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Frpphqw rq Mxghd Shduo*v Sdshu/

�Fdxvdo Gldjudpv iru Hpslulfdo Uhvhdufk�

Mdphv P1 Urelqv

Ghsduwphqwv ri Hslghplrorj| dqg Elrvwdwlvwlfv

Kduydug Vfkrro ri Sxeolf Khdowk

Ervwrq/ PD 35448 XVD

L zlvk wr wkdqn wkh hglwru/ Sklo Gdzlg/ iru klv lqylwdwlrq wr glvfxvv Mxghd
Shduo*v vhplqdo sdshu1 Surihvvru Shduo fduulhg rxw wzr wdvnv1 Lq wkh �uvw/ lq Vhf1
5/ xvlqj vrph uhvxowv ri Vsluwhv hw do1 +4<<6,/ kh vkrzhg wkdw d qrq0sdudphwulf
vwuxfwxudo htxdwlrqv prgho ghslfwhg dv GDJ C lpsolhv wkh fdxvdo h�hfw ri dq|
vxevhw f � C rq t � C lv d ixqfwlrqdo ri +l, wkh glvwulexwlrq ixqfwlrq �C
ri wkh yduldeohv lq C dqg +ll, wkh sduwldo rughulqj ri wkhvh yduldeohv lqgxfhg e|
wkh gluhfwhg judsk1 Wklv ixqfwlrqdo lv wkh j0frpsxwdwlrq dojrulwkp ixqfwlrqdo/
khuhdiwhu j0ixqfwlrqdo/ ri Urelqv +4<;9/ s1 756,1 Lq wkh vhfrqg/ lq Vhfv1 60
8/ rqo| d vxevhw ri wkh yduldeohv lq C lv revhuyhg1 Jlyhq nqrzq frqglwlrqdo
lqghshqghqfh uhvwulfwlrqv rq �C hqfrghg dv plvvlqj duurzv rq C/ Shduo ghyhorshg
hohjdqw judsklfdo lqihuhqfh uxohv iru ghwhuplqlqj lghqwl�delolw| ri wkh j0ixqfwlrqdo
iurp wkh odz ri wkh revhuyhg vxevhw1 Wdvn 5 uhtxluhv qr uhihuhqfh wr vwuxfwxudo
prghov ru wr fdxvdolw|1 D srwhqwldo sureohp zlwk Shduo*v irupxodwlrq lv wkdw klv
vwuxfwxudo prgho xqvxlwdeo| lpsolhv wkdw doo yduldeohv lqC/ lqfoxglqj frqfrplwdqwv
olnh djh ru jhqghu/ duh srwhqwldoo| pdqlsxodeoh1 Lq Vhfwlrq 414 ehorz/ L ghvfuleh d
ohvv uhvwulfwlyh prgho wkdw dyrlgv wklv sureohp exw/ zkhq wuxh/ vwloo lpsolhv wkdw
wkh j0ixqfwlrqdo htxdov wkh h�hfw ri wkh wuhdwphqwv f ri lqwhuhvw rq t 1 Wklv
fulwltxh ri Shduo*v vwuxfwxudo prgho lv xqfrqqhfwhg zlwk klv judsklfdo lqihuhqfh
uxohv/ zklfk zhuh klv pdlq irfxv dqg duh uhpdundeoh dqg sdwk0euhdnlqj/ jrlqj idu
eh|rqg p| rzq dqg rwkhuv* uhvxowv +Urelqv/ 4<;9/ Vhf1 ; dqg Dsshqgl{ I,1

41 Wdvn 4

Lq Urelqv +4<;9/ 4<;:,/ L sursrvhg d vhw ri frxqwhuidfwxdo fdxvdo prghov edvhg
rq hyhqw wuhhv/ fdoohg fdxvdoo| lqwhusuhwhg vwuxfwxuhg wuhh judskv/ khuhdiwhu fdxvdo



judskv/ wkdw lqfoxghv Shduo*v qrq0sdudphwulf vwuxfwxudo htxdwlrqv prgho dv d vsh0
fldo fdvh1 Wkhvh prghov h{whqghg Uxelq*v +4<:;, �wlph0lqghshqghqw wuhdwphqw�
prgho wr vwxglhv zlwk gluhfw dqg lqgluhfw h�hfwv dqg wlph0ydu|lqj wuhdwphqwv/
frqfrplwdqwv/ dqg rxwfrphv1 Lq wklv Vhfwlrq/ L ghvfuleh vrph ri wkhvh prghov1

4141 D Fdxvdo Prgho

Ohw T� ' iT��c � � � c T��j ghqrwh d vhw ri whpsrudoo|0rughuhg glvfuhwh udqgrp ydul0
deohv revhuyhg rq wkh �|� vwxg| vxemhfw/ � ' �c � � � c ?1 Ohw f� ' if��c � � � c fg�j �
T� eh whpsrudoo|0rughuhg/ srwhqwldoo| pdqlsxodeoh/ wuhdwphqw yduldeohv ri lqwhuhvw1
Wkh h�hfw rif� rq d rxwfrph t� � T�qf� lv gh�qhg wr eh Ro it� E%� ' +j zkhuh wkh
frxqwhuidfwxdo udqgrp yduldeoh t� E%� ghqrwhv d vxemhfw*v t ydoxh kdg doo ? vxe0
mhfwv iroorzhg wkh jhqhudol}hg wuhdwphqw uhjlph } ' % � i%�c � � � c %gj1 Lq Urelqv

+4<;9,/ L zurwh Ro it� E%� ' +j dv Ro E+ m } ' %�1 Shduo vxevwlwxwhv Ro
�
+ m

j

%
�
1 Zh

uhjdug wkh iT�c t� E%� (% 5 vxssruw ri f�j c � ' �c � � � c ?/ dv lqghshqghqw dqg lghq0
wlfdoo| glvwulexwhg frslhv ri udqgrp yduldeohv iTc t E%� (% 5 vxssruw ri fj dqg
khqfhiruwk vxssuhvv wkh � vxevfulsw1

Wklv irupdo vhw0xs fdq dffrpprgdwh d vxshusrsxodwlrq prgho zlwk ghwhuplq0
lvwlf rxwfrphv dqg frxqwhuidfwxdov dv lq Uxelq +4<:;,= Vxssrvh zh uhjdug wkh ?
vwxg| vxemhfwv dv udqgrpo| vdpsohg zlwkrxw uhsodfhphqw iurp d odujh vxshusrs0
xodwlrq ri � vxemhfwv/ dqg rxu lqwhuhvw lv lq wkh fdxvdo h�hfw ri f rq t lq wkh
vxshusrsxodwlrq1 Wkhq/ hyhq li iru hdfk vxshusrsxodwlrq phpehu/ T dqg t E%�
duh ghwhuplqlvwlf qrq0udqgrp txdqwlwlhv/ qrqhwkhohvv/ lq wkh olplw dv � $ 4 dqg
?*� $ f/ zh fdq prgho wkh gdwd rq wkh ? vwxg| vxemhfwv dv lqghshqghqw dqg
lghqwlfdoo| glvwulexwhg gudzv iurp wkh hpslulfdo glvwulexwlrq ri wkh vxshusrsxod0
wlrq1

Zh qrz vkrz wkdw Ro E+ m } ' %� lv lghqwl�hg iurp wkh odz ri T li hdfk frp0
srqhqw f& ri f lv dvvljqhg dw udqgrp jlyhq wkh sdvw1 Ohw u& eh wkh yduldeohv
rffxuulqj ehwzhhq f&3� dqg f&/ zlwk u� ehlqj wkh yduldeohv suhfhglqj f�1 Zulwh
u& ' Eu�c � � � c u&�/ u ' ug / dqg f& ' Ef�c � � � c f&�1 Iru qrwdwlrqdo frqyhqlhqfh/
gh�qh ffc ufc dqg T f wr eh yduldeohv wkdw duh lghqwlfdoo| f1 Lq frqvlghulqj wdvn
4 lq Urelqv +4<;:/ Wkhruhp DG14 dqg lwv fruroodu|,/ L suryhg wkh iroorzlqj1

Wkhruhp= Li/ lq Gdzlg*v +4<:<, frqglwlrqdo lqghshqghqfh qrwdwlrq/ iru doo &c %/

t E%�
d

f& m u&c f&3� ' %&3� +414,

f ' % , t E%� ' t +415,
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Ro E+ m %c ��� Ro E��� +Urvhqedxp dqg Uxelq/ 4<;6,1

Dv lq Urelqv +4<;:/ s165:,/ L vkdoo uhihu wr T dv d - Etc } ' %� fdxvdo judsk
zkhqhyhu Htv1 +414,0+415, krog/ zkhuh - Etc } ' %� vwdqgv iru �udqgrpl}hg zlwk
uhvshfw wr t iru wuhdwphqw } ' % jlyhq fryduldwhv u1� Lq Urelqv hw do1 +4<<5,/ Ht1
E���� lv fdoohg wkh dvvxpswlrq ri qr xqphdvxuhg frqirxqghuv jlyhq u1 Xqghu wkh
diruhphqwlrqhg vxshusrsxodwlrq prgho/ Ht1 +414, zloo krog/ dv � $ 4/ lq d wuxh
vhtxhqwldo udqgrpl}hg wuldo zlwk f udqgrpl}hg dqg f&0vshfl�f udqgrpl}dwlrq
suredelolwlhv wkdw ghshqg rqo| rq wkh sdvw

�
u&c f&3�

�
1 Lq revhuydwlrqdo vwxglhv/

+414, lv xqwhvwdeoh> lqyhvwljdwruv fdq dw ehvw krsh wr lghqwli| fryduldwhv u vr wkdw
+414, lv dssur{lpdwho| wuxh1 Ht1 +415, lv Uxelq*v +4<:;, vwdeoh xqlw wuhdwphqw ydoxh
dvvxpswlrq1 Lw vd|v t dqg t E%� duh htxdo iru vxemhfwv zlwk f ' %/ luuhvshfwlyh
ri rwkhu vxemhfwv* f ydoxhv1 Lq Urelqv +4<<6,/ L vkrz wkdw

� E+ m } ' %� ' .
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zkrvh ghqrplqdwru fodul�hv wkh qhhg iru +416,1 Vhh dovr Urvhqedxp dqg Uxelq
+4<;6,1

4151 Uhodwlrqvkls zlwk Shduo*v Zrun

Vxssrvh zh uhsuhvhqw rxu rughuhg yduldeohv T ' iT�c � � � c T�j e| d GDJ C wkdw
kdv qr plvvlqj duurzv/ vr wkdw T 63� � ET�c � � � c T63�� duh T6*v sduhqwv1 Wkhq
Shduo*v qrq0sdudphwulf vwuxfwxudo htxdwlrq prgho ehfrphv

T6 ' s6
�
T 63�c "6

�
c s6 E�c �� xquhvwulfwhg/ 6 ' �c � � � c� +418,

dqg
"6c � � 6 � � / duh mrlqwo| lqghshqghqw +419,
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Shduo*v dvvxpswlrq ri plvvlqj duurzv rq C lv +l, pruh uhvwulfwlyh wkdq +418, dqg
+ll, rqo| uhohydqw zkhq idfhg zlwk xqrevhuyhg yduldeohv dv lq wdvn 51 Zh qrz
hvwdeolvk wkh htxlydohqfh ehwzhhq prgho +418,0+419, dqg d sduwlfxodu fdxvdo judsk/
wkh �qhvw ixoo| udqgrpl}hg fdxvdo judsk1 Iru dq| f � Tc % 5 vxssruw f/ ohw
wkh frxqwhuidfwxdo udqgrp yduldeoh T6 E%� ghqrwh wkh ydoxh ri T6 kdg f ehhq
pdqlsxodwhg wr %1

Gh�qlwlrqv 0 Urelqv +4<;9/ ss1 474<04756,=+d,= T lv d �qhvw fdxvdo judsk
li +l, doo rqh0vwhs dkhdg frxqwhuidfwxdov T6 E�63�� h{lvw dqg +ll, T dqg wkh
frxqwhuidfwxdov T6 E%� iru dq|f � T duh rewdlqhg e| uhfxuvlyh vxevwlwxwlrq
iurp wkh T6 E�63��> h1j1/ T� � T� iT�c T2 ET��j dqg T� E��� ' T� i��c T2 E���j1
+e,= D �qhvw fdxvdo judsk T lv d �qhvw ixoo| udqgrpl}hg fdxvdo judsk li iru
doo 6/q

T6n�
�
T 63�c �6

�
c � � � c T�

�
T 63�c �6c � � � c ��3�

�rd
T6 m T 63� +41:,

Iru T wr eh d �qhvw fdxvdo judsk/ doo yduldeohv T6 5 T pxvw eh pdqlsxodeoh1
Ht1 +41:, hvvhqwldoo| vd|v wkdw hdfk T6 zdv dvvljqhg dw udqgrp jlyhq wkh sdvw
T 63�1 Lq sduwlfxodu/ Ht1 +41:, zrxog krog lq d wuxh vhtxhqwldo udqgrpl}hg wuldo
lq zklfk doo yduldeohv lq T / qrw mxvw wkh wuhdwphqwv f ri lqwhuhvw/ duh udqgrpo|
dvvljqhg jlyhq wkh sdvw1

Ohppd 4= +l, Ht1 +418, lv htxlydohqw wr T ehlqj d �qhvw fdxvdo judsk/ dqg
+ll, Htv1 +418, dqg +419, duh mrlqwo| htxlydohqw wr T ehlqj d �qhvw ixoo|
udqgrpl}hg fdxvdo judsk1

Surri ri Ohppd +4l,= Li +418, krogv/ gh�qh T6 E�63�� wr eh s6 E�63�c "6�1 Frq0

yhuvho|/ jlyhq T6 E�63��/ gh�qh "6 '
q
T6 E�63�� ( �63� 5 vxssruw ri T 63�

r
dqg vhw s6 E�63�c "6� ' T6 E�63��1 Ohppd +4ll, iroorzv e| vrph suredelolw|
fdofxodwlrqv1

�T d �qhvw ixoo| udqgrpl}hg fdxvdo judsk� lpsolhv wkdw T lv d - Etc } ' %�
fdxvdo judsk/ dqg wkxv/ jlyhq +416,/ wkdw Ro E+ m } ' %� ' � E+ m } ' %�1 Wkh frq0
yhuvh lv idovh1 Iru h{dpsoh/ �T d - Etc } ' %� fdxvdo judsk� rqo| uhtxluhv wkdw
wkh wuhdwphqwv f ri lqwhuhvw pxvw eh pdqlsxodeoh1
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51 Wdvn 5=

Jlyhq +414,0+416,/ wr rewdlq Ro E+ m } ' %�/ zh pxvw frpsxwh � E+ m } ' %�1 Krz0
hyhu/ gdwd riwhq fdqqrw eh froohfwhg rq d vxevhw ri wkh fryduldwhv u � T eh0
olhyhg vx!flhqw wr pdnh +414, dssur{lpdwho| wuxh1 Jlyhq d vhw ri fruuhfw frq0
glwlrqdo lqghshqghqfh uhvwulfwlrqv rq wkh odz ri T / hqfrghg dv plvvlqj duurzv
rq d GDJ C ryhu T / Shduo surylghv judsklfdo lqihuhqfh uxohv iru ghwhuplqlqj
zkhwkhu � E+ m } ' %� lv lghqwl�hg iurp wkh revhuyhg gdwd1 Shduo*v judsklfdo lq0
ihuhqfh uxohv duh fruuhfw zlwkrxw uhihuhqfh wr frxqwhuidfwxdov ru fdxvdolw| zkhq

zh gh�qh Ro
�
+ m

j

%c
j

5c �
�

wr eh � i+c� m } ' E%c 5�j *� i� m } ' E%c 5�j1 Xqiruwx0

qdwho|/ vlqfh fryduldwhv duh plvvlqj/ dq lqyhvwljdwru pxvw uho| rq riwhq vkdn|
vxemhfw pdwwhu eholhiv wr jxlgh olqn0ghohwlrqv1 Shduo dqg Yhupd +4<<4, dsshdu wr
dujxh/ dowkrxjk L zrxog qrw ixoo| djuhh/ wkdw eholhiv derxw fdxvdo dvvrfldwlrqv duh
txlwh jhqhudoo| vkdushu dqg pruh dffxudwh wkdq wkrvh derxw qrq0fdxvdo dvvrfld0
wlrqv1 Li wkh| duh fruuhfw/ lw zrxog eh dgydqwdjhrxv wr kdyh doo srwhqwldo olqnv
rq C uhsuhvhqw gluhfw fdxvdo h�hfwv/ zklfk zloo eh wkh fdvh rqo| li T lv d �qhvw
ixoo| udqgrpl}hg fdxvdo judsk dqg zrxog mxvwli| Shduo*v irfxv rq qrq0sdudphwulf
vwuxfwxudo htxdwlrq prghov1

Eleolrjudsk|
Gdzlg/ D1S1 +4<:<,1 Frqglwlrqdo lqghshqghqfh lq vwdwlvwlfdo wkhru|1 Mrxuqdo

ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv D 74/ 40641
Shduo/ M1 ) Yhupd/ W1 +4<<4,1 D wkhru| ri lqihuuhg fdxvdwlrq1 Lq Sulqflsohv

ri Nqrzohgjh Uhsuhvhqwdwlrq dqg Uhdvrqlqj= Surfhhglqjv ri wkh 5qg Lqwhuqdwlrqdo

Frqihuhqfh1 Hgv1 M1D1 Doohq/ U1 Ilnhv dqg H1 Vdqghzdoo/ ss1 77407851 Vdq Pdwhr/
FD= Prujdq Ndxipdqq1

Urelqv/ M1P1 +4<;9,1 D qhz dssurdfk wr fdxvdo lqihuhqfh lq pruwdolw| vwxglhv
zlwk vxvwdlqhg h{srvxuh shulrgv � dssolfdwlrq wr frqwuro ri wkh khdowk| zrunhu
vxuylyru h�hfw1 Pdwkhpdwlfdo Prghoolqj :/ 46<6048451

Urelqv/ M1P1 +4<;:,1 Dgghqgxp wr �D qhz dssurdfk wr fdxvdo lqihuhqfh lq
pruwdolw| vwxglhv zlwk vxvwdlqhg h{srvxuh shulrgv � dssolfdwlrq wr frqwuro ri wkh
khdowk| zrunhu vxuylyru h�hfw1� Frpsxwhuv dqg Pdwkhpdwlfv zlwk Dssolfdwlrqv/

47/ <560<781
Urelqv/ M1P1/ Eohylqv/ G1/ Ulwwhu/ J1 dqg Zxoivrkq/ P1 +4<<5,1 J0hvwlpdwlrq

ri wkh h�hfw ri sursk|od{lv wkhuds| iru sqhxprf|vwlf fdulqll sqhxprqld rq wkh
vxuylydo ri DLGV sdwlhqwv1 Hslghplrorj| 6/ 64<06691

Urelqv/ M1P1 +4<<6,1 Dqdo|wlf phwkrgv iru hvwlpdwlqj KLY wuhdwphqw dqg
fridfwru h�hfwv1 Lq Phwkrgrorjlfdo Lvvxhv ri DLGV Phqwdo Khdowk Uhvhdufk1 Hgv1
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G1J1 Rvwurz ) U1 Nhvvohu/ ss1 54605<31 Qhz \run/ Q\= Sohqxp Sxeolvklqj1
Urvhqedxp/ S1 ) Uxelq/ G1 +4<;6,1 Wkh fhqwudo uroh ri surshqvlw| vfruh lq

revhuydwlrqdo vwxglhv iru fdxvdo h�hfwv1 Elrphwulnd :3/ 740881
Uxelq/ G1E1 +4<:;,1 Ed|hvldq lqihuhqfh iru fdxvdo h�hfwv= Wkh uroh ri udqgrp0

l}dwlrq1 Dqqdov ri Vwdwlvwlfv :/ 6708;1
Vsluwhv/ S1/ Jo|prxu/ F1/ ) Vfklhqhv/ U1 +4<<6,1 Fdxvdwlrq/ Suhglfwlrq/ dqg

Vhdufk1 Qhz \run/ Q\= Vsulqjhu0Yhuodj1
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