from 0, uniformly in ¢,
and the modeled covariate is bounded. A sketch of the proof of this result is given in
Appendix 1. More generally, one expects #~/2U(8) to converge in distribution to a normal
variate with mean zero and finite variance for each of the Designs A to D and A’ to D’
under appropriate stability and regularity conditions, along with the conditions just alluded
to for Designs B, C, and D.

Variance estimation A Taylor expansion of U(8) = 9 log[L(8)]/d8 about the “Irue”
B-value, evaluated at B, gives n'/2(8 — 8) = {n™'1(8,)}"'n~"/>U(B) for 8, between 8 and
the “true” 8, where I(8) = —a2log[L(8)]/d82. Hence, n'/*(8 — B) will rather generally
have an asymptotic normal distribution with mean zero and variance the limit of
nZ(B8)"'V(8)Z(B)"' where n~'Z(B) is the expected value of n~'1I(8), and n~'V(B) is the
variance matrix for n~"2U(8). Now n™! ﬁ‘.(ﬁ) quite generally provides a consistent estimator
of ' (), where

2(8) = ‘21 0jVijs
=

v, = var{U;(B)| Ft;), N(t;) # N(; )}
= ¥ cenR; — BBIR?,

IER(;)

and where b[j = Y[(lj)X/(Ij)r,{X/([j)ﬂ}, Cj = b/j/r{X,(tj)ﬂ}, Bj = ZlEﬁ(lj) b[j, and Rj =
Yekq,) 1j, and U;(B) is the score statistic contribution from the jth factor in equa}tign (D).

Because L(8) is a partial likelihood function under Designs A and A’, n~'Z(8) also
provides a consistent estimator of n™' V(8) under weak conditions. It is also a natural
candidate estimator of #~!V(8) under Designs D and D’, as L(g8) is “nearly” a partial
likelihood function for these designs (see Appendix 2). For Designs B and B’ the argument
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of Prentice (1986a) gives an estimator n~'Vi(B) for n~'V(B8), where V,(8) =
2(B) + C,(B), where

CBY =35 T 8AW )+ VD),

J=1 " lilg=<y)
and where, for t; < t;,
o [B,» + by — by,
ji — = - . .
keR() Ri+ 1y — 1

This variance formula derives from the fact that score statistic contributions at #; and ¢ are
uncorrelated unless the case occurring at ¢; was selected as a control at ¢ < ¢ (so that
A(t;, t;) = 1), in which situation R(¢;) and R(¢;) have exactly one member in common and
equation (2) gives the probability that the common subject is i € R(t;). These same
circumstances prevail for Design C’ so that n~'V,(8) provides a variance estimator for
this Adesjgn. As discussed in Appendix 2, we have been unable to determine whether
n~'V,(B8) provides a consistent variance estimator under Design C. Simulation results,
reported in Section 4, suggest that it may be consistent.

Because calculation of V,(8) is somewhat demanding computationally, a more “empir-
‘ical” estimator for 727! V(8) has also been considered, namely, 2~ V,(8), where

Va(8) = 2(8) + C2(8)

}(ij - B;R;)ry R

and

n
GB) =36 T &AW, 4)UU + UUD),
J=1" tilg=y)
where, as before, U; = U;(g8) is the score contribution from the ith term in L(8). Ap-
pendix 2 indicates that n~'V,(8) will rather generally provide a consistent esti-
mator of n~'E{U(8)U(8)"} under regularity conditions for Designs B, B’, C, and C’. In
fact, as shown in Appendix 2, in defining Cz(ﬁ) under Design B or B’, we can replace
A(t;, ) by Ag(t;, t) = AL, £)Y;(2:), where Y;(t;) is the at-risk status of the subject j (the
failure at ;) at time ¢;.

For a fixed number of “at-risk” controls per case, the results of Prentice (1986a) cause
one to expect Design B typically to give rise to slightly more efficient parameter estimation
than does Design A. Furthermore, one might conjecture that Design C is more efficient
than Design B since, in Design B, the non-risk factor “at-risk status at a previous time” is
often matched on. Simulation results in Section 4 suggest that this is indeed the case. One
would expect Design D to have some efficiency advantage relative to Designs A, B, and C,
because of the greater number of at-risk controls per case.

4. Simulation Study

A simulation study was conducted to compare the performance of Designs A-D. We were
also concerned to determine whether the failure of equation (2) to hold for Designs C and
D may affect the performance of the corresponding relative risk estimators in cohorts of
moderate size. Hence, Designs C’ and D’ are also included in the simulation study. A
cohort was considered in which 1,200 exposed {X(¢) = 1} and 400 unexposed {X(¢) = 0}
subjects entered into follow-up at time 0. At time 1, an additional 400 exposed and 1,200
unexposed subjects entered into follow-up. Follow-up ended at time 2. No subjects were
lost to follow-up prior to time 2 except due to failure. An exponential failure rate was
chosen to give a 10% expected cumulative probability of failure in the time interval (0, 1)
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for both the exposed and unexposed (i.e., 8 = 0). In the time interval (1, 2) the exponential
failure rate was increased to give an expected cumulative probability of failure of 20% over
this interval.

Case-control sampling was conducted such that, for each case occurring in the interval
(0, 1), four “at-risk” controls who had not previously been selected as controls were included
in the control group for Designs B, C, and D; in Design A, also, four “at-risk” controls
were selected for each case. For Designs C’ and D’, eight controls, who had not been
previously selected as controls, were sampled. For cases failing in the interval (1, 2), a single
not-previously-selected “at-risk” control was sampled under Designs B, C, D, C’, and D,
and a single “at-risk” control was sampled under Design A. Note that in the interval (1, 2)
all controls are “at-risk” controls.

We maximized (1) under an exponential relative risk model (i.e., 7(-) = exp(+)).

Notable features of this Monte Carlo experiment include: Under Designs C and C’, over
30% of the cases failing in the interval (1, 2) are expected to have been selected as controls.
Also, there is a marked association between exposure status and “at-risk™ history. Finally,
under all relevant designs, at each failure time, a large number of “at-risk” subjects remain
who have not been previously selected as controls.

We performed 550 trials in 55 batches of 10 trials so that standard errors of empirical
variances could be estimated. Five hundred fifty trials were chosen so that the actual
coverage rates of nominal 90% and 95% confidence intervals for 8 could be determined to
within several percentage points. The results are reported in Table 1. For each design we
estimated avg(ﬁ), the average of the 550 B’s, and the sample variance of 8 over the 550
trials. (To the third significant digit, the sample variance equaled the average of
the 55 batch-specific empirical estimates of the variance of 8.) Also, the Monte Carlo
standard error of the sample variance of 8 was computed from the empirical between-batch
variability of the within-batch empirical variance of 3.

Table 1
Simulation summary statistics for synthetic case-control studies under various sampling designs.
All calculations arise from 8 = 0, where (8 is the logarithm of the relative risk.

Empirical
coverage
rates for
nominal
confidence
. Sample =~ Average ~ ~ Average ., Average intervals
Avg(f) variance 8 Z(B)'  Z(B)'V(BZMB)T  ZB)VB)ZB)T ———
Design (X 10?) (X 10%) (% 10?) (X 10%) (X 10%) 90% 95%
A 1.2 1.27 1.339 : 90.7 95.8
(.48)* (.07) (.003)
B 7 1.18 1.431 1.218 1.218 90.9 94.6
) (.46) (.08) (.004) (.004) (.005)
C 1.3 1.20 1.341 1.160 1.140 87.8 94.2
(.46) .07) (.003) (.003) (.005)
D —-1.2 1.08 1.127 89.8 95.6
(.44) (.08) (.002)
C’ -1.3 1.14 1.346 1.161 1.144 90.0 95.3
(.45) (.10) (.003) (.003) (.005)
D’ 2.0 1.09 1.132 89.5 93.5

(44)  (08)  (.002)

2 Estimated standard errors given in parentheses.
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For each design we report the average, avg( ﬁ)( 8 )~1), of the 550 inverses of the “expected”
information, as well as an empirical standard error estimate for this average. In achlition,
for Designs C and D, we give the average of variance estimators for 3 using ¥;(8) and
V5(8), respectively, as score statistic variance estimators, along with empirical standard
error estimates for these averages.

Table 1 also gives empirical coverage rates of nomipal 90% cpnﬁdence intervals for .
These nominal confidence intervals are computed as § + 1.64{ 2(B8)7!} for Designs A, D,
andD’, and as 8 + 1.64{2(B) "' V2(B)Z(B)"} for Designs B, C, and C’. Empirical coverage
rates for nominal 95% confidence intervals, constructed by replacing 1.64 by 1.96 in the
above expressions, are also listed. '

For Design B, 2(8)~' overestimated the corresponding covariance-corrected variance
estimators by about 16%-18%. Similar results were found for Designs C and C’. Further-
more, the sample variance for these designs agreed closely with the average of the
“covariance-corrected” variance estimators, Z(G3)™ V(B)E(ﬂ)“, although the variabil-
ity in the sample variance of 8 is considerable. The two covariance-corrected variance
estimators appear to agree closely under these simulation conditions. The usual (partial
likelihood) variance estimator, f‘,(ﬁ)“, corresponds reasonably to the sample variance for
Designs A, D, and D’.

The actual coverage rates of the 90% and 95% covariance-corrected confidence intervals
were at or near their nominal level under all designs, except that the coverage of the
90% interval under Design C (87.8%) was about 2 standard errors less than the nominal
value of 90%. The coverage rates of the confidence intervals without covariance correc-
tion (not shown) somewhat exceeded the nominal rates of 90% and 95% for Designs B, C,
and C’. For example, the empirical coverage rates were 93.4% and 96.4% for Design B.
This is about as expected since the actual coverage rates of nominal 90% and 95% normal
confidence intervals when using a variance estimator biased 18% upward are 92.8% and
96.5%, respectively.

Although, under all designs, the sample mean of B was at most .02, under Design D’ this
sample mean was over 4 standard errors removed from zero. Under Designs A, C, and D
this mean was more than 2 standard errors from zero. It is unclear whether these
discrepancies represent actual biases under these cohort conditions, or are simulation
artifacts.

A second simulation (not shown) with 8 = log(2) gave quite similar results.

Designs A, B, and C have the same number of at-risk controls in each risk set. Therefore,
if costs are in proportion to the total number of at-risk controls, the efficiency of these
three designs can be meaningfully compared. Because of the large residual sampling
variability of the sample variance of 8, better ejﬁciency AcoAmpAarisons may result from
comparing 2(3)~" for Designs A, D, and D’ and £(8)~' V(8)2(8)™" for Designs C, B, and
B’. As expected, Design C is more efficient than Design B. Nonetheless, the difference
(1.22 X 107 — 1.14 x 107> = .08 X 107?) is surprisingly small (although statistically
significant) and entirely due to the differences in Z(8)~". This is surprising in view of the
sizable correlation between exposure and “at-risk status.” As expected, Design C is more
efficient than Design A. Furthermore, as expected, Design D is more efficient than Design
C, because the number of controls per risk set is much larger.

5. Sampling with Stratified Models
To allow for stratification the above regression model can be generalized to
Mes Z(u), 0 < u < 1} = Nos(£)r{X(2) 8},

where the stratification variable s = s(¢) is defined in terms of functions of {Z(u), 0 <
u < t} and may be time-dependent. A cohort will be defined to be stratum-closed if all
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subjects at risk in stratum s at any time ¢ > u are also at risk in stratum s at time u, if any
subject is at risk at u. Otherwise, the cohort is stratum-open. A closed cohort with time-
independent stratification will be stratum-closed.

A natural generalization of each of the above sampling designs arises by regarding all
subjects ever at risk in stratum s as constituting a cohort for each s = 1, 2, . ... Relative
risk estimation is then based on the product of terms in equation (1) across strata. For
example, sampling in stratum s at time ¢ would take place for Design D by randomly
selecting subjects in the stratum s cohort without failure prior to time ¢, until a specified
number of controls “at risk” and in stratum s at ¢ have been obtained who have not
previously been selected as a control in stratum s. The fact that the same study subject may
serve as a control in more than one stratum does not introduce biases in parameter
estimation since estimation is based wholly on within-stratum comparisons.

The previous discussion of estimation will apply directly to this stratified model under a
“large-stratum limiting model” in which the stratum size n, — o foreach s =1, 2, ....
Under a “sparse-stratum limiting model” in which the stratum sizes are bounded for a
nonnegligible fraction of the overall cohort, the bias in n~'2U(8) generally _will not
approach zero in stratum-open cohorts under Designs B, C, and D. Hence 8 can be
inconsistent in these circumstances. (8 will be consistent under Design B in the absence of
interval censoring.)

6. Discussion

The standard case—-control-within-cohort sampling procedure, Design A, has the benefit of
attractive asymptotic properties and simple variance estimation under a range of limiting
models. It is, however, a drawback that the effective number of “at-risk” controls may be
less than a prespecified number for some cases owing to a sharing of common controls
among cases. Therefore, if costs increase in proportion to the total number of controls,
Design C may be slightly preferred to Design A for reasons of efficiency.

If, on the other hand, costs are proportional to the total number of “distinct” at-risk
controls, Design D would be preferable to Designs A and C. When costs are proportional
to the number of distinct controls, it is not quite fair to compare the efficiency of
Design A with that of Design D since the number of distinct controls on whom covari-
ate data must be assembled can be somewhat greater under Design D than under
Design A. Specifically, if under Design A, we specify r “at-risk” controls per risk set and,
under Design D, we specify r “at-risk” controls that have not been previously selected as
controls, the total number of distinct “at-risk” controls will, in open cohorts, be greater
under Design D. This reflects the fact that the number of “newly-at-risk” controls at time
t under Design D may exceed r since some of the “newly-at-risk” controls at £ may have
been previously selected as controls before becoming at risk. Nonetheless, we can modify
Design D to produce a design that has the same number of distinct controls as Design A
and yet is guaranteed to be more efficient than Design A. Specifically, modify Design D so
that control selection proceeds at each failure time until we obtain r “at-risk” controls who
have not been at-risk controls for a previous case (without regard to whether these r new
“at-risk” controls were previous controls). Under this modified Design D, 8 maximizing
equation (1) will still be consistent if, at each failure time, the pool of “at-risk” subjects
who have not been previously selected as controls remains large. In fact, if costs are
proportional to the number of distinct controls, we could profitably further expand upon
this modification of Design D by replacing R(¢) in equation (1) by the union of R(u),
u < t, thereby using every control selected up to time ¢ who was at risk at ¢, and allowing
control selection to proceed at each failure time ¢ until r “at-risk” controls have been
obtained who were not at-risk controls for a previous case. This sampling procedure can
be viewed as a variation of case—cohort sampling (Prentice, 1986b) in which the subcohort
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is selected to be rich in “at-risk” controls at each failure time. Further study of this design
is indicated.
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RESUME

Plusieurs plans d’échantillonage ont été proposés pour la réalisation d’études cas-témoin au sein de
cohortes ouvertes. La consistance et 1’efficience de I’estimation du risque relatif est présentée pour ces
différents plans, et une courte étude de simulation est rapportée. Si le colit de I’étude augmente
proportionnellement au nombre total de témoins “a risque”, le plan C, décrit ci dessous, est le plus
efficace: Pour un echec survenant au temps ¢, les témoins sont tirés au sort (indépendamment de leur
exposition au risque), parmi une cohorte telle que: (i) il n’y ait pas eu d’echec avant le temps ¢, et, (ii)
les sujets n’aient pas &té choisis auparavant comme témoins. A chaque ¢, I’échantillonage des témoins
se poursuit jusqu’a ce qu’un nombre préétabli de témoins “a risque” au temps ¢ soit atteint. L’avantage
en terme d’efficience du schéma C sur le schéma habituel proposé par Thomas (dans Appendix to
Liddell, McDonald, and Thomas, 1977, Journal of the Royal Statistical Society, Series B 140,
469-490) est souvent faible. Par ailleurs, si le coit augmente proportionnellement au nombre de
témoins “a risque” différents, le schéma C n’est alors plus le plan le plus efficient. Dans ce cas,
plusieurs alternatives sont proposées.
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APPENDIX 1

Asymptotic Unbiasedness of the Score Statistic Under Designs B, C, and D in the Large-Stratum
Limiting Model

We shall consider only Design C in detail since the argument for Designs B and D is similar. We
assume that standard stability and regularity conditions hold for asymptotic normality with mean
zero of the score statistic under full cohort sampling (e.g., Prentice and Self, 1983). Define L(¢) to be
those subjects who are “at risk” and without failure at # who have not been selected as controls at any
u < t under Design C and let /(¢) be the number of such subjects. Let G(¢) be the distribution function
of observed failure time in the cohort (without regard to covariates).

Theorem A1l Suppose under Design C for some fixed constant «, lim,_./(t)/n > « for all
t < G7I(1). Then, for bounded X(¢), E[U(B)/n] = 0 + o(rn~'/?). The proof proceeds by a series of
lemmas. We require some definitions.

Let R(z) be the set of subjects at risk at ¢. In a slight abuse of notation, in Appendix 1 only, let
R(t) denote the subset of “at-risk” individuals in R(¢) as defined above. The quantities r(¢) and #(¢)
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are, respectlvely, the number_of subjects in R(¢) and R@). Ft) = [{MV; (u), Yi(u), Zi(u), 0
u<t i €R(@), R(t)]. Let F(t) be F(t) but with R(¢) replacing R(¢). Let 7 be the finite maxi-
mum of #(¢) over all ¢. It is fixed by design under Design C. Let S(¢) be a random subset of R(t) of
size s(t) < 7(t) chosen without replacement.

Lemma A1 Iflim,_,..[(t")/n > « for t’ < t then, under Design C, for any subjects i and k,

i 12| PHLE L) = S@)1i € R(t) = S@), 6> 1, )] _

nom | Pk € L(2) — SU)| k € R(t) = S@), te > 1, F(t)] =0

Proof A long and difficult proof has been obtained by David Freedman of the University of
California at Berkeley in collaboration with the first author and will be published elsewhere. Here we
provide a nonrigorous argument that contains the kernel of that proof. Consider a subject alive and
at risk at failure time ¢;, #; < f, who has not been selected as a control prior to ¢;. Then given /(¢;),
I(¢;) > #(t;), the probability that the subject will not be selected as a control at ¢ is the probability that
7(¢;) of the [(z;) — 1 other subjects “at risk” at z; who have not been previously selected as controls
will be chosen before the subject. This probability is [/(¢;) — #(¢;)]/I(z;). Consider now a subject who
is alive but not at risk at ¢; who has not been previously selected as a control. The probability that this
subject will not be selected as a control at # is the probability that 7(¢;) of the /(z) subjects at risk
at ¢; who have not been previously selected as controls will be chosen before the subject. This
probability is

(@) — H) + /1) + 1],
which is strictly greater than [/(¢;) — 7(¢;)]//(¢;). Define

1@) — #)
1)

where the products are over all death times ¢ prior to ¢ Since, by assumption, with prob-
ability approaching 1, /(¢;) > #(¢;) at all death times ¢ < ¢, it follows that if the /(z;) were fixed
rather than random, Ppi,(1) (Pmax(?)) would be the probability that a subject in R(¢) who was at risk
at all (no) ¢; prior to ¢ had not been selected as a control prior t0 #. Puin(?) and Ppax(¢) would there-
fore bound Pr[i € L(¢)|i € R(t), t; > t, F(t)]. More generally, by essentially the same argument,
Pr[i € L(¢t) — S(t)|i € R(t) — S(), t; > t, F(¢t)] would be bounded by Pnax(t) and Puins(t) =
I1 lI@) — (@) — s1/1I(t;) — s]. Of course, the /(¢;) are random, but the formal proof of Freedman
and Robins shows that to o(n~'/?) we may ignore this randomness. Now,

Puins(t) _ 10 [1 _ Hy)(s + 1) }
Poas(t) [(5) = ) + 111G = 5]

P 7 " P
> 11 [‘ T - f]z] g [‘ T )N - f/n]z] l=omt 0<Z>’

which proves the lemma. The following is a direct consequence of Lemma Al.

() — () + 1

and  Prax(t) = 11 )+1

Pmin(t) = H

1>

Lemma A2 Under Design C, for any set M(t) C R(¢) with #(¢) — | elements, under the conditions
of Lemma Al,

Pr{M(¢t) C L(t)| N(t) # N(t7), M(¢t) C R(t), F(t), t; > t for j € M(¢)]

st g+ 1= .
‘{,-13. [<r<t>—~ 1)+1—j]“+0(” /2)]}’

where N(t) # N(t~) means that N(t) # N,(t~) for some / € R(¢).

Lemma A3 Under the conditions of Lemma A1, under Design C, for k € R(¢),

r(Xu(1)8)

o v < -1/2
Y ieri F(Xi(2)B) [1+o(n™")]. (AL1)

Pr[Ni(t) # Ni(t ™) | F(2), N(t) # N(t7)] =
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Proof
r(X«(2)8)
Yiero HXi(1)B)
x Pr[R(¢) — {k}| F(t), N(tc) # N(t;)] (Al1.2)

Pr{Ni(t) # Ni(t7), R(t)| F(1), N(t) # N(@t7)] =

But
PrR(t) — {k}| F(1), N(t) # N(1;)]
= (Pr[R(t) — {k} C L(t)| F(t), N(te) # N(t;)IPr[R(t) = {k} | F(2), R(t) = {k} C L(2), N(t) # N(t0)).
By Lemma A2 and standard combinatorial arguments, this product equals
He)—1 — 7 > - — (7 —_

{ [(r(rl>(t—) e j]“ * "(”_'/2)]} B T

@) = DIr@) — 1 = [F@) = 1])!
(r@¢) = 1! )

Therefore, dividing equaﬁon (A1.2) by Sicie PrINe(t) # Ni(t™), R(¢)| F(¢), N(t) # N(t7)] yields
equation (Al.1). Finally, equation (Al.1) implies that for bounded X(¢), E[U:(8)] = o(1/n'7?),
proving Theorem Al.

Jj=1

=[1 + o(n™?)]

APPENDIX 2

In this appendix we shall assume that conditions sufficient for the pseudolikelihood score to be
asymptotically unbiased over Designs B, C, and D hold (see, for example, Theorem Al in Ap-
pendix 1). Furthermore, for these three designs, any statements of equality given below are assumed
to hold only to the appropriate order. For notational convenience, assume that 3is one-dimensional.

Consistency of the empirical covariance estimators We argue that, for g € {B, C}, &y(B)/n will,
under regularity conditions, be consistent for its expectation E[C;(8)/n] under Design g or g’. If so,
under regularity conditions, the empirical covariance estimators will be consistent.

Define Ac(t;, t;) = A(t:, ;) and Ag(t, &) = Y;(t:)A(L;, 4;). Let Hg(t) be the event that records both
(a) the observed number of deaths in the cohort through time ¢ and (b) the set

{(l’.}); (l’j)ESE and tlst} ESE(Z) Where (l’j)ESSQAB(tU tj)= l
If we can find a random variable T5(8) such that under Design g or g’, for ¢, < ¢,
E[TF(8)| Hy(4)] = cov[Ui(B), Ui(B)| Hy()], (A2.1)

then Y1 6 Byijy<y 6: TH(B8)/n = T* will converge, under suitable regularity conditions, to its expec-
tation provided

var[T*] = 0 + o(1). _ (A2.2)
Lemma If TE(B) = Ui(B)U;(B) for (i, j) € Sy and TF; = 0 otherwise, then equation (A2.1) holds for
Design g or g’. (Note that T* = 3C,(8)/n.)
Proof 1t is sufficient to show that if (i, j) & S; then
cov[U;(B), Ui(B)| Hy(t;)] = 0 under Design g or g’.
To show this for the case g = C, we calculate that under Design C or C’, for k € R@),

Pr{Nu(t) # Ni(t )| Fo(t), N(t) #N(t )} = 5 ,:;:f,()tl)’t ({g’;({t)gfzt}) ik (A2.3)

where, for g = C,

Fe(t)=[{N:(u), Yi(w), Z:(w), 0 < u<t, i€ K(t)}, R(t), A(t, u), Ac(u, 1) =0,0< u<t]. (A2.4)
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Here R(z) i is, as previously, the set con51st1ng of the case failing at ¢, and all controls selected at ¢;
A(t, u) = R(t) U R(u); K(¢) is the union of the R(u) for all u < t; and Ac(u, t) = 1 if the case
failing at ¢ has been selected as a control at u, and is O otherwise. Now, by the argument given
in Prentice (1986a, bottom of p. 304), it follows from equation (A2.3) that if Ac(s;, ;) = 0, £; < ¢,
‘then

cov{Ui(B), Ui(B)| Fy(t;), N(t;) # N(t;7)} = 0. (A2.5)

But Ac(t;, ) =0 (i,j) & Sc.

Forg = B we use the fact that under Design B or B’, equation (A2.3) holds when we define Fy(¢)
by equation (A2.4) except that we (1) replace all C’s by B’s and (2) define Ag(u, t) = 1 if the case
failing at ¢ has been selected as a control at # and was at risk at u, and Ag(u, ¢) = 0 otherwise.
Equation (A2.1) again follows since Ag(;, ;) = 0 < (i, j) & Ss.

Thus it only remains to show

lim n var[3C,(8)/n]

=1im[ y WlUBGON,2 5 covuis)u ) Ukw)U,(ﬁ)]]

n—o | @j)es, "(u)(k!)es
GHAWD®

=0(1). . (A2.6)

To show that equation (A2.6) holds it is sufficient to show that each of the two terms in the sum
is O(1). Since var[U;(B)U;(B) | Hy(t;)] is O(1), the first term in the sum will be O(1) if the number of
elements (ordered pairs) in S, is O(n). For Designs C, C’, B, and B’, it immediately follows that the
number of elements in S; is O(n) since the number of elements in S; is less than the number of
failures.

We have been unable to characterize regularity conditions under which the second term in the
sum in equation (A2.6) will be O(1), although we expect the conditions will be fairly mild. Hence,
simply assume that the regularity conditions necessary for this term to be O(1) hold.

Consistency of Prentice covariance estimators under Designs B, B’, C’ It follows from the above
discussion that we would expect C,(8)/x to also be consistent for E[C,(8)/n] under Design g or g’,
g € (B, C), provided, for ; < ¢,

Efv;i| Hy(4))] = cov[Ui(B), Uj(B)| Hy(1;)] for (i, j) € ;. (A2.7)

Now with g = B, equation (A2.3) holds under Designs B and B’, with Ag(u, t) = 1 substituted for
Ag(u, t) = 0 in the previous definition of Fy(t). But if As(#;, ;) = 1 (i.e., (i, j) € Sg), then the con-
trols at #; include exactly one member of the set R(;). In fact,

R(t) = Ay, t) — R@) + {k}
with probability proportional to (A2.3) for k € R(t;). Therefore,
cov[U;(B), Ui(B)| Fy(t), N(4;) # N(t; )] = vy, (A2.3)

which implies that equation (A2.7) holds (Prentice, 1986a).

Under Design C’, equation (A2.3) holds when we replace Ac(u, t) = 0 with Ac(u, t) = 1 in the
definition of Fc(¢). Thus, equation (A2.8) and, therefore, equation (A2.7) hold under Design C’ with

=C.

On the other hand, under Design C, equation (A2.3), with Ac(, t) = 1 replacing Ac(u, 1) = 0 in
the definition of F(¢ ), does not hold. To see why, suppose Ac(u, t) = 1, four of the six members of
R(t) were at risk at u, R(u) contains, by design, six subjects, and A(t, u) R(t) contained only five
subjects. Therefore, the case failing at # (who was a control at ) must have been at risk at u (in order
that R (1) contain six members) Therefore, the two members of R(¢) who were not at risk at « cannot
have been the case at ¢ given the information in Fc(z). Therefore, equation (A2.3), and thus (A2.8),
would not hold. Thus, we are unable to prove that equation (A2 7) holds.

Note the fact that we are unable to prove that C,(8)/n is consistent under Design C does
not prove that Ci(8)/n is inconsistent. In fact, our simulation results suggest that it may be
consistent.

Covariances under Designs D and D’ In this subection, we show that cov[U;(8), U;(8)] can be
nonzero under Design D’ or D. Nonetheless, we conjecture, but have been unable to prove that, as
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suggested by our simulation study, the nonzero cov[U;(8), U;(B)] are asymptotically negligible under
a limiting model in which the number of subjects in each stratum increases without bound.

To show that cov[U:(B), U;(8)] need not be zero, define the event Fp(¢) to be the intersection of
the event F(¢) as defined in equation (A2.4) with the event S(¢) where S(¢) = {s(¢, u), 0 < u < t}
and s(¢, u) is the number of “at-risk” controls selected at  who were selected as controls at z. Under
Design D or D’, we calculate that equation (A2.3) still holds provided s(¢, u) = 0 and thus
cov[Ui(B), U;(B)] = 0 if s(z, ;) = 0.

Next suppose s(¢;, £;) # 0. Redefine Fi(¢) as the intersection of Fc(¢) with S(¢) except that, in the
definition of Fc(¢), we replace Ac(u, t) = 0 by Ac(u, t). Then, under Design D’, for any time u < ¢
and for k € R(¢),

Pr{Ni(t) # Ni(17), IS(t, u, k) = {ai, az, .. ., s} | Fo(1), N(t) # N(7)]

_ [ Yit)r (X)) ] <m - 1)*'
 [Siero Yirixi@)8y) \st w))

where conditional on subject k being the case, IS(¢, u, k) is a list of s(¢, u) members of R(t;) — {k}

who were the controls at u, m is the number of subjects in R(¢), and ( ‘,‘,) = al/[b!(a — b)!]. It then

follows that when Ac(t;, ;) =0, 4, < t;,

cov[Ui(B), Ui(B)| Fo(4), N(;) # N(4;7)]

y ()
=<m_l> ) rk,»R;'(ck,»—ﬁjRIW[ P [C"“MHE”’“ *?

s(t;, ) kER(Y) I8(t;, 11, k)=1 2t

where [ € A(y, t;) — R(tj) + IS(#, t;, k) and we have arbitrarily numbered the sets IS(y;, t;, k)
from 1 to (7). If Ac(t, £;) = 1, equation (A2.9) is unchanged except that [ € Ay, 1;) — R(t;) +

(1)
IS(tjy tia k) + {k} :
Using equation (A2.9), it is easy to construct a simple example to show that unconditionally
cov[Ui(B), U;(B)] need not equal O if s(z;, ;) # 0.




