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Devwudfw= Urelqv +4<<6/ 4<<7/ 4<<:/ 4<<;de, kdv ghyhorshg d vhw ri fdxvdo ru frxqwhuidfwxdo prghov/
wkh vwuxfwxudo qhvwhg prghov +VQPv,1 Wklv sdshu ghvfulehv dq dowhuqdwlyh qhz fodvv ri fdxvdo prghov0
wkh +qrq0qhvwhg, pdujlqdo vwuxfwxudo prghov +PVPv,1 Zh zloo wkhq ghvfuleh d fodvv ri vhplsdudphwulf
hvwlpdwruv iru wkh sdudphwhuv ri wkhvh qhz prghov xqghu d vhtxhqwldo udqgrpl}dwlrq +l1h1/ ljqrudelo0
lw|, dvvxpswlrq1 Zh wkhq frpsduh wkh vwuhqjwkv dqg zhdnqhvvhv ri PVPv yhuvxv VQPv iru fdxvdo
lqihuhqfh iurp frpsoh{ orqjlwxglqdo gdwd zlwk wlph0ghshqghqw wuhdwphqwv dqg frqirxqghuv1 Rxu
uhvxowv surylgh dq h{whqvlrq wr frqwlqxrxv wuhdwphqwv ri surshqvlw| vfruh hvwlpdwruv ri dq dyhudjh
wuhdwphqw h�hfw1

4 Lqwurgxfwlrq

Urelqv +4<<6/ 4<<7/ 4<<:/ 4<<;de, kdv ghyhorshg d vhw ri fdxvdo ru frxqwhuidfwxdo prghov/ wkh vwuxfwxudo

qhvwhg prghov +VQPv,1 Urelqv +4<<;defg, kdv uhfhqwo| ghvfulehg dq dowhuqdwlyh qhz fodvv ri fdxvdo

prghov � wkh +qrq0qhvwhg, pdujlqdo vwuxfwxudo prghov +PVPv,1 Zh ghvfuleh d fodvv ri vhplsdudphwulf

hvwlpdwruv iru wkh sdudphwhuv ri wkhvh qhz prghov xqghu d vhtxhqwldo udqgrpl}dwlrq +l1h1/ ljqrudelolw|,

dvvxpswlrq1 Zh wkhq frpsduh wkh vwuhqjwkv dqg zhdnqhvvhv ri PVPv yhuvxv VQPv iru fdxvdo lqihuhqfh

iurp frpsoh{ orqjlwxglqdo gdwd zlwk wlph0ghshqghqw wuhdwphqwv dqg frqirxqghuv1 Wzr pdmru vwuhqjwkv

ri PVPv frpsduhg wr VQPv duh dv iroorzv1

� PVPv fdq eh xvhg wr surylgh vhplsdudphwulf hvwlpdwhv ri wkh fdxvdo h�hfw ri d wlph0ghshqghqw

wuhdwphqw rq d elqdu| rxwfrph xvlqj prghov +h1j1 orjlvwlf prghov, zklfk qdwxudoo| uhvshfw wkh idfw

wkdw suredelolwlhv olh lq wkh lqwhuydo ^3> 4`1

� PVPv frkhuh pxfk pruh forvho| wkdq gr VQPv zlwk prghov iru wkh dqdo|vlv ri wlph0ghshqghqw

wuhdwphqwv wkdw duh vwdqgdugo| xvhg lq wkh devhqfh ri wlph0ghshqghqw frqirxqghuv1 Iru h{dpsoh/

lq wkh devhqfh ri wlph0ghshqghqw frqirxqghuv/ d wlph0ghshqghqw Fr{ sursruwlrqdo kd}dugv prgho

iru wkh h�hfw ri wlph0ghshqghqw wuhdwphqw rq d wlph0wr0hyhqw +vxuylydo wlph, rxwfrph lv frpprqo|

hpsor|hg1 Wkh PVPv surylgh d qdwxudo h{whqvlrq ri wkh wlph0ghshqghqw sursruwlrqdo kd}dugv

prgho1 Xqolnh wkh xvxdo wlph0ghshqghqw Fr{ prgho/ wkh pdujlqdo vwuxfwxudo wlph0ghshqghqw Fr{

prgho fdq eh xvhg wr rewdlq ydolg fdxvdo lqihuhqfhv iru wkh h�hfw ri d wlph0ydu|lqj wuhdwphqw lq wkh

suhvhqfh ri wlph0ydu|lqj frqirxqglqj idfwruv1 ^Zh uhplqg wkh uhdghu wkdw/ dv glvfxvvhg lq Urelqv

+4<;9,/ rqh fdqqrw hvwlpdwh wkh h�hfw ri d wlph0ghshqghqw wuhdwphqw rq vxuylydo lq wkh suhvhqfh ri

wlph0ghshqghqw frqirxqglqj idfwruv e| xvlqj dq ruglqdu| wlph0ghshqghqw Fr{ prgho wkdw dgmxvwv

iru wkh wlph0ghshqghqw frqirxqglqj idfwruv vlqfh/ lq jhqhudo/ wkhvh wlph0ghshqghqw frqirxqglqj

idfwruv zloo eh erwk ghwhuplqdqwv ri odwhu wuhdwphqw dqg d�hfwhg e| hduolhu wuhdwphqw1 Pdujlqdo

vwuxfwxudo Fr{ prghov ryhufrph wklv gh�flhqf|1` Glvdgydqwdjhv ri PVPv duh glvfxvvhg odwhu1 Wkh

uhodwlrqvkls ri rxu dssurdfk wr wkh surshqvlw| vfruh dssurdfk ri Urvhqedxp dqg Uxelq +4<;6, lv

frqvlghuhg lq Vhfwlrq 7141
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Zh qrz jlyh d vrphzkdw lqirupdo lqwurgxfwlrq wr pdujlqdo vwuxfwxudo prghov/ dqg zh uhsruw wkh

uhvxowv ri d suholplqdu| gdwd dqdo|vlv ri DLGV Folqlfdo Wuldo Jurxs +DFWJ, Wuldo 335 xvlqj PVPv1 Zh

ehjlq zlwk wkh iroorzlqj vlpsoh vhwwlqj1 Frqvlghu d vwxg| ri DLGV sdwlhqwv1 Ohw D +w, eh wkh grvh ri

d wuhdwphqw ri lqwhuhvw/ vd| D]W/ dw wlph w zlwk wlph phdvxuhg dv gd|v vlqfh vwduw ri iroorz0xs1 Ohw

\ eh dq rxwfrph ri lqwhuhvw phdvxuhg dw hqg0ri0iroorz0xs dw wlph N . 41 Rxu jrdo lv wr hvwlpdwh wkh

fdxvdo h�hfw ri wkh wlph0ghshqghqw wuhdwphqw D +w, rq wkh phdq ri \ 1 Ohw D +w, @ iD +x, > 3 � x � wj

eh wuhdwphqw klvwru| wkurxjk w dqg ohw O +w, @ iO +x, > 3 � x � wj eh wkh klvwru| wkurxjk w ri d yhfwru ri

uhohydqw surjqrvwlf idfwruv O +x, iru +l1h1/ suhglfwruv ri, \ / vxfk dv FG7 o|pskrf|wh frxqw/ zklwh eorrg

frxqw +ZEF,/ khpdwrfulw/ djh/ jhqghu/ hwf1 Vxssrvh \ lv d glfkrwrprxv rxwfrph +h1j1/ \ @ 4 li KLY

UQD lv ghwhfwdeoh lq wkh eorrg dqg }hur rwkhuzlvh,/ dqg zh hqwhuwdlq d prgho wkdw vd|v wkh phdq ri \

jlyhq D]W klvwru|/ D � D +N . 4,/ lv d olqhdu orjlvwlf ixqfwlrq ri d vxemhfw*v fxpxodwlyh D]W grvh1 Zh

zulwh wkh prgho
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D +w,gw lv wkh vxemhfw*v fxpxodwlyh wuhdwphqw1 Wkh pd{lpxp olnholkrrg hvwlpdwru

+POH, ri � fdq wkhq eh frpsxwhg iurp wkh revhuyhg gdwd Rl @
�
Ol> Dl> \l

�
> l @ 4> = = = > q/ rq wkh q

vwxg| vxemhfwv xvlqj vwdqgdug orjlvwlf uhjuhvvlrq vriwzduh zlwk \ dv wkh Ehuqrxool rxwfrph yduldeoh dqg

fxp
�
D
�
dv wkh uhjuhvvru1 Wkdw lv/ wkh POH ri � @ +�4> �5,

3
pd{lpl}hv
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Olnl +�, zlwk Olnl +�, @
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ehlqj wkh olnholkrrg frqwulexwlrq iru d vlqjoh vxemhfw1 ^Qrwh Olnl +�, grhv

qrw ghshqg rq wkh sdwlhqw*v surjqrvwlf idfwru klvwru| Ol � Ol +N . 4,1` Dowhuqdwlyho|/ zh frxog kdyh xvhg

Ed|hvldq phwkrgv e| vshfli|lqj d sulru glvwulexwlrq iru � dqg wkhq hvwlpdwlqj � e| lwv srvwhulru phdq

jlyhq wkh gdwd1 Lq uhdvrqdeoh odujh vdpsohv/ wkh POH dqg Ed|hv hvwlpdwh zloo forvho| dssur{lpdwh rqh

dqrwkhu1

Fdxvdo Lqwhusuhwdwlrq ri Uhjuhvvlrq Sdudphwhuv= Wkh txhvwlrq wkhq lv zkhq grhv

�5 kdyh dq lqwhusuhwdwlrq dv wkh fdxvdo h�hfw ri wuhdwphqw klvwru| rq wkh phdq ri \ B Wr dssurdfk wklv

txhvwlrq/ lpdjlqh wkdw wkh ghflvlrq wr dgplqlvwhu wuhdwphqw dw hdfk wlph w zhuh pdgh wrwdoo| dw udqgrp

e| wkh wuhdwlqj sk|vlfldq1 Lq wkdw k|srwkhwlfdo fdvh/ jlylqj wuhdwphqw dw wlph w lv qrw h{shfwhg wr eh

dvvrfldwhg zlwk dq| phdvxuhg ru xqphdvxuhg surjqrvwlf idfwruv +l1h1/ wkhuh zrxog eh qr �frqirxqglqj�,

dqg wkhuhiruh �5 zrxog lqwxlwlyho| kdyh d fdxvdo lqwhusuhwdwlrq1 Vlploduo|/ �5 zrxog nhhs lwv fdxvdo lq0

whusuhwdwlrq li wkh sk|vlfldq*v ghflvlrq zhuh edvhg rqo| rq wkh klvwru| ri wuhdwphqw sulru wr w1 Zkhqhyhu

wkh frqglwlrqdo suredelolw| ri uhfhlylqj wuhdwphqw rq gd| w jlyhq sdvw wuhdwphqw dqg surjqrvwlf idfwruv

klvwru| +phdvxuhg dqg xqphdvxuhg, ghshqgv rqo| rq sdvw wuhdwphqw klvwru|/ zh vd| wkh surfhvv lv d

�fdxvdoo| h{rjhqrxv ru dqfloodu| wuhdwphqw surfhvv�1 +D pruh irupdo pdwkhpdwlfdo gh�qlwlrq lv surylghg

ehorz1, Lw lv zhoo0uhfrjql}hg lq wkh vrfldo vflhqfhv/ hfrqrphwulfv/ hslghplrorjlf/ dqg elrvwdwlvwlfdo olwhu0

dwxuh wkdw �5 zloo kdyh d fdxvdo lqwhusuhwdwlrq li D +w, lv d fdxvdoo| h{rjhqrxv +ru dqfloodu|, fryduldwh

surfhvv1 Udqgrpl}hg wuhdwphqwv olnh wkh rqh ghvfulehg deryh duh fdxvdoo| h{rjhqrxv wuhdwphqwv1

Zh vd| wkdw d wuhdwphqw D +w, lv d �vwdwlvwlfdoo| h{rjhqrxv ru dqfloodu| surfhvv� li wkh suredelolw|

ri uhfhlylqj wuhdwphqw dw wlph w grhv qrw ghshqg rq wkh klvwru| ri phdvxuhg wlph0ghshqghqw surjqrvwlf

idfwruv O +w, xs wr w frqglwlrqdo rq wuhdwphqw klvwru| sulru wr w/ l1h1/

O +w,
c
D +w, m D +w� 4, >

zkhuh D
d

E m F phdqv wkdw D lv lqghshqghqw ri E jlyhq F1
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Qrwh wkdw d qhfhvvdu| frqglwlrq iru D +w, wr eh �fdxvdoo| h{rjhqrxv� lv iru lw wr eh �vwdwlvwlfdoo| h{rjh0

qrxv1� Krzhyhu/ wkdw d surfhvv lv �vwdwlvwlfdoo| h{rjhqrxv� grhv qrw lpso| lw lv �fdxvdoo| h{rjhqrxv/�

ehfdxvh wkhuh pd| eh xqphdvxuhg surjqrvwlf idfwruv +l1h1/ frqirxqghuv, wkdw suhglfw wkh suredelolw| ri

wuhdwphqw D +w, dw wlph w jlyhq sdvw wuhdwphqw klvwru|1 Zh fdq whvw iurp wkh gdwd zkhwkhu D +w, lv vwdwlv0

wlfdoo| h{rjhqrxv exw duh xqdeoh wr whvw zkhwkhu d vwdwlvwlfdoo| h{rjhqrxv surfhvv lv fdxvdoo| h{rjhqrxv1

Vxssrvh D +w, lv glvfuhwh dqg zh fdq fruuhfwo| prgho wkh suredelolw|

i
�
d +w, m c +w, > d +w� 4,

�
ri uhfhlylqj wuhdwphqw d +w, rq gd| w dv d ixqfwlrq ri sdvw wuhdwphqw d +w� 4,

dqg phdvxuhg surjqrvwlf idfwru klvwru| c +w,1 Zh frxog wkhq phdvxuh wkh ghjuhh wr zklfk wkh wuhdwphqw

surfhvv lv vwdwlvwlfdoo| qrq0h{rjhqrxv wkurxjk gd| w e| wkh udqgrp txdqwlw|

Z +w, @
w\

n@3

i
�
D +n, m D +n � 4, > O +n,

�
@i
�
D +n, m D +n � 4,

�
1

Wkh qxphudwru lq hdfk whup lqZ+w, lv wkh suredelolw| wkdw d vxemhfw uhfhlyhg klv rzq revhuyhg wuhdwphqw

dw wlph n/ D+n,/ jlyhq klv sdvw wuhdwphqw dqg surjqrvwlf idfwru klvwru|1 Wkh ghqrplqdwru lv wkh suredelolw|

wkdw d vxemhfw uhfhlyhg klv revhuyhg wuhdwphqw frqglwlrqdo rq klv sdvw wuhdwphqw klvwru| exw qrw ixuwkhu

dgmxvwlqj iru klv sdvw surjqrvwlf idfwru klvwru|1 Qrwh wkdw wkh wuhdwphqw surfhvv lv vwdwlvwlfdoo| h{rjhqrxv

mxvw lq wkh fdvh wkdw Z+w, @ 4 iru doo w1 Ri frxuvh/ Z+w, lv xqnqrzq dqg zloo kdyh wr eh hvwlpdwhg iurp

wkh gdwd exw/ iru shgdjrjlf sxusrvhv/ dvvxph iru wkh prphqw wkdw lw zhuh nqrzq1

Zkhq D +w, lv d vwdwlvwlfdoo| hqgrjhqrxv surfhvv/ zh vkdoo frqvlghu hvwlpdwlqj � e| d zhljkwhg orjlvwlf

uhjuhvvlrq lq zklfk d vxemhfw lv jlyhq wkh zhljkw Z�4 � ^Z +N,`
�4
1 Wkh zhljkwhg orjlvwlf uhjuhvvlrq

hvwlpdwru pd{lpl}hv
qT
l@4

^Olnl +�,`
Z�4

l 1 Wklv zhljkwhg orjlvwlf uhjuhvvlrq zrxog djuhh zlwk wkh xvxdo

xqzhljkwhg dqdo|vlv ghvfulehg deryh mxvw lq wkh fdvh lq zklfk D +w, zhuh h{rjhqrxv1 Wkh vrphzkdw

vxusulvlqj uhvxow ghvfulehg lq ghwdlo ehorz lv wkdw/ li wkh yhfwru ri surjqrvwlf idfwruv uhfrughg lq O+w,

frqvwlwxwhv doo uhohydqw wlph0ghshqghqw surjqrvwlf idfwruv +l1h1/ frqirxqghuv,/ wkhq/ zkhwkhu ru qrw wkh

wuhdwphqw surfhvv lv vwdwlvwlfdoo| h{rjhqrxv/ wkh zhljkwhg orjlvwlf uhjuhvvlrq hvwlpdwru ri �5 zloo frqyhujh

wr d txdqwlw| �5 wkdw fdq eh dssursuldwho| lqwhusuhwhg dv wkh fdxvdo h�hfw ri wuhdwphqw klvwru| rq wkh

phdq ri \ 1 Lq frqwudvw/ zkhq D +w, lv vwdwlvwlfdoo| hqgrjhqrxv/ wkh xvxdo orjlvwlf uhjuhvvlrq hvwlpdwru zloo

vwloo frqyhujh wr wkh sdudphwhu �5/ exw qrz �5 zloo kdyh qr fdxvdo lqwhusuhwdwlrq1

Wr suryh vxfk d fodlp/ zh qhhg wr jlyh d irupdo pdwkhpdwlfdo phdqlqj wr wkh lqirupdo frqfhsw ri

wkh fdxvdo h�hfw ri wuhdwphqw klvwru| rq wkh phdq ri \ 1 Wr gr vr/ zh �uvw lqwurgxfh vrph qrwdwlrqdo

frqyhqwlrqv1 Zh xvh fdslwdo ohwwhuv wr uhsuhvhqw udqgrp yduldeohv dqg orzhu fdvh ohwwhuv wr uhsuhvhqw

srvvleoh uhdol}dwlrqv +ydoxhv, ri udqgrp yduldeohv1 Iru h{dpsoh/ Rl lv wkh udqgrp revhuyhg gdwd iru wkh

lwk vwxg| vxemhfw dqg r lv d srvvleoh uhdol}dwlrq +ydoxh, ri Rl1 Ixuwkhu/ zh dvvxph wkdw wkh udqgrp yhfwru

Rl iru hdfk vxemhfw lv gudzq lqghshqghqwo| iurp d glvwulexwlrq frpprq wr doo vxemhfwv1 Ehfdxvh wkh Rl

kdyh wkh vdph glvwulexwlrq/ zh riwhq vxssuhvv wkh l vxevfulsw1

Frxqwhuidfwxdo Rxwfrphv= Qrz zh lqwurgxfh frxqwhuidfwxdo ru srwhqwldo rxwfrphv1 Iru

dq| �{hg qrq0udqgrp wuhdwphqw klvwru| d @

id +x, > 3 � x � N . 4j/ ohw \d eh wkh udqgrp yduldeoh uhsuhvhqwlqj d vxemhfw*v rxwfrph kdg/ srvvleo|

frqwudu| wr idfw/ wkh vxemhfw ehhq wuhdwhg zlwk klvwru| d udwkhu wkdq klv revhuyhg klvwru| D1 Qrwh wkh

d*v duh srvvleoh uhdol}dwlrqv ri wkh udqgrp yduldeoh D1 Iru hdfk srvvleoh klvwru| d/ zh duh dvvxplqj d

vxemhfw*v uhvsrqvh \d lv zhoo gh�qhg +dowkrxjk jhqhudoo| xqrevhuyhg,1 Lqghhg zh rqo| revhuyh \d iru wkdw

wuhdwphqw klvwru| d htxdo wr d vxemhfw*v dfwxdo wuhdwphqw klvwru| D/ l1h1/ \ @ \D1 Wkhq irupdoo| rxu

vwdwhphqw wkdw wkh h�hfw ri wuhdwphqw klvwru| rq wkh phdq ri \ lv d olqhdu orjlvwlf ixqfwlrq ri fxpxodwlyh
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wuhdwphqw lv wkh vwdwhphqw wkdw/ iru hdfk d/

H ^\d` @ j +d>�,zkhuh j +d>�, @ ^4 . h{s i��4 � �5 fxp +d,j`
�4

/

zklfk zh uhihu wr dv d PVP iru wkh h�hfw ri wuhdwphqw rq wkh phdq ri \ 1Wkh prgho iru H ^\d` lv d pdujlqdo

vwuxfwxudo prgho vlqfh lw lv d prgho iru wkh pdujlqdo glvwulexwlrq ri frxqwhuidfwxdo yduldeohv dqg/ lq wkh

hfrqrphwulf dqg vrfldo vflhqfh olwhudwxuh/ fdxvdo prghov +l1h1/ prghov iru frxqwhuidfwxdo yduldeohv, duh

riwhq uhihuuhg wr dv vwuxfwxudo1

Wkh sdudphwhu �5 ri rxu PVP lv ri lpsruwdqw srolf| lqwhuhvw1 Wr vhh zk|/ frqvlghu d qhz vxemhfw

h{fkdqjhdeoh zlwk +l1h1/ gudzq iurp wkh vdph glvwulexwlrq dv, wkh q vwxg| vxemhfwv1 Zh pxvw ghflgh

zklfk wuhdwphqw klvwru| d wr dgplqlvwhu wr wkh qhz vxemhfw1 Zh zrxog olnh wr surylgh wkh wuhdwphqw

wkdw plqlpl}hv wkh vxemhfw*v suredelolw| ri kdylqj KLY UQD lq klv eorrg dw hqg ri iroorz0xs1 Wkdw lv/

zh zdqw wr �qg d wkdw plqlpl}hv H ^\d`1 Wkxv/ iru h{dpsoh/ li wkh sdudphwhu �5 ri rxu fdxvdo prgho lv

srvlwlyh/ zh zloo zlwkkrog D]W wuhdwphqw iurp rxu vxemhfw +l1h1/ zh zloo jlyh klp wkh wuhdwphqw klvwru|

d � 3,/ vlqfh srvlwlyh �5 lqglfdwhv wkdw wkh suredelolw| ri kdylqj KLY UQD lq rqh*v eorrg dw wkh hqg

ri iroorz0xs lqfuhdvhv zlwk lqfuhdvlqj fxpxodwlyh D]W grvh1 Lq frqwudvw wr �5/ wkh sdudphwhu �5 ri

rxu dvvrfldwlrq prgho H
�
\ m D

�
@ j

�
D> �

�
pd| kdyh qr fdxvdo lqwhusuhwdwlrq1 Iru h{dpsoh/ vxssrvh

sk|vlfldqv suhihuhqwldoo| vwduwhg D]W rq vxemhfwv zkr/ dv lqglfdwhg e| wkhlu surjqrvwlf idfwru klvwru|/

zhuh grlqj srruo| dqg wkdw D]W kdv qr fdxvdo h�hfw rq wkh phdq ri \ +l1h1/ �5 @ 3,1 Qrqhwkhohvv/ wkh

phdq ri \ zloo lqfuhdvh zlwk fxpxodwlyh D]W grvhv dqg wkxv �5 zloo eh srvlwlyh1 Lq wklv vhwwlqj/ zh vd|

wkdw wkh sdudphwhu �5 ri wkh dvvrfldwlrq prgho odfnv d fdxvdo lqwhusuhwdwlrq ehfdxvh lw lv frqirxqghg e|

wkh dvvrfldwlrq ri wkh surjqrvwlf idfwruv O +x, zlwk wkh wuhdwphqw D +x,1

Irupdoo|/ lq whupv ri frxqwhuidfwxdov/ zh vd| wkdw wkh D +w, surfhvv lv �fdxvdoo| h{rjhqrxv� li/ iru doo

klvwrulhv d/

\d
c
D +w, m D +w� 4,

zklfk lv htxlydohqw wr

\d
d

D 1

Jlyhq wkh fryduldwhv uhfrughg lq O +w,/ zh vd| wkhuh duh qr xqphdvxuhg frqirxqghuv li iru hdfk d

\d
c
D +w, m O +w, > D +w� 4, 1

Zlwk wkhvh irupdol}dwlrqv/ lw fdq wkhq eh vkrzq pdwkhpdwlfdoo|/ wkdw zkhq wkhuh duh qr xqphdvxuhg

frqirxqghuv/ +l, vwdwlvwlfdo h{rjhqhlw| ^l1h1/ O +w,
c
D +w, m D +w� 4,` lpsolhv wkdw wkh D +w, surfhvv lv

�fdxvdoo| h{rjhqrxv/� +ll, wkh zhljkwhg orjlvwlf hvwlpdwru frqyhujhv wr wkh sdudphwhu �5 ri wkh pdujlqdo

vwuxfwxudo prgho iru H ^\d`/ dqg +lll, wkh olplw �5 ri wkh xvxdo orjlvwlf hvwlpdwru jhqhudoo| gl�huv iurp wkh

fdxvdo sdudphwhu �5 ri wkh PVP xqohvv wkh wuhdwphqw surfhvv lv vwdwlvwlfdoo| h{rjhqrxv1

Zh vkdoo dovr uhihu wr wkh dvvxpswlrq ri qr xqphdvxuhg frqirxqghuv dv wkh dvvxpswlrq wkdw wuhdwphqw

D +w, lv vhtxhqwldoo| ljqrudeoh ru udqgrpl}hg jlyhq wkh sdvw1 Wkh dvvxpswlrq vwdwhv wkdw/ frqglwlrqdo rq

D]W klvwru| dqg wkh klvwru| ri doo uhfrughg fryduldwhv sulru wr w/ lqfuhphqwv lq D]W grvdjh udwh dw w duh

lqghshqghqw ri wkh frxqwhuidfwxdo udqgrp yduldeohv \d1 Wklv dvvxpswlrq zloo eh wuxh li doo surjqrvwlf

idfwruv iru/ l1h1/ suhglfwruv ri/ \d wkdw duh xvhg e| sdwlhqwv dqg sk|vlfldqv wr ghwhuplqh wkh grvdjh ri

D]W dw w duh uhfrughg lq O +w, dqg D +w� 4,1 Iru h{dpsoh/ vlqfh sk|vlfldqv whqg wr zlwkkrog D]W iurp

vxemhfwv zlwk orz zklwh eorrg frxqw/ dqg lq xqwuhdwhg vxemhfwv/ orz zklwh eorrg frxqw lv d suhglfwru ri

KLY UQD/ wkh dvvxpswlrq ri qr xqphdvxuhg frqirxqghuv zrxog eh idovh li O +w, grhv qrw frqwdlq ZEF

7



klvwru|1 Lw lv wkh sulpdu| jrdo ri wkh hslghplrorjlvwv frqgxfwlqj dq revhuydwlrqdo vwxg| wr froohfw gdwd

rq d vx!flhqw qxpehu ri fryduldwhv wr hqvxuh wkdw wkh dvvxpswlrq ri qr xqphdvxuhg frqirxqghuv zloo eh

dw ohdvw dssur{lpdwho| wuxh1

Wkh dvvxpswlrq ri qr xqphdvxuhg frqirxqghuv lv wkh ixqgdphqwdo frqglwlrq wkdw zloo doorz xv wr gudz

fdxvdo lqihuhqfhv iurp revhuydwlrqdo gdwd1 Lw lv suhflvho| ehfdxvh lw fdqqrw eh jxdudqwhhg wr krog lq dq

revhuydwlrqdo vwxg| dqg lv qrw hpslulfdoo| whvwdeoh wkdw lw lv vr yhu| kd}dugrxv wr gudz fdxvdo lqihuhqfhv

iurp revhuydwlrqdo gdwd1 Qrwh wkdw li/ dv lq d vhtxhqwldoo| udqgrpl}hg wuldo/ dw hdfk wlph w/ wkh grvh ri

D]W zdv fkrvhq dw udqgrp e| wkh  ls ri d frlq/ wkhq wkh dvvxpswlrq ri qr xqphdvxuhg frqirxqghuv

zrxog eh wuxh hyhq li wkh suredelolw| wkdw wkh frlq odqghg khdgv ghshqghg rq sdvw phdvxuhg fryduldwh dqg

D]W0klvwru|1 Lw lv ehfdxvh sk|vlfdo udqgrpl}dwlrq jxdudqwhhv wkh dvvxpswlrq wkdw prvw shrsoh dffhsw

wkdw ydolg fdxvdo lqihuhqfhv fdq eh rewdlqhg iurp d udqgrpl}hg wuldo1 Vhh Uxelq +4<:;,/ Urelqv +4<;9,

dqg Kroodqg +4<;9, iru ixuwkhu glvfxvvlrq1 Urelqv +4<<:/ 4<<;e, dqg Urelqv hw do1 +4<<<, glvfxvv krz

wkh frqvhtxhqfhv ri ylrodwlrqv ri wkh dvvxpswlrq ri qr xqphdvxuhg frqirxqghuv fdq eh h{soruhg wkurxjk

vhqvlwlylw| dqdo|vlv1 Dovr vhh Dsshqgl{ 6 ehorz1

Jlyhq wkh dvvxpswlrq ri qr xqphdvxuhg frqirxqghuv/ Urelqv +4<;:, vkrzv wkh phdq ri wkh glfkrwr0

prxv yduldeoh \d lv qrq0sdudphwulfdoo| lghqwl�hg iurp wkh mrlqw glvwulexwlrq IR ri wkh revhuyhg gdwd R

e| wkh j0frpsxwdwlrq dojrulwkp irupxod ri Urelqv +4<;9,1 Vshfl�fdoo|/ H +\d, @ e +d, zkhuh

e +d, �

]
� � �

]
H
�
\ m cN > dN

� NT
n@3

i
�
cn m cn�4> dn�4

�
g� +cn, +-,

dqg iru qrwdwlrqdo frqyhqlhqfh zh kdyh zulwwhq } +n, dv }n dqg } +n, dv }n1

Wkh j0frpsxwdwlrq dojrulwkp ixqfwlrqdo e +d, lv wkh pdujlqdo phdq ri \ lq wkh pdqlsxodwhg vxejudsk

ri wkh gluhfwhg df|folf judsk +GDJ, J uhsuhvhqwlqj wkh revhuyhg gdwd R lq zklfk doo duurzv lqwr wkh

wuhdwphqw yduldeohv D @
�
D4> = = = > DN

�
kdyh ehhq uhpryhg dqg D lv vhw wr d zlwk suredelolw| 4 +Vsluwhv

hw do1/ 4<<6,1 Pruh vshfl�fdoo|/ ohw GDJ J eh wkh frpsohwh GDJ zlwk whpsrudoo| rughuhg yhuwh{ vhw

R @ iO3> D3> O4> D4> = = = > DN > \ j dqg ohw GDJ Jd eh wkh vxejudsk ri J lq zklfk doo duurzv lqwr wkh

Dn> n @ 3> = = = >N kdyh ehhq fxw1 Wkhq e +d, lv wkh pdujlqdo phdq ri \ edvhg rq d glvwulexwlrq iru R

uhsuhvhqwhg e| GDJ Jd lq zklfk i
�
Dn m Dn�4> On

�
lv uhsodfhg e| d ghjhqhudwh ghqvlw| wkdw wdnhv wkh

ydoxh dn zlwk suredelolw| 4 zkloh wkh frqglwlrqdo ghqvlw| ri hdfk rwkhu yduldeoh lq wkh vhw R jlyhq lwv

sduhqwv uhpdlqv dv lq IR1

Zh vd| wkdw wkh glvwulexwlrq ri R @ iO3> D3> O4> D4> = = = > DN > \ j lv vwdqgdugo| sdudphwhul}hg li/ iru

hdfk yduldeoh lqR/ zh kdyh vshfl�hg d sdudphwulf ru vhplsdudphwulf prgho iru wkh frqglwlrqdo glvwulexwlrq

ri wkdw yduldeoh jlyhq lwv whpsrudo suhghfhvvruv +wkh sdvw, dqg wkh sdudphwhuv ri hdfk frqglwlrqdo prgho

duh yduldwlrq0lqghshqghqw ri wkrvh ri dq| rwkhu frqglwlrqdo prgho1 Zkhq rxu jrdo lv wr hvwlpdwh wkh h�hfw

ri d vhtxhqwldo +wlph0ghshqghqw, wuhdwphqw D rq dq rxwfrph \ / Ohppd 4 dqg Wkhruhp 5 ri Urelqv dqg

Zdvvhupdq +4<<:, lpso| wkdw lqihuhqfh surfhgxuhv edvhg rq wkh vwdqgdug sdudphwhul}dwlrq zloo idlo1

Vshfl�fdoo|/ wkh| suryh wkdw frpprq fkrlfhv iru wkh sdudphwulf idplolhv lq d vwdqgdug sdudphwhul}dwlrq

riwhq ohdg wr mrlqw ghqvlwlhv vxfk wkdw wkh j0frpsxwdwlrq irupxod iru H +\d, fdq qhyhu vdwlvi| wkh fdxvdo

qxoo k|srwkhvlv wkdw H +\d, lv wkh vdph iru doo d1 Lq sduwlfxodu/ wkh fdxvdo qxoo k|srwkhvlv grhv qrw

lpso| wkdw \
c
DN m ON 1 Dv d frqvhtxhqfh/ lq odujh vdpsohv/ wkh fdxvdo qxoo k|srwkhvlv/ hyhq zkhq

wuxh/ zloo eh idovho| uhmhfwhg uhjdugohvv ri wkh gdwd1 Urelqv dqg Zdvvhupdq sursrvh uhsdudphwhul}lqj wkh

glvwulexwlrq ri R xvlqj vwuxfwxudo qhvwhg prghov1 PVPv uhsuhvhqw dq dowhuqdwlyh uhsdudphwhul}dwlrq wkdw

dovr ryhufrphv wkh idwdo gh�flhqflhv ri wkh vwdqgdug sdudphwhul}dwlrq1

Wkhru| ri Lqyhuvh0Suredelolw|0ri0Wuhdwphqw0Zhljkwlqj= Zh qrz h{sodlq zk|

zhljkwlqj e| Z�4 fruuhfwv rxu orjlvwlf uhjuhvvlrq hvwlpdwru iru wkh �frqirxqglqj� gxh wr wkh surjqrvwlf

8



idfwruv lq O +w,1 Wkh �uvw srlqw wr qrwh lv wkdw lq wkh gh�qlwlrq ri Z +w, zh frxog kdyh uhsodfhg wkh

ghqrplqdwru su
�
D +w, m D +w� 4,

�
e| dq| rwkhu ixqfwlrq ri D +w, zlwkrxw lq xhqflqj wkh frqvlvwhqf| ri rxu

zhljkwhg orjlvwlf hvwlpdwru ri wkh sdudphwhu �5 ri wkh PVP> rqo| wkh h!flhqf| +yduldqfh, ri rxu hvwlpdwru

zrxog eh lq xhqfhg1 Krzhyhu/ rxu hvwlpdwru zrxog eh lqfrqvlvwhqw li zh uhsodfhg wkh qxphudwru e| dq|

rwkhu ixqfwlrq ri D +w, dqg O +w,1 Wkxv rqh fdq ylhz zhljkwlqj e| Z�4 dv zhljkwlqj e| wkh lqyhuvh ri d

vxemhfw*v suredelolw| ri kdylqj klv rzq revhuyhg wuhdwphqw klvwru|1 Qrz ylhz hdfk shuvrq dv d phpehu

ri d svhxgr0 ru jkrvw srsxodwlrq frqvlvwlqj ri wkhpvhoyhv dqgZ�4�4 jkrvwv +frslhv, ri wkhpvhoyhv zkr

kdyh ehhq dgghg e| zhljkwlqj1 Lq wklv qhz jkrvw ru svhxgr srsxodwlrq/ lw lv hdv| wr vkrz wkdw O +w, grhv

qrw suhglfw wuhdwphqw dw w jlyhq sdvw wuhdwphqw klvwru|/ dqg wkxv zh kdyh fuhdwhg d svhxgr0srsxodwlrq

lq zklfk wuhdwphqw lv h{rjhqrxv1 Ixuwkhupruh/ wkh fdxvdo h�hfw ri D rq \ lq wkh jkrvw srsxodwlrq lv

wkh vdph dv lq wkh ruljlqdo srsxodwlrq1 Wkdw lv/ li H ^\d` @ j +d>�, lq wkh wuxh srsxodwlrq/ wkh vdph zloo

eh wuxh ri wkh jkrvw srsxodwlrq1 Khqfh/ zh zrxog olnh wr gr ruglqdu| orjlvwlf uhjuhvvlrq lq wkh svhxgr0

srsxodwlrq1 Wkdw lv hvvhqwldoo| zkdw rxu zhljkwhg orjlvwlf uhjuhvvlrq hvwlpdwru lv grlqj/ vlqfh wkh zhljkwv

fuhdwh/ dv uhtxluhg/ Z�4 � 4 dgglwlrqdo frslhv ri hdfk vxemhfw1

D irupdo/ pdwkhpdwlfdo h{sodqdwlrq ri zk| zhljkwlqj e| Z�4 fruuhfwv rxu orjlvwlf uhjuhvvlrq hv0

wlpdwru iru �frqirxqglqj� lv jlyhq lq wkh iroorzlqj ohppd fkdudfwhul}lqj wkh j0frpsxwdwlrq dojrulwkp

ixqfwlrqdo e +d, gh�qhg lq +-, deryh1

Ohppd 414= e +d, gh�qhg lq +-, lv wkh xqltxh ixqfwlrq f +d, ri d vxfk wkdw H
�
t
�
D
� �
\ � f

�
D
��
@Z

�
@

3 iru doo ixqfwlrqv t
�
D
�
iru zklfk wkh h{shfwdwlrq h{lvwv1

Ohppd 414 kdv wkh iroorzlqj fruroodu|1

Ohppd 415= Xqghu vhtxhqwldo udqgrpl}dwlrq/ H +\d, lv xqltxh ixqfwlrq f +d, ri d vxfk wkdw

H
�
t
�
D
� �
\ � f

�
D
��
@Z

�
@ 3 iru doo ixqfwlrqv t

�
D
�
zkhuh wkh h{shfwdwlrq h{lvwv1

Frqvlvwhqf| ri rxu zhljkwhg hvwlpdwru wkhq iroorzv iurp wkh idfw wkdw wkh suredelolw| olplw ri rxu

zhljkwhg vfruh htxdwlrq lv H
�
t
�
D
� �
\ � f

�
D
��
@Z

�
@ 3 zlwk t

�
D
�
@ +4> fxp+D,,3 dqg f

�
D
�
@ j+D> �,1

Xqghu d plog vwuhqjwkhqlqj ri rxu dvvxpswlrq ri vhtxhqwldo udqgrpl}dwlrq +qr xqphdvxuhg frq0

irxqghuv,/ d vlpsoh/ txlwh uhyhdolqj/ sxuho| �fdxvdo� surri ri Ohppd 415 fdq eh rewdlqhg wkdw grhv

qrw xvh wkh idfw wkdw H +\d, lv jlyhq e| wkh j0frpsxwdwlrq dojrulwkp irupxod e +d, ri Ht1 +-,1 Ohw

\D @
�
\d>d 5 D

�
zkhuh D lv wkh vxssruw ri wkh udqgrp yduldeoh D1 Vxssrvh zh vwuhqjwkhq rxu dvvxps0

wlrq ri qr xqphdvxuhg frqirxqghuv wr

\D
d

Dn m On> Dn�4 1

Ghqrwh wkh idfwxdo dqg frxqwhuidfwxdo gdwd e| ] @
�
\D> D> O

�
dqg wkh revhuyhg gdwd e| R @

�
\ � \D> D> O

�
1

Zh fdq idfwru wkh wuxh mrlqw ghqvlw| ri ] wkdw jhqhudwhg wkh gdwd dv

i +], @ i +\D,
N\
n@3

i
�
On m On�4> Dn�4> \D

� N\
n@3

i
�
Dn m On> Dn�4

�
1

Qrz ohw i�
�
Dn m Dn�4

�
eh d ghqvlw| iru Dn jlyhq Dn�41 Lw qhhg qrw htxdo wkh wuxh ghqvlw| i

�
Dn m Dn�4

�
1

Ohw i� +], eh d mrlqw ghqvlw| iru ] wkdw gl�huv iurp wkh wuxh mrlqw ghqvlw| i +], rqo| lq wkdw i�
�
Dn m On> Dn�4

�
@

i�
�
Dn m Dn�4

�
vr wkdw Dn lv vwulfwo| h{rjhqrxv1 Wkxv/

i� +], @ i +\D,
N\
n@3

i
�
On m On�4> Dn�4> \D

� N\
n@3

i�
�
Dn m Dn�4

�
1

Qrz H +\d, @ H� +\d, vlqfh i +], dqg i� +], kdyh wkh vdph pdujlqdo odz iru \d1 Vhfrqg/ vlqfh D lv

fdxvdoo| h{rjhqrxv xqghu i� +}, ^l1h1/ \d
c�

D`/ zh kdyh wkdwH� ^\d` @ H�
�
\d m D @ d

�
@ H�

�
\D m D @ d

�
@
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H�
�
\ m D @ d

�
1 Wkdw lv/ e| D fdxvdoo| h{rjhqrxv/ wkh phdq ri \d lv jlyhq e| wkh uhjuhvvlrq ixqfwlrq

H�
�
\ m D @ d

�
ri \ rq D @ d1 Qrz lw lv d vwdqgdug uhvxow wkdw wkh uhjuhvvlrq ixqfwlrq H�

�
\ m D @ d

�
lv

fkdudfwhul}hg dv wkh xqltxh ixqfwlrq f +d, vroylqjH�
�
t
�
D
� �
| � f

�
D
���

�
U
t
�
D
� �
| � e

�
D
��
i� +],g�+], @

3 iru doo t
�
D
�
zkhuh � lv d grplqdwlqj phdvxuh1 Exw/

U
t +D,

�
\ � f

�
D
��
i� +],g�+], @U

t +D,
�
\ � f

�
D
��

i�+],
i+], i+],g�+], @ H

k
t +D,

�
\ � f

�
D
��

i�+],
i+],

l
1 Exw/ e| gh�qlwlrq/ i�+],

i+], @ Z�4

zkhq i�
�
Dn m Dn�4

�
@ i

�
Dn m Dn�4

�
1 Ohppd 415 wkhq iroorzv/ vlqfh H� +\ m D @ d, @ H +\d,1 Wkh

surri dovr pdnhv fohdu wkdw frqvlvwhqf| ri rxu zhljkwhg hvwlpdwru grhv qrw uhtxluh wkdw zh fkrrvh

i�
�
Dn m Dn�4

�
@ i

�
Dn m Dn�4

�
1

Gdwd Dqdo|vhv= Pdujlqdo Vwuxfwxudo Phdq Prgho iru d Uhshdwhg Phdvxuhv
Rxwfrph= Wr jlyh d ehwwhu slfwxuh ri wkh phdqlqj dqg xvh ri PVPv/ zh uhsruw suholplqdu| uhvxowv

ri wzr gdwd dqdo|vhv1 Ixoo ghwdlov zloo eh sxeolvkhg hovhzkhuh1 Zh hvwlpdwh wkh mrlqw h�hfw lq DFWJ

Udqgrpl}hg Wuldo 335 ri D]W wuhdwphqw dup dqg dhurvrol}hg shqwdplglqh +DS, rq wkh hyroxwlrq ri FG7

frxqw lq wkh �uvw dqdo|vlv dqg rq pruwdolw| lq wkh vhfrqg dqdo|vlv1 Wklv wuldo zdv ghvljqhg wr frpsduh wkh

h�hfw ri kljk0grvh D]W zlwk orz0grvh D]W rq vxuylydo1 Krzhyhu/ ryhu �iw| shufhqw ri wkh vxemhfwv idlohg

wr frpso| zlwk wkh dvvljqhg wuhdwphqw surwrfro dqg lqlwldwhg wuhdwphqw zlwk d qrq0udqgrpl}hg wkhuds|/

DS/ gxulqj wkh frxuvh ri wkh wuldo1 Wkh mrlqw h�hfwv ri DS dqg D]W wuhdwphqw dup rq vxuylydo kdyh ehhq

suhylrxvo| hvwlpdwhg xvlqj vwuxfwxudo qhvwhg idloxuh wlph prghov e| Urelqv dqg Juhhqodqg +4<<7,1 Zh

�uvw frqvlghu d PVP prgho iru wkh h�hfw ri DS wkhuds| rq wkh phdq ri wkh orj wudqviruphg FG7 frxqw

klvwru| zkloh dgmxvwlqj iru edvholqh yduldeohv1 FG7 frxqw phdvxuhphqwv zhuh rewdlqhg dw zhhnv ;/ 49/

57/ dqg 65 phdvxuhg lq gd|v1 Vshfl�fdoo|/ zh frqvlghu wkh PVP

H
�
\d +p, m Y |

�
@ jp

�
d +p, > Y |> �

�
zkhuh \ +p, @ orj ^FG7 +p, . 5`/ FG7 +p, lv wkh FG7 frxqw rq gd| p/ \d +p, lv wkh frxqwhuidfwxdo

yhuvlrq ri \ +p, xqghu wkh DS klvwru| d/ Y | @ +4>p>U> \ +3, / orjZEF +3,,
3
lv wkh yhfwru ri edvholqh

uhjuhvvruv zlwk U @ 4 ghqrwlqj wkh kljk D]W wuhdwphqw dup dqg U @ 3 wkh orz D]W wuhdwphqw dup/

\ +3, lv gh�qhg deryh/ dqgZEF +3, lv edvholqh zklwh eorrg frxqw1 Zh prghohg wkh uhjuhvvlrq ixqfwlrq dv

jp
�
d +p, > Y |> �

�
@ �34Y

| . �5fxp +p> d, zlwk fxp +p> d, @
Up
3
d +w,gw ehlqj fxpxodwlyh DS wuhdwphqw

xs wr gd| p1 Zh pdnh wkh dvvxpswlrq ri qr xqphdvxuhg frqirxqghuv zlwk O +w, ehlqj zklwh eorrg

frxqw/ wkh qxpehu ri hslvrghv ri sqhxprf|vwlv sqhxprqld +SFS,/ dq DLGV0uhodwhg sqhxprqld/ xs wr

gd| w/ dqg FG7 frxqw rq gd| w1 Ixuwkhupruh/ wkh edvholqh fryduldwhv Y | duh lqfoxghg lq O +3,1 Dujxlqj dv

deryh/ lw fdq eh vkrzq d frqvlvwhqw hvwlpdwru ri � lv rewdlqhg e| �wwlqj wkh prgho H
�
\ +p, m Y |> D

�
@

jp
�
D +p, > Y |> �

�
xvlqj wkh jhqhudol}hg hvwlpdwlqj htxdwlrq +JHH, rswlrq ri Surf jhqprgh lq wkh VDV

vriwzduh sdfndjh xqghu d zrunlqj lqghshqghqfh pdwul{ dqg zhljkwlqj wkh revhuydwlrq \ +p, iru d vxemhfw

e| iZ +p,j
�4
1 Wkh JHH rswlrq ri Surf jhqprgh lv vlpso| d surjudp wkdw �wv wkh deryh prgho e|

zhljkwhg ohdvw vtxduhv wr rewdlq dq hvwlpdwh ri �1 Lq hvwlpdwlqj �/ wkh surjudp wuhdwv hdfk lqglylgxdo

dw hdfk ri wkh irxu wlphv p dv irxu vhsdudwh revhuydwlrqv zkhq frpsxwlqj wkh ohdvw vtxduhv hvwlpdwru1

Krzhyhu/ wkh surjudp rxwsxwv d urexvw yduldqfh hvwlpdwru wkdw dssursuldwho| dffrxqwv iru wkh idfw wkdw

wkh irxu revhuydwlrqv rq d jlyhq vxemhfw duh fruuhodwhg1

Vlqfh Z +p, zdv xqnqrzq/ lw zdv hvwlpdwhg iurp wkh gdwd e| �wwlqj orjlvwlf prghov iru

su
�
D +n, m O +n, > D +n � 4,

�
dqg su

�
D +n, m D +n � 4, > Y |

�
1 ^Qrwh wkdw zkhq rxu PVP frqglwlrqv rq edvh0

olqh yduldeohv Y |/ wkh| vkrxog eh lqfoxghg lq wkh ghqrplqdwru ri Z +p,1` Vshfl�fdoo|/ zh �w wkh prgho

orjlw su
�
D +n, @ 3 m O +n, > D +n � 4, � 3

�
@ �3T +n,

zkhuhT +n, @ +4> orj n> orj ^ZEF +n � 4,` > \ +n � 4, > SFS erxwv +n � 4, > \ +3, > orj ^ZEF +3,` > U,1 Khuh/

SFS erxwv +n � 4, lv wkh qxpehu ri hslvrghv +erxwv, ri sqhxprf|vwlv sqhxprqld wkurxjk n�41 Lq �wwlqj

:



wkh prgho/ zh wuhdwhg hdfk vxemhfw dw hdfk gd| n> n @ 3> 4> = = = > 557 dv dq lqghshqghqw revhuydwlrq +zklfk

lv mxvwl�hg e| wkh frqglwlrqdo pduwlqjdoh vwuxfwxuh ri wkh prgho,1 Zh qrwh wkdw vlqfh lq wkh 335 gdwd

�oh/ dq| vxemhfw vwduwlqj DS uhpdlqhg rq lw wkhuhdiwhu/ lw zdv rqo| qhfhvvdu| wr �w d prgho iru D +n, iru

vxemhfwv zkr kdg |hw wr ehjlq DS ^l1h1/ D +n � 4, � 3`1 Zh hvwlpdwhg su
�
D +n, m D +n � 4, � 3> Y |

�
e|

�wwlqj wkh deryh prgho diwhu holplqdwlqj wkh udqgrp wlph0ghshqghqw whupv wkdw zhuh ixqfwlrqv ri +n � 4,1

Wkh <8 shufhqw Zdog lqwhuydov frpsxwhg xvlqj wkh urexvw yduldqfh rxwsxwwhg e| wkh JHH surjudp duh

frqvhuydwlyh +l1h1/ wkh| duh jxdudqwhhg wr fryhu wkh wuxh � dw ohdvw <8 shufhqw ri wkh wlph lq odujh vdpsohv,

ehfdxvh wkh| gr qrw dffrxqw iru hvwlpdwlrq ri wkh zhljkwv Z +p,1 Lw lv lqwhuhvwlqj wkdw hvwlpdwlqj wkh

zhljkwv vkulqnv wkh yduldqfh ri rxu hvwlpdwru ri �/ vr wkdw rxu lqwhuydov +zklfk gr qrw dffrxqw iru wkh idfw

wkdw wkh zhljkwv duh hvwlpdwhg, duh frqvhuydwlyh1 Qrwh wkdw wkh hohphqwv ri wkh yhfwruv � pxowlso|lqj wkh

wlph0ghshqghqw fryduldwhv orj ^ZEF +n � 4,`/ \ +n � 4, dqg SFS erxwv +n � 4, zloo doo eh }hur li dqg

rqo| li wkh DS wuhdwphqw surfhvv lv vwdwlvwlfdoo| dqfloodu|1 D wkuhh ghjuhh ri iuhhgrp olnholkrrg udwlr whvw

ri wkh k|srwkhvlv wkdw doo wkuhh frpsrqhqwv ri � zhuh }hur uhmhfwhg dw wkh s ? =34 ohyho1 Dv d frqvhtxhqfh/

zh uhmhfwhg wkh k|srwkhvlv ri vwdwlvwlfdo h{rjhqhlw|1

Wkh dqdo|vlv mxvw ghvfulehg dvvxphv wkdw wkhuh lv qr gurs0rxw ru fhqvrulqj e| hqg ri iroorz0xs1 Wr

fruuhfw iru wklv/ zh gh�qhg d vxemhfw dv fhqvruhg +l1h1/ shupdqhqwo| plvvlqj, wkh �uvw wlph kh plvvhg rqh

ri klv vfkhgxohg ylvlwv ru zdv fhqvruhg e| hqg ri iroorz0xs1 Xqghu wkh dvvxpswlrq ri ljqrudeoh gurs0rxw

jlyhq wkh wlph0ghshqghqw idfwruv O +w, dqg wuhdwphqw D +w,/ zh vwloo rewdlq frqvlvwhqw hvwlpdwruv ri � lq wkh

suhvhqfh ri gurs0rxw li zh zhljkw d vxemhfw xqfhqvruhg dw gd| p e|
�
Z +p,Z| +p,

��4
zkhuhZ| +p, @

pT
n@3

is
�
U +n, @ 3 m U +n � 4, @ 3> O +n � 4, > D +n � 4,

�
@su

�
U +n, @ 3 m U +n � 4, @ 3> D +n � 4, > Y |

�
j lv wkh

udwlr ri d vxemhfw*v suredelolw| ri uhpdlqlqj xqfhqvruhg xs wr gd| p glylghg e| wkdw suredelolw| fdofx0

odwhg dv li wkhuh kdg ehhq qr wlph0ghshqghqw ghwhuplqdqwv ri gurs0rxw h{fhsw sdvw wuhdwphqw klvwru|1

Khuh/ U +p, @ 3 li d vxemhfw kdv qrw gursshg rxw ru uhdfkhg hqg wr iroorz0xs e| gd| p1 Vlqfh Z| +p, lv

xqnqrzq/ lw zdv hvwlpdwhg iurp wkh gdwd lq d pdqqhu frpsohwho| dqdorjrxv wr wkh hvwlpdwlrq ri Z +p,

h{fhsw zlwk D +n, uhsodfhg e| U +n, dv wkh rxwfrph yduldeoh dqg zlwk D +n � 4, dgghg dv dq dgglwlrqdo

uhjuhvvru1 Ixuwkhupruh/ lq wkh suhvhqfh ri fhqvrulqj/ lw lv qhfhvvdu| zkhq hvwlpdwlqj su ^D +n, @ 3 m �` wr

dgg wkh hyhqw U +n, @ 3 wr wkh frqglwlrqlqj hyhqw1

Zh �w wkh deryh prghov dqg rewdlqhg dq hvwlpdwh e�5 @ =334 dqg frqvhuydwlyh <8 shufhqw frq�ghqfh

lqwhuydo +�=359> =35;, iru wkh sdudphwhu �5 uhsuhvhqwlqj wkh fdxvdo h�hfw ri fxpxodwlyh DS grvh rq FG7

frxqw1 Ixuwkhupruh/ vlqfh lq wuldo 335 wkh dvvljqphqw wr D]W wuhdwphqw dup zdv dw udqgrp zlwk

suredelolw| 4@5/ wkh D]W wuhdwphqw dup lqglfdwru lv h{rjhqrxv1 Lw iroorzv wkdw wkh frpsrqhqw �4U ri �4
pxowlso|lqj wkh D]W wuhdwphqw lqglfdwru U kdv wkh lqwhusuhwdwlrq dv wkh gluhfw h�hfw ri D]W wuhdwphqw

dup rq wkh hyroxwlrq ri phdq FG7 frxqw wkdw lv qrw wkurxjk DS klvwru|1 Zh rewdlqhg dq hvwlpdwh ri

=34<9 zlwk d frqvhuydwlyh <8 shufhqw frq�ghqfh lqwhuydo ri +�=456> =496, iru �4U1

Pdujlqdo Vwuxfwxudo Fr{ Sursruwlrqdo Kd}dugv Prgho= Zh qh{w hvwlpdwhg wkh mrlqw h�hfwv

ri DS wkhuds| dqg D]W wuhdwphqw dup rq vxuylydo e| vshfli|lqj d pdujlqdo vwuxfwxudo Fr{ sursruwlrqdo

kd}dugv prgho

�Wd
�
w m Y |

�
@ �3 +w, h{s

�
�34Y

| . �5d +w,
�

zkhuh Wd lv wkh vxemhfw*v wlph wr ghdwk li kh kdg iroorzhg DS klvwru| d/ �Wd
�
w m Y |

�
lv wkh kd}dug ri Wd

dw w jlyhq Y |/ �3 +w, lv dq xqvshfl�hg edvholqh kd}dug ixqfwlrq/ dqg Y | @ +U> \ +3, > orjZEF +3,,1 Qrwh

wklv prgho vshfl�hv wkdw wkh kd}dug ri idloxuh dw wlph w ghshqgv rq fxuuhqw DS vwdwxv udwkhu wkdq rq

fxpxodwlyh DS klvwru|1 Dujxlqj dv lq wkh suhylrxv vxevhfwlrq/ zh fdq rewdlq frqvlvwhqw hvwlpdwhv ri wkh

xqnqrzq sdudphwhu � @
�
�34> �5

�3
e| �wwlqj wkh ruglqdu| wlph0ghshqghqw Fr{ prgho �W

�
w m D +w, > Y |

�
@

;



�3 +w, h{s
�
�34Y

| . �5D +w,
�
h{fhsw wkdw wkh frqwulexwlrq ri vxemhfw wr d fdofxodwlrq shuiruphg rq vxemhfwv

dw ulvn dw wlph w lv zhljkwhg e| fZ +w,�4 fZ| +w,�41 Qrwh wkdw qrz zkhq zh prgho su ^Un @ 3 m �` dqg

su ^Dn @ 3 m �` zh pxvw lqfoxgh wkh hyhqw W A n dprqj wkh frqglwlrqlqj hyhqwv1 Khuh zh kdyh dgrswhg

wkh frqyhqwlrq wkdw rq dq| gd| n fhqvrulqj rffxuv dw wkh hqg ri wkh gd|1 Qrwh vlqfh wkh vxemhfw0vshfl�f

zhljkwv fkdqjh zlwk wlph/ rqh hlwkhu qhhgv wr zulwh d vshfldo surjudp ru wulfn d vwdqgdug wlph0ghshqghqw

Fr{ prgho wkdw doorzv zhljkwv lqwr doorzlqj iru wlph0ydu|lqj zhljkwv e| d fohyhu xvh ri wkh wlph0ydu|lqj

vwudwxp rswlrq dydlodeoh lq pdq| r�0wkh0vkhoi Fr{ surjudpv1 Wr rewdlq frqvhuydwlyh <8 shufhqw frq�ghqfh

lqwhuydov iru �/ rqh qhhgv wr frpsxwh wkh vr0fdoohg urexvw yduldqfh ri Olq hw do1 +4<;<,1 Lpsohphqwlqj wkh

deryh surfhgxuh/ zh rewdlqhg dq hvwlpdwh e�5 @ �=4695 zlwk <8 shufhqw frqvhuydwlyh frq�ghqfh lqwhuydo

+�=68> =3<, iru �51 Iru wkh frpsrqhqw �4U ri �4 uhsuhvhqwlqj wkh gluhfw h�hfw ri D]W wuhdwphqw dup rq

vxuylydo/ zh rewdlqhg dq hvwlpdwh ri =4;<3 zlwk d <8 shufhqw frq�ghqfh lqwhuydo ri +�=34/=54, lqglfdwlqj

erughuolqh vwdwlvwlfdoo| vljql�fdqw hylghqfh iru d ehqh�fldo h�hfw ri wkh orz0grvh D]W dup1 Erwk wkh

uhvxowv rewdlqhg iru wkh sursk|od{lv h�hfw dqg iru wkh D]W h�hfw zhuh frqvlvwhqw zlwk wkrvh rewdlqhg e|

Urelqv dqg Juhhqodqg +4<<7, xvlqj VQIWPv1

Sklorvrsklfdo Lqwhuoxgh= Zh sdxvh wr frpphqw eulh | rq wkh gh�qlwlrq dqg qdwxuh ri wkh frxq0

whuidfwxdo udqgrp yduldeohv Wd1 Iroorzlqj Ohzlv +4<:6,/ zh frqvlghu Wd wr eh d vxemhfw*v ghdwk wlph lq

wkh forvhvw srvvleoh zruog wr wklv lq zklfk/ srvvleo| frqwudu| wr idfw/ wkh vxemhfw zdv wuhdwhg zlwk wkh DS

klvwru| d1 Frqvlghu d vxemhfw l zkr/ lq wkh 335 wuldo/ zdv dvvljqhg wr wkh kljk0grvh D]W dup/ uhfhlyhg DS

iurp zhhn 43 wr 73/ wrrn wkh dvvljqhg 4833 pj1 ri D]W gdlo| xqwlo zhhn 45 exw wkhq vwrsshg doo ixuwkhu

D]W wkhuds|/ dqg �qdoo| glhg lq zhhn 731 Li DS kdg ehhq zlwkkhog/ lw lv txlwh frqfhlydeoh wkdw vxemhfw

l zrxog kdyh frqwlqxhg wr eh dvvljqhg 4833 pj1 ri D]W gdlo| sdvw zhhn 45 li hlwkhu +4, DS srwhqwldwhg

wkh wr{lf h�hfwv ri D]W/ suhflslwdwlqj d olih0wkuhdwhqlqj wr{lf hslvrgh lq zhhn 45/ ru +5, wkh vxemhfw/

dowkrxjk qrw wr{lf/ kdg vwrsshg D]W dw zhhn 45 ehfdxvh kh ihow klpvhoi wr eh dghtxdwho| surwhfwhg e|

wkh DS wuhdwphqw1 Wr eh frqfuhwh/ vd|/ lq wkh forvhvw srvvleoh zruog/ vxemhfw l zrxog kdyh frqwlqxhg wr

wdnh 4833 pj1 ri D]W gdlo| wkurxjk zhhn 47 dqg qrqh wkhuhdiwhu li DS kdg ehhq zlwkkhog1 Zh qrz

frqvlghu wkh phdqlqj ri wkh frxqwhuidfwxdo W3 � Wd�3 lq zklfk DS zdv dozd|v zlwkkhog1 Wkhq/ e| lwv

gh�qlwlrq/ W3 zrxog eh htxdo wr vxemhfw l*v idloxuh wlph zkhq wkh vxemhfw zdv dvvljqhg wr wkh kljk0grvh

dup/ qhyhu uhfhlyhg DS/ dqg wrrn D]W gdlo| wkurxjk zhhn 47 +udwkhu wkdq wkurxjk zhhn 45,1 Wkxv/ W3

pljkw zhoo gl�hu iurp wkh frxqwhuidfwxdo yduldeoh/ vd| W �3 / uhsuhvhqwlqj d vxemhfw*v vxuylydo wlph lq wkh

forvhvw srvvleoh zruog lq zklfk DS zdv zlwkkhog exw/ dv lq wklv zruog/ D]W zdv vwrsshg diwhu zhhn 451

Vhyhudo frpphqwv duh lq rughu1

Iluvw/ W3l lv frqfhswxdoo| udwkhu zhoo0gh�qhg/ hyhq li zh gr qrw revhuyh zkdw wkh sduwlfxodu vxemhfw l

zrxog kdyh grqh derxw klv D]W grvh diwhu zhhn 43 lq wkh devhqfh ri DS wkhuds|/ dv W3l lv mxvw vxemhfw l*v

rxwfrph lq wkh forvhvw srvvleoh zruog wr wklv rqh lq zklfk doo DS wkhuds| lv zlwkkhog dqg doo frqvhtxhqfhv

zklfk  rz iurp wkdw +lqfoxglqj srvvleo| wdnlqj D]W lq zhhn 45047, duh doo doorzhg wr rffxu1 Vhfrqg/ lw

pd| eh txlwh uhdvrqdeoh wr pdnh +dw ohdvw wr d jrrg dssur{lpdwlrq, wkh dvvxpswlrq ri qr xqphdvxuhg

frqirxqghuv iru W3/ lq zklfk fdvh lwv glvwulexwlrq lv qrq0sdudphwulfdoo| lghqwl�hg e| lqyhuvh0suredelolw|0

ri0wuhdwphqw0zhljkwlqj/ +htxlydohqwo|/ e| wkh j0frpsxwdwlrq dojrulwkp irupxod, iurp wkh glvwulexwlrq

ri wkh revhuyhg gdwd1 Wkh lqwxlwlyh uhdvrq iru wklv vxffhvvixo lghqwl�fdwlrq lv wkdw iru d vxevhw ri wkh

srsxodwlrq +l1h1/ wkrvh zkr qhyhu glg wdnh DS,/ zh gr revhuyh W3/ dqg xqghu wkh dvvxpswlrq ri qr

xqphdvxuhg frqirxqghuv/ zh fdq dssursuldwho| uhzhljkw wkhp e| Z�4 wr frqvwuxfw d jkrvw srsxodwlrq

zkrvh glvwulexwlrq ri W3 @ W lv wkh vdph dv wkdw ri W3 lq wkh wuxh vwxg| srsxodwlrq1 Wklug/ iurp d sxeolf

khdowk srlqw ri ylhz/ lw lv pxfk pruh lpsruwdqw wr lghqwli| wkh glvwulexwlrq ri W3 wkdq W �3 vlqfh lw lv

wkh glvwulexwlrq ri W3 wkdw zrxog uhvxow li zh pdgh wkh sxeolf srolf| ghflvlrq wr zlwkkrog DS wkhuds|1

<



Irxuwk/ W �3 pd| eh pruh uhohydqw wkdq W3 lq d ohjdo fdvh djdlqvw wkh pdqxidfwxuhuv ri DS1 Iru h{dpsoh/

wkh pdqxidfwxuhuv zrxog dujxh wkdw wkh| vkrxog qrw eh khog uhvsrqvleoh iru dq| gdpdjhv li d vxemhfw*v

revhuyhg ghdwk wlph W htxdoohg wkhlu frxqwhuidfwxdo ghdwk wlph W �3 +hyhq li W gl�huhg iurp W3 gxh wr

gl�huhqfhv lq wkh dprxqw ri D]W wdnhq,1 Iliwk/ wkh glvwulexwlrq ri W �3 lv qrw lghqwl�hg hyhq lq dq

h{shulphqw lq zklfk erwk DS dqg D]W duh udqgrpo| dvvljqhg1 Wkxv/ qr dprxqw ri gdwd hylghqfh zloo

hyhu ghwhuplqh wkh glvwulexwlrq ri W �3 / hyhq lq d udqgrpl}hg h{shulphqw +Urelqv dqg Juhhqodqg/ 4<;<,1

Frpsdulvrq zlwk VQPv= Pdujlqdo vwuxfwxudo prghov duh dq dowhuqdwlyh wr vwuxfwxudo qhvwhg

prghov1 D VQP lv prgho iru wkh pdjqlwxgh ri wkh fdxvdo h�hfw ri d �qdo eulhi eols ri d wlph0ghshqghqw

wuhdwphqw dw wlph w dv d ixqfwlrq ri sdvw wlph0ghshqghqw wuhdwphqw dqg surjqrvwlf idfwru klvwru|1 Wkh

fdxvdo sdudphwhu ri d vwuxfwxudo qhvwhg prgho lv lghqwl�hg xqghu wkh dvvxpswlrq ri qr xqphdvxuhg

frqirxqghuv1 Wkh hvvhqwldo gl�huhqfh ehwzhhq PVPv dqg VQPv lv wkdw VQPv prgho wkh pdjqlwxgh ri

wkh h�hfw ri d wuhdwphqw jlyhq dw w dv d ixqfwlrq ri wkh surjqrvwlf idfwru klvwru| xs wr w1 Lq frqwudvw/

PVPv prgho wkh fdxvdo h�hfw ri wuhdwphqw jlyhq dw w rqo| dv d ixqfwlrq ri edvholqh surjqrvwlf idfwruv1

Vhf1 8 ehorz lv ghyrwhg wr ghvfulelqj zkdw lv nqrzq derxw wkh dgydqwdjhv dqg glvdgydqwdjhv ri PVPv

yhuvxv VQPv1 Vrph ri wkh dgydqwdjhv ri PVPv zhuh glvfxvvhg deryh1 Srvvleoh glvdgydqwdjhv lqfoxgh

wkh iroorzlqj1 +l, Lqdelolw| wr hdvlo| hvwlpdwh wkh h�hfwv ri g|qdplf wuhdwphqw uhjlphv +l1h1/ wuhdwphqw

sodqv zkhuh d vxemhfw*v fryduldwh klvwru| xs wr wlph n ghwhuplqhv wkh wuhdwphqw wr eh wdnhq dw n,1 Dfwxdo

phglfdo wuhdwphqwv duh xvxdoo| g|qdplf/ vlqfh li d vxemhfw ehfrphv wr{lf wr d guxj/ wkh guxj pxvw eh

vwrsshg1 +ll, Wkh lqdelolw| wr gluhfwo| whvw wkh qxoo k|srwkhvlv ri qr h�hfw ri dq| wuhdwphqw uhjlph

+g|qdplf ru qrq0g|qdplf, rq rxwfrph1 +lll, Wkh gl!fxow| lq shuiruplqj olnholkrrg0edvhg lqihuhqfh iru

PVPv/ vlqfh wkh olnholkrrg lv d frpsxwdwlrqdo qljkwpduh1 +ly, Odfn ri lghqwl�delolw| ri wkh PVP prgho

sdudphwhuv zkhq vhtxhqwldo ljqrudelolw| krogv iru d vr0fdoohg �lqvwuxphqwdo yduldeoh� exw qrw iru wkh

dfwxdo wuhdwphqw ri lqwhuhvw1 +y, PVPv/ lq frqwudvw wr VQPv/ fdqqrw eh xvhg li wkhuh h{lvwv d ydoxh ri

cn/ vd| cn @ 3/ vxfk wkdw iru doo exw rqh ydoxh ri dn/ i
�
dn m cn�4> cn @ 3> dn�4

�
@ 31 Dq h{dpsoh zrxog eh

d vwxg| ri wkh h�hfw ri dq rffxsdwlrqdo h{srvxuh rq pruwdolw| zlwk cn @ 3 li d vxemhfw lv r� zrun dw wlph

n/ cn @ 4 rwkhuzlvh/ dqg vxemhfwv r� zrun fdq rqo| uhfhlyh h{srvxuh ohyho dn @ 31 Zh qrwh wkdw VQPv

gr qrw vx�hu iurp dq| ri wkhvh �yh gh�flhqflhv1

5 Dgydqwdjhv riPVPv zlwk Frqwlqxrxv t ru zlwk Idloxuh Wlph=

D Irupdo Gh�qlwlrq ri PVPv

514 Wkh Gdwd

Frqvlghu d vwxg| zkhuh zh revhuyh q l1l1g1 frslhv ri gdwd R @
�
D +F, > O +F,

�
/ zkhuh F lv dq dgplqlv0

wudwlyh hqg ri iroorz0xs wlph/ D +F, lv d wuhdwphqw surfhvv/ O +F, lv dq rxwfrph ru uhvsrqvh surfhvv dqg/

iru dq| ] +x, > ] +w, � i] +x, > 3 � x � wj1 Zh dvvxph F lv dq hohphqw ri O +3, vlqfh lw lv dvvxphg nqrzq

dw wlph 31

Iru sxusrvhv ri fdxvdo lqihuhqfh/ zh dvvxph wkh h{lvwhqfh ri dq xqghuo|lqj wuhdwphqw surfhvv D @

iD +x, > 3 � x ?4j zlwk D +x, wdnlqj ydoxhv lq d vhw D +x, dqg wkh h{lvwhqfh ri xqghuo|lqj frxqwhuidfwxdo

udqgrp yduldeohv

�
Od> d 5 D

�
+4,

zkhuh Od @ iOd +x, > 3 � x ?4j/ d @ d +�, @ id +w, > 3 � w ?4 dqg d +w, 5 D +w,j lv d wuhdwphqw sodq

+htxlydohqwo|/ uhjlph ru ixqfwlrq, o|lqj lq d vhw ri ixqfwlrqv D1 Jlyhq d uhjlph d/ ohw Od+x,>3 eh frxqwhu0
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idfwxdo klvwru| xqghu d uhjlph d� wkdw djuhhv zlwk d wkurxjk wlph x dqg lv 3 wkhuhdiwhu/ zkhuh 3 lv wkh

edvholqh ydoxh ri d +w,1 Wkhq zh dvvxph wkdw wkh Od vdwlvi| wkh iroorzlqj frqvlvwhqf| dvvxpswlrq zlwk

suredelolw| 4=

Od+x,>3 +x, @ Od+w,>3 +x, @ Od +x, @ Od| +x, +5,

iru doo w A x dqg doo d| zlwk d| +x, @ d +x,1 Wklv dvvxpswlrq hvvhqwldoo| vd|v wkdw wkh ixwxuh grhv qrw

ghwhuplqh wkh sdvw1 Wkh revhuyhg gdwd duh olqnhg wr wkh frxqwhuidfwxdo gdwd e|

O +F, @ OD+F,>3 +F, 1 +6,

Ht1 +6, vwdwhv wkdw d vxemhfw*v revhuyhg rxwfrph klvwru| wkurxjk hqg ri iroorz0xs lv htxdo wr wkhlu

frxqwhuidfwxdo rxwfrph klvwru| fruuhvsrqglqj wr wkh wuhdwphqw wkh| glg lqghhg uhfhlyh1 Zh dvvxph

Od @
�
\ d> Y d

�
zkhuh \ d lv dq rxwfrph surfhvv ri lqwhuhvw dqg Y d lv wkh surfhvv ri rwkhu uhfrughg

yduldeohv1 Ixuwkhu/ zh vkdoo pdnh wkh vhtxhqwldo udqgrpl}dwlrq +l1h1/ ljqrudeoh wuhdwphqw dvvljqphqw,

dvvxpswlrq wkdw iru doo w dqg d 5 D/

\ d +w,
d

D +w, m O
�
w�
�
> D
�
w�
�

+7,

zkhuh iru dq| yduldeoh ] +w, @ i] +x, >x � wj lv wkh klvwru| ri wkdw yduldeoh iurp w rqzdugv1 Zh dovr

uhihu wr +7, dv wkh dvvxpswlrq ri qr xqphdvxuhg frqirxqghuv jlyhq surjqrvwlf idfwruv O +w,1 Ehfdxvh ri

phdvxudelolw| lvvxhv/ +7, lv qrw zhoo0gh�qhg1 Li wkh D +w, surfhvv fdq rqo| mxps dw glvfuhwh qrq0udqgrp

wlphv w4> w5> = = = dqg wkh O +w, surfhvv kdv ohiw0kdqg olplwv/ l1h1/ O +w�, � olp
x%w

O +x,/ +7, lv irupdoo|/ iru hdfk

wn/

i
�
D +wn, m O

�
w�n
�
> D
�
w�n
�
> \ d +wn,

�
@ i

�
D +wn, m O

�
w�n
�
> D
�
w�n
��

1 +8,

zkhuh i +� m �, lv wkh frqglwlrqdo ghqvlw| ri D +wn, zlwk uhvshfw wr d grplqdwlqj phdvxuh1 Li D +w, lv d

pdunhg srlqw surfhvv wkdw fdq mxps lq frqwlqxrxv wlph zlwk FDGODJ +frqwlqxrxv iurp wkh uljkw zlwk

ohiw0kdqg olplwv, vwhs0ixqfwlrq vdpsoh sdwkv/ wkhq Ht1 +7, lv irupdoo| wkdw

�D
�
w m O

�
w�
�
> D
�
w�
�
> \ d +w,

�
@ �D

�
w m O

�
w�
�
> D
�
w�
��

+9d,

dqg

i ^D +w, m O
�
w�
�
> D
�
w�
�
> D +w, 9@ D

�
w�
�
> \ d +w, ` @ +9e,

i
�
D +w, m O

�
w�
�
> D
�
w�
�
> D +w, 9@ D

�
w�
��

1

Khuh/ wkh lqwhqvlw| surfhvv �D +w m �, lv olp
� w$3

su^D +w. �w, 9@ D +w�, m D +w�, > �`@�w1 Ht1 +9d, vd|v wkdw jlyhq

sdvw wuhdwphqw dqg frqirxqghu klvwru|/ wkh suredelolw| wkdw wkh D surfhvv mxpsv dw w grhv qrw ghshqg rq

wkh ixwxuh frxqwhuidfwxdo klvwru| ri wkh rxwfrph ri lqwhuhvw1 Ht1 +9e, vd|v wkdw jlyhq wkdw wkh fryduldwh

surfhvv glg mxps dw w/ wkh suredelolw| lw mxpshg wr d sduwlfxodu ydoxh ri D +w, grhv qrw ghshqg rq wkh

ixwxuh frxqwhuidfwxdo klvwru| ri wkh rxwfrph ri lqwhuhvw1

Iroorzlqj Khlwmdq dqg Uxelq +4<<4,/ zh vd| wkh gdwd duh frduvhqhg dw udqgrp +FDU, li

i
�
D +F, m

�
Od> d 5 D

��
ghshqgv rqo| rq R @

�
D +F, > O +F,

�
1 +:,

Qrwh wkdw zh fdq xvh lghdv iurp wkh �plvvlqj gdwd� olwhudwxuh ehfdxvh rqh*v wuhdwphqw klvwru| D +F,

ghwhuplqhv zklfk frpsrqhqwv ri rqh*v frxqwhuidfwxdo klvwru|
�
Od> d 5 D

�
rqh revhuyhv1 Wkxv zh fdq

ylhz fdxvdo lqihuhqfh dv d plvvlqj gdwd sureohp +Uxelq/ 4<:9,1 Li/ dv lq doo wkh prghov zh vkdoo frqvlghu

44



lq wklv sdshu/ iru hdfk D
|
� D vdwlvi|lqj d4 +x, 9@ d5 +x, iru doo d4> d5 5 D

|
/ wkh

q
Od +x, > d 5 D

|
r
pd|

kdyh d qrq0ghjhqhudwh mrlqw glvwulexwlrq/ wkhq FDU lpsolhv vhtxhqwldo udqgrpl}dwlrq +7, exw wkh frqyhuvh

lv qrw wuxh +Urelqv hw do1/ 4<<<,1 Urelqv +4<<:/ sj1 ;6, jlyhv h{dpsohv zkhuh rqh zrxog h{shfw +7, wr eh

wuxh hyhq zkhq +:, lv idovh1 Lq wklv sdshu/ zh vkdoo rqo| qhhg +7,1 Krzhyhu/ hyhq li +:, lv dovr lpsrvhg wklv/

e| lwvhoi/ hvvhqwldoo| sodfhv qr uhvwulfwlrqv rq wkh mrlqw glvwulexwlrq ri wkh revhuydeoh udqgrp yduldeohv

+Jloo/ ydq ghu Oddq/ Urelqv/ 4<<:, dqg/ wkxv/ lv qrw vxemhfw wr hpslulfdo whvw1

515 PVPv

D PVP iru
�
\ �d> d 5 D

�
sodfhv uhvwulfwlrqv rq wkh pdujlqdo glvwulexwlrq ri wkh \ d srvvleo| frqglwlrqdo

rq d edvholqh yduldeoh Y | lq Y +3, +zlwk F 5 Y | li F lv udqgrp,1 H{dpsohv ri PVPv iroorz1 Hdfk ri

wkhvh h{dpsohv zloo eh lpsruwdqw lq rxu frpsdulvrq ri PVPv zlwk vwuxfwxudo qhvwhg prghov ehorz1

Prgho 4= Vxssrvh F @ N . 4 z1s14=/ wkh D +F, surfhvv mxpsv rqo| dw wlphv 3> 4> 5> = = = >N dqg wkh

Od surfhvv mxpsv rqo| dw wlphv 3
�> 4�> 5�> = = = >N�>N.4�1 Lq prghov 4d04f/ zh duh rqo| frqfhuqhg zlwk

dq rxwfrph phdvxuhg dw hqg ri iroorz0xs1 Khqfh/ zh vhw \d +p, � 3 zlwk suredelolw| 4 iru p � N dqg

gh�qh \d @ \d +N . 4,1 Wkhq zh kdyh

Prgho 4d � qrq0olqhdu ohdvw vtxduhv= H
�
\d m Y

|
�
@ j

�
d +N, > Y |> �3

�
zkhuh j +�> �> �, lv d nqrzq

ixqfwlrq1 Wklv lv wkh orjlvwlf uhjuhvvlrq PVP zh glvfxvvhg lq wkh Lqwurgxfwlrq1

Prgho 4e � vhplsdudphwulf uhjuhvvlrq= �
�
H
�
\d m Y

|
��

@ j
�
d +N, > Y |> �3

�
.j|

�
Y |
�
zkhuh � +�,

lv d nqrzq prqrwrqh olqn ixqfwlrq/ j| +�, lv xqnqrzq dqg xquhvwulfwhg dqg j +�> �> �, lv d nqrzq ixqfwlrq

vdwlvi|lqj j
�
3> Y |> �

�
@ 31 Wkh uhtxluhphqw wkdw j

�
3> Y |> �

�
@ 3 lpsolhv wkdw j|

�
Y |
�
lv wkh �pdlq h�hfw

ri Y |1� Vxfk prghov duh dovr uhihuuhg wr dv sduwldo vsolqh prghov1 Wkh| duh vhplsdudphwulf ehfdxvh wkh

pdlq h�hfw ri Y | lv prghoohg qrq0sdudphwulfdoo|1

Prgho 4f � vwudwl�hg wudqvirupdwlrq prgho= su
�
U +d> �3, ? w m Y |

�
@ I3

�
w m Y |

�
> I3

�
w m Y |

�
dq

xqnqrzq glvwulexwlrq ixqfwlrq/ U +d> �, @ u
�
\d> d> Y

|> �
�
lv d nqrzq lqfuhdvlqj ixqfwlrq ri \d vdwlvi|lqj

u
�
|> d> Y |> �

�
@ | li d � 3 ru � @ 31 Wklv prgho vd|v wkdw zh nqrz wkh frqglwlrqdo txdqwloh0txdqwloh

ixqfwlrq olqnlqj wkh \d*v jlyhq Y | xs wr dq xqnqrzq sdudphwhu �1 Lw lv wkh qdwxudo jhqhudol}dwlrq ri

prgho 4e iru phdq ixqfwlrqv wr txdqwloh0txdqwloh ixqfwlrqv1

Lq wkh iroorzlqj prgho/ zh duh lqwhuhvwhg lq wkh rxwfrph dw hdfk p � 4 vr zh qr orqjhu dvvxph wkdw

\d +p, � 3 zlwk suredelolw| 41

Prgho 4g � pxowlyduldwh qrq0olqhdu ohdvw vtxduhv= H
�
\d +p, m Y |

�
@ jp

�
d +p� 4, > Y |> �3

�
/ p @

4> = = = >N.4 zkhuh wkh jp +�> �> �, duh nqrzq1 Wklv lv wkh qdwxudo PVP yhuvlrq ri orqjlwxglqdo jhqhudol}hg

hvwlpdwlqj htxdwlrq prghov iru pdujlqdo phdqv +Oldqj dqg ]hjhu/ 4<;9,1 Lw lv wkh prgho zh xvh wr dqdo|}h

wkh 335 FG7 frxqw gdwd lq wkh Lqwurgxfwlrq1

Prgho 5= F @ 4/ \d lv d idloxuh wlph surfhvv/ l1h1/ \d mxpsv iurp 3 wr 4 dw vrph sduwlfxodu wlph

dqg vwd|v dw 41 Wkhq gh�qh wkh idloxuh wlph Wd e| wkh htxdwlrq \d +Wd, @ 4 dqg \d
�
W�d

�
@ 31 Ohw �3 +w,

dqg �3
�
w m Y |

�
eh xqnqrzq qrq0qhjdwlyh ixqfwlrqv ri w dqg

�
w> Y |

�
uhvshfwlyho| dqg/ iru dq| ]> �] +x, lv

wkh kd}dug ri ]1

Prgho 5d � Fr{ sursruwlrqdo kd}dugv prgho= �Wd
�
w m Y |

�
@ �3 +w, h{s

�
u
�
d +w�, > w> Y |>�3

��
zkhuh u +, lv d nqrzq ixqfwlrq vdwlvi|lqj u +3> w> 3>�, @ 31 Wklv lv wkh prgho zh xvh wr dqdo|}h wkh 335

pruwdolw| gdwd lq wkh Lqwurgxfwlrq1

Prgho 5e � vwudwl�hg Fr{ sursruwlrqdo kd}dugv prgho= �Wd
�
w m Y |

�
@

�3
�
w m Y |

�
h{s

�
u
�
d +w�, w> Y |>�3

��
zkhuh/ qrz/ u

�
3> w> Y |>�

�
@ 31

Prgho 5f � vwudwl�hg wlph0ghshqghqw dffhohudwhg idloxuh wlph prgho= su^u
�
Wd> d> Y

|> �3
�
?

w m Y |` @
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I3
�
w m Y |

�
zkhuh u

�
x> d> Y |> �

�
@ u

�
x> d +x, > Y |> �

�
lv d nqrzq ixqfwlrq lqfuhdvlqj lq lwv �uvw dujxphqw

vdwlvi|lqj u
�
x>3> Y |> �

�
@ x1 Wklv prgho fdq dovr eh zulwwhq dv

�U+d>�
3
,

�
w m Y |

�
@ �3

�
w m Y |

�
iru d 5 D/ zkhuh U +d> �, @ u

�
Wd> d> Y

|> �
�
1 Wklv lv wkh h{whqvlrq ri prgho 4f wr d idloxuh wlph yduldeoh1

Lw lv wkh prgho vwxglhg e| Urelqv dqg Wvldwlv +4<<5,1

6 Hvwlpdwlrq

614 Dqfloodu| wuhdwphqw surfhvv

Lq wklv vhfwlrq/ zh frqvlghu hvwlpdwlrq ri wkh sdudphwhu �3 ri rxu pdujlqdo vwuxfwxudo prghov1 Lq wklv

vxevhfwlrq/ zh zloo vxssrvh wkdw D lv d fdxvdoo| dqfloodu| +l1h1/ h{rjhqrxv, fryduldwh surfhvv/ l1h1/

D
d�

Od> d 5 D
�
mY | 1 +;,

Wkh riwhq xquhdolvwlf dvvxpswlrq +;, lpsolhv FDU exw/ lq frqwudvw wr FDU/ sodfhv uhvwulfwlrqv rq wkh

mrlqw glvwulexwlrq ri wkh gdwd1 Vshfl�fdoo| +;, lpsolhv vwdwlvwlfdo dqfloodulw|

D +w,
d

O
�
w�
�
m D

�
w�
�
> Y | +<,

dqg wkxv +;, lv vxemhfw wr dq hpslulfdo whvw1

Jlyhq +;,/ wkh uhvwulfwlrqv rq wkh revhuydeohv R lpsolhg e| dq| PVP duh +<, dqg wkdw wkh uhvwulfwlrqv

rq wkh glvwulexwlrq ri \ d jlyhq Y | vshfl�hg e| wkh PVP krog iru wkh frqglwlrqdo glvwulexwlrq ri wkh

revhuydeoh \ +F, frqglwlrqdo rq
�
D +F, > Y |

�
1

Iru uhdvrqv wkdw zloo ehfrph fohdu ehorz/ zh lqglfdwh zlwk d �-� dq| h{shfwdwlrqv/ suredelolwlhv ru

kd}dug ixqfwlrqv frpsxwhg xqghu wkh dvvxpswlrq wkdw +;, dqg +<, krog1 Iru frqyhqlhqfh/ ghqrwh D +F,

dv D1 Wkxv/ iru rxu PVP prghov +4d, � +5f,/ +;, lpsolhv wkh dvvrfldwlrq prghov

Prgho 4d= H�
�
\ m Y |> D

�
@ j

�
D>Y |> �3

�
Prgho 4e= �

�
H�

�
\ m Y |> D

��
@ j

�
D> Y |> �3

�
. j|

�
Y |
�
1

Prgho 4f= U +�3,
c�D m Y | zkhuh U +�3, � U

�
D> �3

�
1

Prgho 4g= H�
�
\ +p, m Y |> D

�
@ jp

�
D +p� 4, > Y |>�3

�
> p @ 4> = = = >N . 41

Prgho 5d= ��W
�
w m Y |> D

�
@ ��W

�
w m Y |> D +w�,

�
@ �3 +w, h{s

�
u
�
D +w�, > w> Y |> �3

��
1

Prgho 5e= ��W
�
w m Y |> D

�
@ ��W

�
w m Y |> D +w�,

�
@ �3

�
w m Y |

�
h{s

�
u
�
D +w�, > w> Y |> �3

��
1

Prgho 5f= ��U+�
3
,

�
x m Y |> D

�
@ ��U+�

3
,

�
x m D

�
u�4

�
x>D> Y |> �3

��
> Y |

�
@ �3

�
x m Y |

�
zkhuh U +�3, �

U
�
D> �3

�
dqg u�4

�
x> d> Y |> �

�
� w li u

�
w> d> Y |> �

�
@ x1

Zh vkdoo qrz frqvlghu hvwlpdwlrq ri wkhvh prghov iru wkh revhuydeohv/ xqghu dvvxpswlrq +<,/ dqg wkh

ixuwkhu dvvxpswlrq wkdw

D +F, kdv d nqrzq frqglwlrqdo glvwulexwlrq jlyhq Y | 1 +43,

Vhplsdudphwulf lqihuhqfh lq wkh dvvrfldwlrq prghov 4d 0 5f zlwkrxw +43, lpsrvhg kdv ehhq h{dplqhg suhyl0

rxvo| e| pdq| dxwkruv1 Ehorz zh xvh wkhlu uhvxowv wr vroyh wkh hvwlpdwlrq sureohp lq rxu vhplsdudphwulf

prgho1

Zh zloo vkrz wkdw dvvrfldwhg zlwk hdfk PVP prgho zlwk +<, dqg +43, lpsrvhg lv d fodvv ri uhjx0

odu dv|pswrwlfdoo| olqhdu +UDO, hvwlpdwruv
qe�� +k> !,r iru �3/ lqgh{hg e| yhfwru ixqfwlrqv k 5 K dqg

! 5 � vxfk wkdw wkh vhw LI� @ iLI � +k> !,j ri lq xhqfh ixqfwlrqv ri wkh e�� +k> !, frqvwlwxwh doo wkh
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lq xhqfh ixqfwlrqv iru wkh prgho/ lq wkh vhqvh wkdw li h�� lv dq| rwkhu UDO hvwlpdwru/ wkhq wkh lq x0

hqfh ixqfwlrq ri h�� htxdov LI � +k> !, iru vrph ixqfwlrqv k 5 K> ! 5 �1 Uhfdoo wkdw dq hvwlpdwru h�
ri �3 lv UDO zlwk lq xhqfh ixqfwlrq LI li q

4

5

�h� � �3

�
@ q�

4

5

S
l

LIl . rs +4,/ wkh LIl duh l1l1g/ dqg

wkh frqyhujhqfh ri h� wr �3 lv orfdoo| xqlirup1 Khuh rs +4, ghqrwhv d udqgrp yduldeoh frqyhujlqj lq

suredelolw| wr }hur1 Wkxv d UDO hvwlpdwru lv dv|pswrwlfdoo| htxlydohqw wr d vxp ri wkh l1l1g udqgrp

yduldeohv LIl1 Zh rewdlq e�� +k> !, e| vroylqj wkh hvwlpdwlqj htxdwlrqv q�
4

5

S
l
eG�
l +�> k> !, @ rs +4,

ghvfulehg ehorz1 ^Zh sxw rs +4, rq wkh uljkw vlgh ri wkh hvwlpdwlqj htxdwlrq wr wdnh fduh ri fdvhv

+h1j1/ udqn hvwlpdwruv, lq zklfk wkh hvwlpdwlqj ixqfwlrq eG� +�> k> !, lv qrw frqwlqxrxv lq � dqg/ wkxv/

wkh ohiw0kdqg vlgh ri wkh suhylrxv htxdolw| pd| qhyhu eh h{dfwo| }hur1` Wkh vroxwlrq e�� +k> !, kdv

lq xhqfh ixqfwlrq LI � +k> !, @ i�� +k,j�4X� +�3> k> !, zkhuh X�l +�3> k> !, ghshqgv rqo| rq vxemhfw

l*v gdwd/ �� +k, @ �CH� ^X� +�> k> !,` @C�m�@�
3

grhv qrw ghshqg rq !/ dqg q�
4

5

S
l
eG�
l +�3> k> !, @

q�
4

5

S
lX

�
l +�3> k> !, . rs +4,1 Ixuwkhupruh/ �

B @ iX� +�3> k> !,j zlwk k 5 K> ! 5 � lv wkh olqhdu vsdq ri

LI� dqg wkxv lv wkh ruwkrjrqdo frpsohphqw wr wkh qxlvdqfh wdqjhqw vsdfh iru wkh prgho lq wkh Kloehuw

vsdfh lqgxfhg e| wkh fryduldqfh qrup1 +Khuh zh duh txrwlqj d zhoo nqrzq uhvxow iurp wkh wkhru| ri

vhplsdudphwulf prghov1 Vhh Urelqv dqg Ulwry +4<<:, iru glvfxvvlrq1, Zh uhihu wr X� +�3> k> !, dv wkh

lq xhqfh ixqfwlrq iru wkh hvwlpdwlqj ixqfwlrq eG +�3> k> !,1 Pruh vshfl�fdoo|/ X� +�> k> !, dqg eG� +�> k> !,

duh hdfk h{suhvvhg dv wkh vxp ri wkh wzr frpsrqhqwv/ rqh ri zklfk X�ws +!, @ G�
ws +!, lv lqghshqghqw ri

wkh fkrlfh ri wkh PVP dqg iroorzv iurp wkh idfw wkdw/ iru wkh �wuhdwphqw surfhvv +ws,/� +<, dqg +43, duh

dvvxphg1 Vshfl�fdoo|/ li wkh D +w, fdq mxps rqo| dw wlphv 3> 4> 5> = = = > X�ws +!, @
lqw+F,S
n@3

!
�
n>D +n, > O +n�,

�
�

H�
�
!
�
n>D +n, > O +n�,

�
m O +n�, > D +n�,

�
zkhuh lqw +F, lv wkh juhdwhvw lqwhjhu ohvv wkdw ru htxdo wr F1 Lw lv

hdv| wr vhh wkdw
�
X�ws +!,

�
lv/ dv ! ydulhv/ wkh vxp ryhu n ri ixqfwlrqv ri wkh revhuyhg gdwd

�
D +n, > O +n�,

�
zlwk phdq }hur jlyhq

�
D +n�, > O +n�,

�
1 Li D +w, lv d frqwlqxrxv wlph pdunhg srlqw surfhvv/ wkhq X�ws +!, @U

gP�
D +x,!4

�
x>D +x�, > O +x�,

�
.
U
gQD +x, i!5

�
x>D +x, > O +x�,

�
� H�^!5

�
x>D +x, > O +x�,

�
m D +x, 9@

D +x�, > O +x�, > D +x�,`j zkhuh gP�
D +x, @ gQD +x,� ��D

�
x m D +x�, > O +x�,

�
gx dqg

gQD +x, @ L iD +x, 9@ D +x�,j frxqwv mxpsv lq wkh D surfhvv1 ^Lq wkh h{dpsohv ri wkh Lqwurgxfwlrq/ zh

fkrvh wkh ixqfwlrq ! wr eh lghqwlfdoo| }hur vr wkdw eG�
ws +!, zdv dovr }hur1 Dv zh vkdoo vhh odwhu/ wkh fkrlfh

! lghqwlfdoo| }hur/ dowkrxjk frpsxwdwlrqdoo| frqyhqlhqw ehfdxvh zh fdq wkhq xvh vwdqgdug vriwzduh/ lv

vrphzkdw lqh!flhqw1`

Wkh rwkhu vwuxfwxudo prgho0vshfl�f frpsrqhqw eG�
vp +�> k, dqg X�vp +�> k, ri eG� +�> k> !, dqg X� +�> k> !,

duh wkh zhoo0nqrzq hvwlpdwlqj ixqfwlrqv dqg wkhlu dvvrfldwhg lq xhqfh ixqfwlrqv iru wkh dvvrfldwlrq prg0

hov 4d 0 5f zlwk qhlwkhu +<, qru +43, qrw lpsrvhg1

Prgho 4d= eG�
vp +�> k, @ X�vp +�> k, @ k

�
D> Y |

�
% +�, zlwk % +�, @ \ � j

�
D> Y |> �

�
dqg k

�
D> Y |

�
lv dq| glp +�, yhfwru ixqfwlrq1 Lq wkh olqhdu orjlvwlf fxpxodwlyh wuhdwphqw prgho ri wkh Lqwurgxfwlrq/eG�
vp +�> k, zdv wkh vfruh htxdwlrq iurp wkh orjlvwlf prgho dqg wkxv k

�
D>Y |

�
zdv wkh yhfwru +4> fxp +d,,31

Prgho 4e= � +{, @ { = eG�
vp +�> k, @ X�vp +�> k, @

�
% +�,� k4

�
D> Y |

���
k5
�
D> Y |

�
�H�

�
k5
�
D> Y |

�
m Y |

��
zkhuh k4 lv dq| uhdo ydoxhg ixqfwlrq/ % +�, lv dv mxvw gh�qhg dqg wkh udqjh ri k5 lv ri glp +�,1

� +{, @ oq ^{@ +4� {,` = X�vp +�> k, @ X| +k> S +�,, dqg eG�
vp +�> k, � X|

�
k> eS +�,

�
/ zkhuh S +�, @

h{slw
�
j
�
D>Y |> �

�
. j|

�
Y |
��
> eS +�, @ h{slw

�
j
�
D> Y |> �

�
. ej| �Y |�� > h{slw +{, @ h{@ +4 . h{, > ej| �Y |� lv

d q
4

7 0 frqvlvwhqw hvwlpdwh ri j|
�
Y |
�
/ dqg X| +k> S +�,, �

i\ � S +�,j iik
�
D> Y |

�
�H�

�
k
�
D> Y |

�
S +�, i4� S +�,j m Y |

�
@H�

�
S +�, i4� S +�,j m Y |

�
j1

Prgho 4f= eG�
vp +�> k, @ X� +�> k, @ k

�
U +�, > D> Y |

�
�
U
k
�
U +�, > d> Y |

�
gI �

�
d m Y |

�
1

Prgho 4g= Ohw % +�, @ i%4 +�, > = = = %N.4 +�,j
3/ %p +�, @ \ +p,�jp

�
D +p� 4, > Y |>�

�
1 Wkhq eG�

vp +�> k, @

X�vp +�> k, @ k
�
D> Y |

�
% +�, zkhuh k

�
D> Y |

�
lv qrz dq| glp +�, � +N . 4, pdwul{ ri uhdo ydoxhg ixqf0
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wlrqv1

Prgho 5d= eG�
vp +�> k, @

U4
3
gQW +x,

q
k
�
x>D +x, > Y |

�
� hO +k> x> �,

r
/ zkhuh hO +k> x> �, @ hM ^k> �` @hM ^4> �`> iru dq| k

�
x>D +x, > Y |

�
> hM +k> �, @ hH^k

�
x>D +x, > Y |

�
L +W A x, h{s

�
u
�
D +x, > x> Y |> �

��
`> iru dq|

Kl/ hH +K, @
qS
l@4

Kl@q> 4 lv wkh frqvwdqw ixqfwlrq htxdo wr rqh> dqg QW +x, @ L +W � x,1 X�vp +�> k, @U4
3
gPW +x,

�
k
�
x>D +x, > Y |

�
�O�

�
k> x> Y |> �

��
zkhuh O� +k> x> �, @ M� ^k> �` @M� ^4> �`> M� ^k> �` lv gh0

�qhg olnh hM +k> �, exw zlwk H� uhsodflqj hH> dqg gPW +x, @ gQW +x,� �W
�
x m D> Y |

�
L +W A x,gx1

Prgho 5e= X�vp +�> k, dqg eG�
vp +�> k, duh dv deryh h{fhsw M� +k> �, �

H�^k
�
x>D +x, > Y |

�
L +W A x, h{s

�
u
�
D +x, > x> Y |> �

��
m Y |` dqg hM +k> �, uhsodfhv H�

�
� m Y |

�
lq M� +k> �,

e| d q
4

7 0 frqvlvwhqw hvwlpdwru eH �� m Y |�1
Prgho 5f= eG�

vp +�> k, @
U4
3 gxL ^U +�, A x`

�
K5 +x> �,�H�

�
K5 +x> �, m Y

|
��

.U4
3

gQU+�, +x,
�
K4 +x> �,�H�

�
K4 +x> �, m Y

|
��
dqg/ iru m @ 3> 4/Km +x> �, @ km

�
x>D

�
u�4

�
x>D> Y |> �

��
> Y |

�
1

X�vp +�> k, @ eG�
vp +�> k,�H�

�
G�
vp +�> k, m D> Y |

�
1

Uhpdun= Qrwh wkdw lq prgho 5e dqg lq prgho 4e zlwk � +{, @ oq ^{@ +4� {,`/ vprrwkv duh qhfhvvdu|

wr hvwlpdwh j|
�
Y |
�
dqg H�

�
� m Y |

�
li Y | kdv frqwlqxrxv frpsrqhqwv1 Lq sduwlfxodu/ gxh wr wkh fxuvh

ri glphqvlrqdolw|/ lw lv qrw srvvleoh wr rewdlq d uhdvrqdeoh q
4

5 � frqvlvwhqw hvwlpdwru ri �3 lq wkhvh

prghov zkhq Y | kdv pxowlsoh frqwlqxrxv frpsrqhqwv1 Wklv fdq eh irupdol}hg xvlqj wkh frqfhsw ri fxuvh

ri glphqvlrqdolw| dssursuldwh +FRGD, vhplsdudphwulf lqirupdwlrq erxqgv lqwurgxfhg e| Urelqv dqg

Ulwry +4<<:,1 Vshfl�fdoo|/ prghov 5e dqg 4e kdyh FRGD lqirupdwlrq erxqgv ri }hur/ dowkrxjk wkh| kdyh

srvlwlyh ruglqdu| vhplsdudphwulf lqirupdwlrq erxqgv1

615 Qrq0dqfloodu| wuhdwphqw surfhvv

Lq wklv vhfwlrq/ zh qr orqjhu dvvxph +;, lv wuxh1 Wkh hvvhqwldo lghd ri wklv vhfwlrq +uhtxlulqj vrph plqru

prgl�fdwlrq, lv wr uhzhljkw eG�
vp +�> k, e| wkh lqyhuvh ri d vxemhfw*v suredelolw| ri kdylqj kdg klv revhuyhg

wuhdwphqw klvwru|1 Zh frqwlqxh wr dvvxph wkdw

i
�
d +w, m O

�
w�
�
> D
�
w�
�
> Y |

�
lv nqrzq iru w � F +44,

zklfk lpsolhv wkdw li D +w, mxpsv dw qrq0udqgrp wlphv 3> = = = >N/ Z +n, @ i
�
D +n, m O +n�, > D +n�,

�
dqg

Z +n, @
nT

p@3
Z +n, duh nqrzq1 Li D +w, mxpsv lq frqwlqxrxv wlph/Z +w, @

h{s
k
�
U w
3 �D

�
x m O +x�, > D +x�,

�
gx
l T
ix>D+x,9@D+x�,>x?wj

�D
�
x m O +x�, > D +x�,

�
i ^D +x, m D +x�, > O +x�, > D +x, 9@ D +x�,` lv nqrzq1

Zh qrz frph wr d vxewoh exw fuxfldo lghd1 Zh qhhg wr duwl�fldoo| fhqvru d vxemhfw dw wkh �uvw

wlph F| wkdw wkh ghqvlw| ri uhfhlylqj klv revhuyhg wuhdwphqw D
�
F|
�
dw F| zdv }hur iru vrph surjqrv0

wlf idfwru klvwru| c
�
F|�

�
lq rughu wr lqvxuh wkdw wkh uhzhljkwhg eG�

vp +�3> k, vwloo kdv dv|pswrwlf phdq

}hur1 Zh irupdol}h wklv lghd dv iroorzv1 Li D +w, mxpsv dw qrq0udqgrp wlphv/ ohw
�
D
�
n> d +n�, > y|

�
@

id +n, > i
�
d +n, m O +n�, > D +n�, @ d +n�, > Y | @ y|

�
9@ 3 z=s=4j dqg vhw F| @

plq

�
n>D +n, @5

�
D
�
n>D +n�, > Y |

��
1 LiD +w, mxpsv lq frqwlqxrxv wlph/ ohw

�
D
�
w> d +w�, > y|

�
@ id +w, > i ^d +w, m

O +w�, > D +w�, @ d +w�, > D +w, 9@ d +w�, > Y | @ y|` 9@ 3 z=s=4 ru d +w, @ D +w�,j dqg vhw F| @

lqi

�
w>D +w, @5

�
D
�
w> D +w�, > Y |

��
1 Wkh yduldeoh F| lv fuxfldo ehfdxvh/ dv lqglfdwhg lq wkh uhpdun iroorzlqj

Ohppd 614 ehorz/ rqh fdq rqo| xqeldvhgo| uhzhljkw d ixqfwlrq ri D +w, iru D +w, 5
�
D
�
w> d +w�, > y|

�
1
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Ohw i�
�
d m Y |

�
eh d ghqvlw| +fkrvhq e| wkh dqdo|vw,1 Ohw I � ghqrwh wkh mrlqw glvwulexwlrq zklfk gl�huv

iurp wkh wuxh glvwulexwlrq I ri R rqo| lq wkdw i
�
d +w, m O +w�, > D +w�, > Y |

�
lv uhsodfhg e| wkh dqfloodu|

ghqvlw| i�
�
d +w, m D +w�, > Y |

�
1 Ixuwkhu/ gh�qh Z +w, �Z +w, @i�

�
D +w, m Y |

�
dqg R| @

�
O
�
F|
�
> D
�
F|
��
1

Qrwh wkdw lq wkh h{dpsohv ri wkh Lqwurgxfwlrq/ zh fkrvh i�
�
d +w, m D +w�, > Y |

�
wr eh i

�
d +w, m D +w�, > Y |

�
1

Qrwh hyhq zlwk wklv fkrlfh/ wkh glvwulexwlrq I ri R gl�huv iurp wkh glvwulexwlrq I � li +<, lv idovh1 D nh|

uhvxow/ zklfk iroorzv iurp gluhfw fdofxodwlrq/ lv

Ohppd 614= Iru dq| }
�
R|
�
/ H

�
}
�
R|
�
@Z

�
F|
�
m Y |

�
@ H�

�
}
�
R|
�
m Y |

�
1

Uhpdun= Lw lv idovh wkdw H
�
} +R, @Z +F, m Y |

�
@ H�

�
} +R, m Y |

�
1

Ohw G�
vp +�> k, eh wkh suredelolw| olplw xqghu I � ri eG�

vp +�> k, dqg ohw iXvp +�> k,j dqg iGvp +�> k,j

eh wkh vxevhwv ri iX�
vp +�> k,j dqg iG�

vp +�> k,j/ uhvshfwlyho|/ wkdw ghshqg rq wkh gdwd rqo| wkurxjk

R|1 Vhw Z @ Z
�
F|
�
dqg qrwh Gvp +�> k, dqg Xvp +�> k, riwhq ghshqg rq H�

�
� m Y |

�
@ H

�
�@Z m Y |

�
ru H� ^�` @ H ^�@Z`1 Gh�qh eGvp +�> k, dqg eXvp +�> k, olnh Gvp +�> k, dqg Xvp +�> k, h{fhsw uhsodfh dq|

xqnqrzq h{shfwdwlrqv H
�
�@Z m Y |

�
dqg H ^�@Z` zlwk dssursuldwh hvwlpdwhv eH ��@Z m Y |

�
dqg eH ^�@Z` �1

H{dpsohv= Lq prgho 4e/ zlwk � +{, @ {/ Xvp +�> k, @ eGvp +�> k, @ X�
vp +�> k, kdv k4

�
D> Y |

�
dqg

k5
�
D> Y |

�
ehlqj ixqfwlrqv rqo| ri

�
D
�
F|
�
> Y |

�
1 Qrwh H�

�
k5
�
D> Y |

�
m Y |

�
lv nqrzq dqg qhhg qrw eh

hvwlpdwhg1

Lq frqwudvw/ lq prghov 5d dqg 5e/ eGvp +�> k, zloo eh gh�qhg olnh eG�
vp +�> k, h{fhsw lq gh�qlqj hM +k> �,

zh uhsodfh L +W A x, e| L +W A x, @Z lq rughu wr hvwlpdwh wkh xqnqrzq h{shfwdwlrqv1 Dowhuqdwlyho|/

zh fdq uhsodfh L +W A x, e| L +W A x, @Z +x,1 Wklv odwwhu fkrlfh +l, zloo lq jhqhudo kdyh ehwwhu �qlwh

vdpsoh surshuwlhv/ +ll, whqg wr lqfuhdvh h!flhqf| xqohvv wkh hvwlpdwru zlwk L +W A x, @Z zdv douhdg|

vhplsdudphwulf h!flhqw/ dqg +lll, zdv wkh dssurdfk zh wrrn lq wkh Lqwurgxfwlrq1 Wkh lvvxhv duh h{dfwo|

wkrvh glvfxvvhg lq Urelqv +4<<6,/ zklfk wkh uhdghu pd| frqvxow iru ixuwkhu fodul�fdwlrq1

Lq prgho 4e zlwk � +{, @ oq ^{@ +4� {,`/ ej �Y |
�
� ej �Y |> �

�
frxog eh fkrvhq wr plqlpl}hhH k�\ � h{slw

�
j
�
D> Y |> �

�
. j|

�
Y |
���5

@Z
l
ryhu j|

�
Y |
�
lq vrph fodvv +h1j1/ vsolqhv,/ zkrvh glphqvlrq

pd| lqfuhdvh zlwk vdpsoh vl}h1

Lq wkh dsshqgl{ zh eulh | vnhwfk d surri ri wkh iroorzlqj1

Wkhruhp 614= Vxemhfw wr uhjxodulw| frqglwlrqv/ lq wkh vhplsdudphwulf prgho +l, fkdudfwhul}hg e|

+7,/ +44,/ wkh gdwd R/ dqg d PVP / wkh fodvv
qe� +k> !,r zlwk k 5 K dqg ! 5 � ri hvwlpdwruv zklfk

vroyh 3 @
S

l
eGl +�> k> !, zlwk

q eG +�> k> !,
r
@
q eGvp +�> k, @Z .Gws +!,

r
lv d fodvv ri UDO hvwlpdwruv

zlwk lq xhqfh ixqfwlrqv LI @ iLI +k> !,j/ LI +k> !, @ i� +k,j
�4X +�3> k> !,/ � +k, @ �CH ^X +�> k> !,` @

C�m�@�
3

> X +�3> k> !, @ Xvp +�3> k, @Z . Xws +!,/ zkhuh Xws +!, @ Gws +!, lv gh�qhg olnh X�
ws +!, h{fhsw

zlwk wkh wuxh odz I uhsodflqj I �1 Ixuwkhupruh/ LI lv wkh vhw ri doo lq xhqfh ixqfwlrqv1

616 H!flhqf| iru �{hg �

Zh qrz ehjlq wr h{soruh h!flhqf| lvvxhv1 E| d surmhfwlrq dujxphqw vlplodu wr wkdw jlyhq lq Urelqv hw

do1 +4<<7,/ zh kdyh

Wkhruhp 615= Iru d jlyhq k/ dprqj doo hvwlpdwruv e� +k> !,/ wkh prvw h!flhqw kdv ! htxdo wr !rsw �

!rsw +k,= li D +w, rqo| mxpsv dw qrq0udqgrp wlphv 3> 4> 5> = = = wkhq !rsw � 3 li n A F|/ dqg li n � F|/

!rsw
�
n> d +n, > c +n�,

�
@ H^Xvp +k, @Z m D +n, @ d +n, > O +n�, @ c +n�,` @

�
Z +n,

��4 UU
g�
�
dn.4

�
i�
�
d m y|

�
H^xvp

�
d
�
F|
�
> \ d

�
F|
�
> Y |> k

�
m Od +n

�, @ c +n�, > D +n, @ d +n,` dqg Xvp +k, � Xvp +�3> k,1 Ixuwkhu0

pruh/ li FDU krogv/ D +n, @ d +n, fdq eh uhpryhg iurp wkh odvw frqglwlrqlqj hyhqw deryh1 Li D +w, mxpsv lq

frqwlqxrxv wlph/ !4>rsw @ H^Xvp +k, @Z m O +x�, > D +x�, > D +x, 9@ D +x�,`�H
�
Xvp +k, @Z m O +x�, > D +x�,

�
vlqfh H

�
Xvp +k, @Z m O +x�, > D +x�,

�
@ H

�
Xvp +k, @Z m O +x�, > D +x�, > D +x, @ D +x�,

�
/ dqg !5>rsw @
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H
�
Xvp +k, @Z m D +x, > O +x�,

�
1

Zh qrz uhod{ xquhdolvwlf dvvxpswlrq +44, wkdw wkh frqglwlrqdo ghqvlw| ri D +w, lv nqrzq1 Zh frqvlghu

wzr fdvhv1 Lq wkh �uvw fdvh wkh ghqvlw| lv frpsohwho| xqnqrzq dqg lq wkh vhfrqg wkh ghqvlw| iroorzv d

sdudphwulf prgho1

Wkhruhp 616= d, Wkh vhplsdudphwulf prgho +ll, fkdudfwhul}hg e| +7,/ gdwd R/ dqg d PVP +zlwk

+44, qrw lpsrvhg,/ kdv wkh vhw ri lq xhqfh ixqfwlrqv
�
LI

�
k> !rsw +k,

��
zlwk k 5 K1

e,= Lq prgho +lll, fkdudfwhul}hg e| +7,/ gdwd R/ d PVP/ dqg d sdudphwulf prgho lqgh{hg e| sdudphwhu

� iru i
�
d +w, m O +w�, > D +w�,

�
/ wkh vhw ri lq xhqfh ixqfwlrqv iru wkh prgho lv wkh vhwq

� +k,�4
k
X +k> !,�H ^X +k> !,V3�` iH ^V�V

3
�`j

�4
V�

lr
ri lq xhqfh ixqfwlrqv ri

qe� +k> !> e�,r vroylqj rs +4, @

q�
4

5

S
l
eGl +�> k> !> e�, zkhuh e� lv wkh POH ri �/ V� @ C orj

�
i
�
D +w, m O +w�, > D +w�, > �

�
@C�

�
lv wkh

vxemhfw0vshfl�f vfruh iru �/ dqg G +�> k> !> e�, lv G +�> k> !, hydoxdwhg dw e�1
Wkhruhp 616e fdq eh h{whqghg wr vhplsdudphwulf prghov iru i

�
d +w, m O +w�, > D +w�,

�
vxfk dv d Fr{

sursruwlrqdo kd}dug prgho dv lq Urelqv +4<<6> 4<<;e/ Dss1 5,1 Lq wkh qrq0 dqg vhpl0sdudphwulf fdvh/ zh

kdyh wr soxj dq hvwlpdwru ri i
�
d +w, m O +w�, > D +w�,

�
lqwr wkh hvwlpdwlqj ixqfwlrq eGl +�> k> !,1 Lq jhqhudo/

wkh hvwlpdwru qhhgv wr frqyhujh wr wkh wuxh ghqvlw| dw d udwh juhdwhu wkdq q
4

7 wr rewdlq d UDO hvwlpdwru

ri �1

617 Fhqvrulqj

Qr qhz lghd lv uhtxluhg wr dffrxqw iru dqg dgmxvw iru uljkw fhqvrulqj1 Vshfl�fdoo|/ ohw T eh fhqvrulqj

wlph lq PVPv1 Gh�qh d fhqvrulqj surfhvv D5 +x, e| D5 +x, @ 3 li T A x dqg D5 +x, @ 4 rwkhuzlvh1 Ohw

wkh wuhdwphqw ri lqwhuhvw eh d4 +x, dqg gh�qh d +x, @ +d4 +x, > d5 +x,, dqg zulwh Wd dv Wd4>d5 1 Wr zdqw

wr dgmxvw iru fhqvrulqj lv rqo| wr vd| wkdw lqwhuhvw lv lq wkh gluhfw h�hfw ri d4 zkhq d5 � 3/ l1h1/ zkhq

fhqvrulqj lv derolvkhg1 Dv d frqfuhwh h{dpsoh/ wkh Fr{ prgho PVP 5d lq wkh suhvhqfh ri fhqvrulqj zrxog

ehfrph

�Wd4>d5�3
�
w m Y |

�
@ �3 +w, h{s

�
u
�
d4
�
w�
�
> w> Y |>�3

��
1

Li D lv dqfloodu| +qrz lqfoxglqj wkh fhqvrulqj surfhvv,/ eG�
vp +�> k, dqg X�

vp +�> k, duh dv deryh h{fhsw wkdw

qrz QW +x, @ L ^W � x` L ^W ? T` dqg L ^W A x` lv hyhu|zkhuh uhsodfhg e| L ^W A x` L ^T A x`1 Ri frxuvh

Z +w, lv qrz wkh suredelolw| wkdw d vxemhfw zrxog kdyh klv revhuyhg wuhdwphqw dqg fhqvrulqj klvwru|1

Wklv lv h{dfwo| wkh dssurdfk zh wrrn lq dqdo|}lqj wkh 335 wuldo gdwd lq wkh Lqwurgxfwlrq1

7 Vhplsdudphwulf H!flhqf|

714 Wkh h!flhqw vfruh

Lq dq| vhplsdudphwulf prgho/ wkh vhplsdudphwulf yduldqfh erxqg lv wkh lqyhuvh ri wkh yduldqfh ri wkh

h!flhqw vfruh Vhii 1 Wkh h!flhqw vfruh lq prghov +l, 0 +lll, ri Wkhruhpv 614 dqg 615 duh wkh vdph dqg/ e|

Wkhruhp 816 lq Qhzh| dqg PfIdgghq +4<<6,/ htxdo Vhii @ X
�
�3> khii > !hii

�
zkhuh !hii @ !rsw +khii ,

dqg khii lv xqltxho| fkdudfwhul}hg e| wkh uhtxluhphqw wkdw iru doo X +�3> k> !,

H
k
X +�3> k> !,X

�
�3> khii > !rsw +khii ,

�3l
@ � +k,

zklfk lv htxdo wr

H
k
Xvp +�3> k,X

�
�3> khii > !rsw +khii ,

�3l
@ � +k, 1 +45,

4:



Wr vkrz krz wr xvh +45, wr fdofxodwh khii / zh frqvlghu wkh iroorzlqj vlpsoh h{dpsoh1

Prgho 4d= Frqvlghu PVP 4d zlwk F| @ F @ N.4 @ 4 z1s14 vr N @ 3 dqg wkh D +F, surfhvv rqo|
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41 Dowkrxjk +59, lpsolhv �3 @ 3 iru erwk d VQGP dqg d VWP/ rqo| iru d VQGP lv +59, htxlydohqw

wr �3 @ 31 Zkdw wklv phdqv fdxvdoo| lv wkh iroorzlqj1 Iru d VWP/ wkh qxoo k|srwkhvlv �3 @ 3 lv

htxlydohqw wr wkh k|srwkhvlv wkdw wkh glvwulexwlrq ri \d lv wkh vdph iru doo qrq0g|qdplf uhjlphv

d1 Wklv lv d zhdnhu k|srwkhvlv wkdq wkh j0qxoo k|srwkhvlv wkdw vd|v wkh glvwulexwlrq ri \j lv wkh

vdph iru doo uhjlphv/ zkhwkhu qrq0g|qdplf ru g|qdplf1 Lq prvw fdvhv/ lw zloo eh wkh odwwhu qxoo

k|srwkhvlv +58, wkdw zloo eh ri sxeolf khdowk lqwhuhvw xqohvv lw zhuh qrw srvvleoh wr froohfw gdwd rq

wkh fryduldwhv On zklfk ghwhuplqh wkh wuhdwphqw ghflvlrqv iru g|qdplf uhjlphv1
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51 Li wkh O +n, duh glvfuhwh zlwk rqo| d prghudwh qxpehu ri ohyhov/ wkhq/ hyhq zlwk

i
�
d +n, m c +n � 4, > d +n � 4,

�
wrwdoo| xquhvwulfwhg/ dq dv|pswrwlfdoo| glvwulexwlrq0iuhh j0qxoo whvw ri

�3 @ 3 +dqg wkxv ri +58,, h{lvwv iru d VQGP exw/ ehfdxvh ri wkh fxuvh ri glphqvlrqdolw|/ qrw

iru d VWP1 Vshfl�fdoo|/ d qrq0sdudphwulf j0qxoo whvw lv htxlydohqw wr d whvw ri lqghshqghqfh ri \

dqg D +n, zlwklq vwudwd gh�qhg mrlqwo| e| O +n, > D +n � 4, +Urelqv/ 4<<:,1 Wkxv/ hyhq li D +n, lv

frqwlqxrxv/ d whvw ri lqghshqghqfh ri D +3, dqg \ zlwklq ohyhov ri O +3, zloo eh dq dv|pswrwlf � 0

ohyho whvw xqghu +58,1 Lq frqwudvw/ d whvw ri �3 @ 3 lq d VWP +zlwkrxw +58, dgglwlrqdoo| lpsrvhg,

uhtxluhv/ e| wkh Uhpdun iroorzlqj Wkhruhp 616d/ wkdw Z fdq eh frqvlvwhqwo| qrq0sdudphwulfdoo|

hvwlpdwhg zklfk zloo qrw eh srvvleoh gxh wr wkh fxuvh ri glphqvlrqdolw|1 +Qrwh wkdw wr hvwlpdwh Z/

zh pxvw eh deoh wr frqvlvwhqwo| hvwlpdwh wkh ghqvlw| ri D +n, jlyhq O +n, dqg D +n � 4, iru doo n/

zklfk lv qrw srvvleoh wr gr qrq0sdudphwulfdoo| zkhq wkh D +p, duh frqwlqxrxv1, Lq rwkhu zrugv/

wkh vwurqjhu k|srwkhvlv +58, wkdw �3 @ 3 iru d VQGP lv hdvlhu wr whvw qrq0sdudphwulfdoo| wkdq wkh

zhdnhu k|srwkhvlv wkdw �3 @ 3 iru d VWP1

61 Khqfhiruwk/ dvvxph d fruuhfw prgho iru i
�
d +w, m c +w�, > d +w�,

�
lv dydlodeoh iru doo w1 +Zh uhplqg

wkh uhdghu wkdw wklv zrxog riwhq eh d idovh dvvxpswlrq1, Jlyhq d VQGP/ zlwk vrph gl!fxow|

wkh odz ri \j iru g|qdplf j fdq eh hvwlpdwhg xvlqj +57,1 Lq frqwudvw/ wkh odz ri \j iru g|qdplf

j lv yhu| kdug wr hvwlpdwh jlyhq d VWP1 Vshfl�fdoo|/ jlyhq d VQGP/ zh hvwlpdwh wkh odz ri \j

dv iroorzv= +l, rewdlq dq hvwlpdwh e� e| j0hvwlpdwlrq +Urelqv/ 4<<:,/ +ll, hvwlpdwh I�

U+�
3
,
+x, e|

wkh hpslulfdo odz ri wkh
�

Ul

�e�� iru l @ 4> = = = > q/ +lll, vshfli| dqg hvwlpdwh d sdudphwulf prgho

iru i

�
O +p, m O +p� 4, > D +p� 4, >

�
U
�e���/ +ly, dqg wkhq hydoxdwh wkh hvwlpdwhg yhuvlrq ri wkh

lqwhjudo +57, e| Prqwh fduor1

Lq frqwudvw/ jlyhq d VWP/ zh pxvw/ dv glvfxvvhg lq Urelqv +4<<:/ sj1 447> 4<<;d/ Vhf1 44,

dqg Urelqv hw do1 +4<<<,/ vshfli| d sdudphwulf prgho iru ��
�
|> c +p, > d

�
> zkhuh rqh fdq fkrrvh

wr gh�qh ��
�
|> c +p, > d

�
lq hlwkhu ri wzr zd|v/ ohdglqj wr gl�huhqw sdudphwhul}dwlrqv1 Hlwkhu

��
�
|> c +p, > d

�
� �

�
|> c +p, > d

�
� �

�
|>
�
c +p� 4, > c +p, @ 3

�
> d
�
dqg �

�
|> c +p, > d

�
pdsv txdq0

wlohv ri \d jlyhq cp> dp�4 lqwr txdqwlohv ri \d jlyhq cp�4> dp�4> ru �
�
�
|> c +p, > d

�
lv gh�qhg wr

eh wkh udwlr ri wkh kd}dug hydoxdwhg dw | ri \d jlyhq cp> dp�4 wr wkh kd}dug dw | ri \d jlyhq

cp�4> dp�4> c +p, @ 31 Urelqv hw do1 +4<<</ Vhf1;1:d, dujxh iru wkh vhfrqg rswlrq/ vlqfh/ lq frq0

wudvw wr wkh �uvw rswlrq/ d sdudphwhul}dwlrq lq whupv ri kd}dug udwlrv lv yduldwlrq lqghshqghqw1 Dv

glvfxvvhg lq Urelqv +4<<:/ sj1 4470449> 4<<;d/ Vhf1 44, dqg Urelqv hw do1 +4<<<,/ hvwlpdwlrq ri

��
�
|> c +p, > d

�
lv d frpsxwdwlrqdo qljkwpduh> lqghhg/ ixoo| sdudphwulf Ed|hvldq ru olnholkrrg0edvhg

lqihuhqfh iru d PVP lv frpsxwdwlrqdoo| h{wuhpho| exughqvrph1

71 Dv glvfxvvhg lq Urelqv +4<<:/ Vhf1 <> 4<<;ef, dqg Urelqv hw do1 +4<<<,/ iru VQGPv/ lw lv hdv|

wr shuirup d vhqvlwlylw| dqdo|vlv lq zklfk wkh ixqgdphqwdo dvvxpswlrq +55, ri ljqrudeoh wuhdwphqw

dvvljqphqw lv qr orqjhu lpsrvhg1 Iru d VWP vxfk d vhqvlwlylw| dqdo|vlv lv vrphzkdw ohvv vwudljkwiru0

zdug dqg vhqvlwlylw| dqdo|vlv phwkrgv iru PVPv duh ghvfulehg lq Urelqv hw do1 +4<<<, dqg Dsshqgl{

6 ehorz1

81 D sdudphwhu �3 ri d VQGP/ lq frqwudvw wr wkdw ri d VWP/ fdq riwhq vwloo eh frqvlvwhqwo| hvwl0

pdwhg li +55, lv idovh exw gdwd duh dydlodeoh rq dq lqvwuxphqwdo yduldeoh1 Vshfl�fdoo|/ vxssrvh

D +w, @ +D4 +w, > D5 +w,, zlwk D4 +w, uhfruglqj d sk|vlfldq*v suhvfulehg wuhdwphqw dqg D5 +w, uhfrug0

lqj wuhdwphqw dfwxdoo| uhfhlyhg1 Zh pljkw vxssrvh +55, lv idovh/ exw D4 +w,
c
\j m O +w�, > D +w�, lv

wuxh li d suhglfwru ri \j dqg ri D5 +w, zdv qrw uhfrughg lq O +w�,1 D4 +w, lv riwhq wkhq uhihuuhg wr dv

55



dq lqvwuxphqwdo yduldeoh surfhvv/ sduwlfxoduo| zkhq D4 +w, kdv qr gluhfw fdxvdo h�hfw/ l1h1/ \d @ \d5
z1s141 Lq wklv vhwwlqj/ wkh sdudphwhu ri d VWP lv qrw lghqwl�hg exw wkh sdudphwhu ri d VQGP fdq

vwloo lq jhqhudo eh frqvlvwhqwo| hvwlpdwhg e| j0hvwlpdwlrq +Urelqv/ 4<<6> 4<<;e,1

71 PVPv/ lq frqwudvw wr VQPv/ fdqqrw eh xvhg li wkhuh h{lvwv d ydoxh ri cn/ vd| cn @ 3/ vxfk wkdw iru

doo exw rqh dn 5 Dn/ i
�
dn m cn�4> cn @ 3> dn�4

�
@ 3/ vlqfh wkhq wkh duwl�fldo fhqvrulqj wlph F| lv

}hur zlwk suredelolw| 41 Dq h{dpsoh zrxog eh d vwxg| ri wkh h�hfw ri dq rffxsdwlrqdo h{srvxuh rq

pruwdolw| zlwk cn @ 3 li d vxemhfw lv r� zrun dw wlph n/ cn @ 4 rwkhuzlvh/ dqg vxemhfwv r� zrun fdq

rqo| uhfhlyh h{srvxuh ohyho dn @ 31

816 Dgydqwdjhv ri PVPv zlwk Frqwlqxrxv t ru zlwk

Idloxuh Wlph Rxwfrphv

41 Hyhq lq wkh suhvhqfh ri lqwhudfwlrq ^l1h1/ �
�
|> cp> dp

�
ghshqgv rq cp`/ jlyhq d VWP/ wkh glvwulexwlrq

ri d qrq0g|qdplf frxqwhuidfwxdo rxwfrph I\d +|, fdq eh hvwlpdwhg e|

q�4
S

l L
q
u�4

k
Ul

�e�� > d> e�l A |
r
zlwkrxw uhtxlulqj hlwkhu lqwhjudwlrq ru prghoolqj ri wkh frqgl0

wlrqdo odz ri O +p,1 Lq frqwudvw/ dv ghvfulehg lq srlqw 6 ri Vhf1 815 deryh/ iru d VQGP/ erwk

lqwhjudwlrq dqg prghoolqj duh uhtxluhg1

51 Dq| PVP wkdw fdq eh hdvlo| hvwlpdwhg zkhq +;, krogv +l1h1/ D lv dq dqfloodu| surfhvv, fdq eh

hdvlo| hvwlpdwhg zkhq +;, lv idovh1 Iru h{dpsoh/ zh fdq xvh wkh Fr{ sursruwlrqdo kd}dugv PVP

5d iru d frqwlqxrxv idloxuh wlph rxwfrph Wd1 Lq frqwudvw/ d vwuxfwxudo qhvwhg Fr{ prgho zrxog

prgho wkh udwlr ri wkh frqglwlrqdo kd}dug jlyhq cp> dp ri \d+p,>3 wr wkdw ri \d+p�4,>3 dv d ixqfwlrq

ri dq xqnqrzq �qlwh0glphqvlrqdo sdudphwhu1 Xqiruwxqdwho|/ d vwuxfwxudo qhvwhg Fr{ prgho grhv

qrw dgplw dq| vlpsoh vhplsdudphwulf hvwlpdwruv/ dqg hyhq frpsoh{ hvwlpdwruv zloo idlo gxh wr wkh

fxuvh ri glphqvlrqdolw|1 Irupdoo|/ wkh FRGD lqirupdwlrq erxqg ri Urelqv dqg Ulwry +4<<:, iru d

vwuxfwxudo qhvwhg Fr{ prgho lv }hur/ hyhq zkhq i
�
dn m cn> dn�4

�
lv frpsohwho| nqrzq1

D srvvleoh k|eulg dssurdfk lv wr lpsrvh d PVP prgho dqg wkhq vshfli| d prgho iru ��
�
|> c +p, > d

�
lv dv iroorzv1 Wkh j0qxoo k|srwkhvlv +59, lv wuxh li dqg rqo| li wkh glvwulexwlrq ri \d jlyhq Y

| lv wkh vdph

iru doo d +l1h1/ wkh sdudphwhu �3 ri rxu PVP lv }hur, dqg ��
�
|> c +p, > d

�
ghshqgv rq d rqo| wkurxjk

dp�4 +Urelqv/4<<:/ Dsshqgl{ 6,1 Wkxv/ zh lpsrvh d PVP prgho ghshqglqj rq d sdudphwhu � dqg

dq dgglwlrqdo prgho iru ��
�
|> c +p, > d

�
wkdw ghshqgv rq erwk wkh sdudphwhu � ri wkh PVP prgho dqg

dqrwkhu sdudphwhu # @ +#4> #5, lq vxfk d zd| wkdw �#4 @ 3 li dqg rqo| li ��
�
|> c +p, > d

�
ghshqgv rq

d rqo| wkurxjk dp�41 Vshfl�fdoo|/ �
�
�
|> c +p, > d

�
@��

�
|> c +p, > +dp�4> dp @ 3> ===> dN @ 3,

�
ghshqgv rq

+�> #, rqo| wkurxjk wkh surgxfw �#4 dqg ��+|> c +p, > +dp�4> dp @ 3> ===> dN @ 3,, ghshqgv rqo| rq #5=

Wkxv #4 lv lghqwl�hg rqo| li � 9@ 31 Vxfk d prgho fdq ryhufrph remhfwlrqv 4 dqg 5 ri Vhf1 815 +exw qrw

remhfwlrqv 609, zkloh uhwdlqlqj wkh dgydqwdjhv 405 ri Vhf1 8161

817 Vwuxfwxudo Qhvwhg Phdq Prghov +VQPPv,

Zh qrz wxuq wr frpsdulqj PVPv dqg VQPv iru glvfuhwh rxwfrphv1 Frqvlghu wkh vhw xs ri Vhf1 814 exw

zlwk \ glvfuhwh1 Iru glvfuhwh rxwfrphv/ zh gh�qh vwuxfwxudo qhvwhg phdq prghov1 Krzhyhu/ VQPPv duh

dssolfdeoh wr glvfuhwh dqg frqwlqxrxv rxwfrphv1

Ohw �
�
c +p, > d +p,

�
@ H

�
\d+p,>3 � \d+p�4,>3 m c +p, > d +p,

�
1 Ohw �|

�
c +p, > d +p,

�
@

oqiH
�
\d+p,>3 m c +p, > d +p,

�
@H

�
\d+p�4,>3 m c +p, > d +p,

�
j1 Dq dgglwlyh vwuxfwxudo qhvwhg phdq prgho
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+VQPP, vshfl�hv �
�
c +p, > d +p,

�
@ �

�
c +p, > d +p, > �3

�
zlwk �

�
cp> dp> �

�
d nqrzq ixqfwlrq vdwlv0

i|lqj �
�
cp> dp> �

�
@ 3 li dp @ 3 ru � @ 31 D pxowlsolfdwlyh VQPP vshfl�hv �|

�
c +p, > d +p,

�
@

�
�
c +p, > d +p, > �3

�
1 Wkh j0qxoo phdq k|srwkhvlv lv wkh k|srwkhvlv

H ^\j4` @ H ^\j5` > j4> j5 5 J 1 +5:,

Urelqv +4<<:, suryhv wkh iroorzlqj1

Wkhruhp 815= Jlyhq +55,/ +5:, krogv li dqg rqo| li �
�
c +p, > d +p,

�
@ 3 / �|

�
c +p, > d +p,

�
@ 3 /

H
�
\ m D +n, > O +n,

�
@ H

�
\ m D +n � 4, > O +n,

�
> n @ 3> = = = >N =

Dgydqwdjhv +4, 0 +7, dqg +9, ri Vhf1 815 ri d VQP ryhu d PVP iru frqwlqxrxv \ dovr zloo krog

+dssursuldwho| prgl�hg, iru glvfuhwh \ zkhq frqvlghulqj wkh j0qxoo phdq k|srwkhvlv ru zkhq hvwlpdwlqj

H ^\j`1,1 Dgydqwdjhv +4, 0 +5, lq Vhf1 816 ri d PVP ryhu d VQGP iru frqwlqxrxv rxwfrph dovr krog lq

wkh glvfuhwh fdvh1

Dq lpsruwdqw dgydqwdjh ri PVPv ryhu VQPv zlwk \ glfkrwrprxv +ru/ pruh jhqhudoo|/ zkhq \ kdv

�qlwh vxssruw, lv wkdw qhlwkhu dq dgglwlyh VQPP ru pxowlsolfdwlyh VQPP qdwxudoo| lpsrvhv wkh idfw

wkdw/ iru glfkrwrprxv \ / H ^\j` 5 ^3> 4`1 Lq frqwudvw/ xvlqj wkh PVP prgho 4d zlwk j +d> �, d orjlvwlf

ixqfwlrq/ wkh deryh uhvwulfwlrq lv qdwxudoo| lpsrvhg1 Dqdorjrxvo|/ lq wkh vhwwlqj ri PVPprgho 4g/ zh fdq

xvh vwdqgdug pdujlqdo orjlvwlf prghov iru wkh uhshdwhg phdvxuhv rxwfrphv \d +p,1 Wkhuh h{lvwv orjlvwlf

VQPPv wkdw gr lpsrvh wkdw H ^\j` 5 ^3> 4` +Urelqv hw do1/ 4<<<,1 Krzhyhu/ wkhvh orjlvwlf VQPPv duh qrw

yhu| xvhixo iru vhplsdudphwulf lqihuhqfh zlwk kljk0glphqvlrqdo gdwd/ vlqfh wkh FRGD lqirupdwlrq erxqg

iru wkh sdudphwhu # ri lqwhuhvw lv }hur hyhq zkhq i
�
dn m cn> dn�4

�
lv nqrzq1

818 Gluhfw H�hfw Prghov

Lq wklv vhfwlrq zh vkrz wkdw vrph ri wkh dgydqwdjhv ri PVPv ghvfulehg lq Vhfv1 816 dqg 817 duh qrw

uhwdlqhg lq vhplsdudphwulf prghov iru wkh gluhfw h�hfw ri d wuhdwphqw d4 zkhq d vhfrqg wuhdwphqw d5 lv

khog �{hg +vhw,1 Lq vxfk d vhwwlqj/ erwk PVPv dqg gluhfw h�hfw VQPv +Urelqv/ 4<<;d, kdyh lpsruwdqw

olplwdwlrqv gxh wr wkh fxuvh ri glphqvlrqdolw| li wkh ixqfwlrqdo irup ri wkh h�hfw ri wkh vhfrqg wuhdwphqw

d5 rq wkh rxwfrph lv ohiw frpsohwho| xquhvwulfwhg1 Ohw d +x, @ +d4 +x, > d5 +x,, dqg/ lq d voljkw dexvh

ri qrwdwlrq/ vhw d +x, @ +d4 +x, > d5 +x,, dqg d @ +d4> d5,1 Frqwlqxh wr dvvxph Y | @ >1 Frqvlghu wkh

iroorzlqj1

Prgho 6d � gluhfw h�hfw vhplsdudphwulf uhjuhvvlrq= Frqvlghu wkh vhw0xs ri PVP 4e/ zlwk

� iH ^\d`j @ j ^d> �3` . j| +d5,

zkhuh j ^d> �3` @ 3 li d4 � 3 dqg j| +�> �, lv xqnqrzq dqg xquhvwulfwhg1 Vlqfh/ dffruglqj wr wkh prgho/

� iH ^\d4>>d5 `j� � iH ^\d4�3>d5 `j @ j +d> �3,/ lw iroorzv zh duh prghoolqj wkh gluhfw h�hfw ri wuhdwphqw d41

Ixuwkhupruh/ wkh pdlq h�hfw ri wkh vhfrqg wuhdwphqw j| +d5, @ � iH ^\d4�3>d5 `j � � iH ^\d4�3>d5�3`j lv

frpsohwho| xquhvwulfwhg1 Xqghu vhtxhqwldo udqgrpl}dwlrq dvvxpswlrq +7,/ wkh prgho iru wkh revhuydeohv

R lqgxfhg e| PVP 6d lv lvrprusklf wr wkdw lqgxfhg e| PVP 4e zlwk D5 � D5 +N, sod|lqj wkh uroh ri

Y |1 Lq sduwlfxodu/ li � +{, @ { ^ru oq +{,`/ e� +k> !, zloo shuirup zhoo lq prghudwh vl}h vdpsohv/ surylghg

i
�
d +w, m O +w�, > D +w�,

�
lv nqrzq ru fdq eh sdudphwulfdoo| prghoohg1 Krzhyhu/ dv glvfxvvhg lq wkh �qdo

uhpdun ri Vhf1 614/ li � +{, @ oq ^{@ +4� {,`/ uhdvrqdeoh hvwlpdwruv ri �3 duh xqdydlodeoh ehfdxvh D5 +N,

zloo eh kljk0glphqvlrqdo1 Lqghhg/ dq| fkrlfh ri � +{, wkdw jxdudqwhhv wkdw H ^\d` 5 ^3> 4` zloo idlo wr surylgh

uhdvrqdeoh hvwlpdwruv ri �3/ qhjdwlqj wkh dgydqwdjh ri wklv PVP iru glfkrwrprxv \ 1 Wklv uh hfwv wkh

idfw wkdw wkh FRGD lqirupdwlrq erxqg lv }hur/ hyhq zkhq i
�
dn m cn> dn�4

�
lv nqrzq1
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Prgho 6e � gluhfw h�hfw vhplsdudphwulf Fr{ sursruwlrqdo kd}dugv prgho= Frqvlghu wkh

vhw xs ri PVP 5e/ zlwk

�Wd +w, @ �Wd4@3>d5 +w, h{s
�
u
�
d
�
w�
�
> w>�3

��
zlwk u +d +w�, > w>�3, @ 3 li d4 +w

�, @ 31 Wklv lv d prgho iru wkh gluhfw h�hfw ri wuhdwphqw d4 rq wkh

kd}dug ri W zlwk wkh pdlq h�hfw ri d5 ohiw xquhvwulfwhg1 Jlyhq +7,/ PVP 6e lqgxfhv d prgho iru wkh

revhuydeohv lvrprusklf wr wkdw lqgxfhg e| PVP 5e1 Wklv lpsolhv wkdw/ dv glvfxvvhg lq wkh uhpdun lq

Vhf1 614/ gxh wr wkh fxuvh ri glphqvlrqdolw|/ lw zloo qrw eh srvvleoh wr rewdlq uhdvrqdeoh hvwlpdwruv ri �3

qhjdwlqj dgydqwdjh 5 ri Vhf1 8161

Prgho 6f � gluhfw h�hfw vhplsdudphwulf wlph0ghshqghqw dffhohudwhg idloxuh wlph prgho=

Vwulnlqjo|/ wkh dffhohudwhg idloxuh wlph PVP zh qrz ghyhors grhv qrw vx�hu iurp ghjudgdwlrq gxh wr wkh

fxuvh ri glphqvlrqdolw| dv glg prgho 6e1 Frqvlghu wkh prgho

�U+d>�
3
, +w, @ �Wd4@3>d5 +w,

zkhuh U +d> �, @ u +Wd> d> �, vdwlv�hv u +w> d> �, @ w li d4 @ 3 ru � @ 31 Wkh prgho iru wkh revhuydeohv

lqgxfhg e| PVP 6f lv lvrprusklf wr wkdw lqgxfhg e| PVP 5f zlwk D5 lq wkh uroh ri Y |1 Khqfh/

wkh dvvrfldwlrq prgho 6f fdq eh xvhg wr hvwlpdwh wkh gluhfw h�hfw ri d4 rq W zlwk wkh pdlq h�hfw ri

d5 xquhvwulfwhg1 PVP 6f lv wkh qdwxudo PVP dvvrfldwhg zlwk d vwuxfwxudo qhvwhg idloxuh wlph prgho

+VQIWP, +Urelqv/ 4<<6/ Dss1 4> 4<<;, vlqfh d gluhfw0h�hfw VQIWP zlwkrxw lqwhudfwlrq lv d PVP 6f1

Lq wkh suhvhqfh ri lqwhudfwlrq/ wkh PVP 6f uhwdlqv dgydqwdjh 4 ri Vhf1 8161

Dsshqgl{ 4=

E| dujxphqwv dv lq Urelqv hw do1 +4<<7,/ Wkhruhp 614 dqg 616e duh hdv| fruroodulhv ri Wkhruhp 616d1

Vnhwfk ri Surri ri Wkhruhp 616d= Iru frqyhqlhqfh/ dvvxph wkh O surfhvv dqg D surfhvv mxps dw

wlphv 3�> 4�> = = = dqg 3> 4> = = = uhvshfwlyho|1 Wkhq e| Wkhruhp 615 ri Urelqv +4<<:,/ Ht1 +7, lpsolhv wkh

J0frpsxwdwlrq dojrulwkp irupxod

i\ d+n,

�
| +n, m y|

�
@ +D4,]

nT
p@3

i
�
| +p, > y +p, m | +p� 4, > y +p� 4, > d +p� 4, > y|

� nT
p@4

g� ^y +p,` g�
�
�
y
�
>

zlwk
�
y � y +3, qy|1 Wkxv/ li iru vrph m ? n/ wkh sursrvlwlrq i

�
d +m, m d +m � 4, > O +m, > y|

�
9@ 3 z1s14

jlyhq Y | lv idovh/ wkhq +D4, lv qrw lghqwl�hg1 Khqfh/ d PVP prgho sodfhv qr +orfdo, uhvwulfwlrqv rq

i
�
O +p, m O +p� 4, > D +p� 4,

�
iru p A F|1 Khqfh/ lq vhplsdudphwulf prgho +ll,/ hyhu| ixqfwlrq ri R

zlwk phdq }hur jlyhq R| lv lq wkh qxlvdqfh wdqjhqw vsdfh iru wkh prgho1 Lw iroorzv wkdw doo phpehuv ri

�B lq prgho +ll, ghshqg rq wkh gdwd rqo| wkurxjk R|1

Ehfdxvh ri rxu dvvxphg nqrzohgjh ri �B>� +wkh ruwkrjrqdo frpsohphqw wr wkh qxlvdqfh wdqjhqw vsdfh

xqghu I �,/ lw lv vx!flhqw wr vkrz wkdw X 5 �B / XZ 5 �B>� zkhq I � lv fkrvhq vxfk wkdw F|>� lv htxdo

wr F|1 Wklv iroorzv iurp wkh idfw wkdw
�
� @

�
�
�

zkhuh
�
� � �

W
iXws +!,j

BW�
}
�
R|
��

dqg wkh idfw wkdw

H ^XE` @ H� ^XZE` iru dq| E 5
�
� e| Ohppd 6141

Dsshqgl{ 5

Surri= Lq rxu prgho/ Ht1 +45, vwdwhv wkdw

H^k
�
D>Y |

�
%Z�4ikhii

�
D> Y |

�
%Z�4 � khii

�
D> Y |

�
Z�4H

�
% m D>O +3,

�
.
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H
�
khii

�
D> Y |

�
Z�4H

�
% m D>O +3,

�
m O +3,

�
j` @ � +k, � H

�
k
�
D> Y |

�
Z�4Cj

�
D> Y |> �3

�
@C�

�
1 Wklv fdq

eh uhzulwwhq dv

H^k
�
D>Y |

�
ikhii

�
D> Y |

�
Z�5ydu

�
% m D>O +3,

�
. E +khii ,j` @

H
�
k
�
D> Y |

�
Z�4Cj

�
D> Y |> �3

�
@C�

�
+D514,

zkhuh E +khii , @ %Z�4H
�
khii

�
D> Y |

�
Z�4H

�
% m D>O +3,

�
m O +3,

�
1 Qrz +D514, lv wuxh iru doo k

�
D> Y |

�
li dqg rqo| li

khii
�
D> Y |

�
H
�
Z�5ydu

�
% m D>O +3,

�
m D> Y |

�
. +D515,

H
�
E +khii , m D>Y

|
�
@ H

�
Z�4Cj

�
D> Y |> �3

�
@C� m D> Y |

�
1

Wr vlpsoli| +D515,/ qrwh iru dq| t
�
D>O +3,

�
/ H

�
t
�
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�
Z�4 m D> Y |

�
@
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�
D m Y |
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�
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i
�
D m O +3,
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�
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�
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i
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D m Y |

�
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�
D m Y |
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i
�
D m Y |
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t
�
D>O +3,

�
i
�
Y � m Y |

�
g� +Y �,1 Wkxv/ zh kdyh

H
�
Z�4 m D> Y |

�
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�
D m Y |

�
@i
�
D m Y |

�
1 +-,

H
�
Z�5ydu

�
% m D>O +3,

�
m D> Y |

�
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�
D m Y |

��
i
�
D m Y |

���4
]
Z�4ydu

�
% m D>O +3,

�
i
�
Y � m Y |

�
g� +Y �,

dqg

H
�
E +khii , m D> Y

|
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�
D m Y |

� �
i
�
D m Y |

���4
]
H
�
% m D>O +3,

�
i
�
Y � m Y |

�
g� +Y �, +---,�]

H ^% m d> O +3,` i�
�
d m Y |

�
khii

�
d> Y |

�
g� +d,

�
@]

khii
�
d> Y |

�
i�
�
d m Y |

�
g� +d,$

�
d>D> Y |

�
1

Vxevwlwxwlqj -/ --/ --- lqwr +D515, suryhv wkh wkhruhp1

Dsshqgl{ 6= Vhqvlwlylw| dqdo|vlv iru frqwlqxrxv dqg
idloxuh0wlph rxwfrphv

Vxssrvh udwkhu wkdq pdnlqj wkh dvvxpswlrq +7, ri vhtxhqwldo udqgrpl}dwlrq/ zh lqvwhdg dvvxph iru d

prgho zlwk d frqwlqxrxv rxwfrph \ phdvxuhg dw hqg ri iroorz0xs dw wlph N .4� +h1j1/ prgho 4f ri Vhf1

515, ru d frqwlqxrxv idloxuh0wlph rxwfrph W +prghov 5d 0 5f ri Vhf1 515, wkh h{lvwhqfh ri d nqrzq ixqfwlrq

tp
�
|> cp> d> d

�
p

�
vxfk wkdw iru \d wkh frqwlqxrxv frxqwhuidfwxdo yduldeoh phdvxuhg dw hqg ri iroorz0xs

su
�
\d ? | m c +p, > d +p� 4, > d� +p,

�
@ su

�
t
�
\d> c +p, > d> d� +p,

�
? | m c +p, > d +p,

�
+D614,

dqg/ iru Wd wkh frxqwhuidfwxdo idloxuh wlph yduldeoh/

su
�
Wd ? | m c +p, > d +p� 4, > d� +p, > W � p

�
@ su

�
t
�
Wd> c +p, > d> d� +p,

�
? | m c +p, > d +p, > W � p

�
1

+D615,

Wkh fkrvhq frqglwlrqdo txdqwloh 0 txdqwloh ixqfwlrq tp
�
|> cp> d> d

�
p

�
pxvw vdwlvi|

tp
�
|> c +p, > d> d� +p,

�
@ | li d� +p, @ d +p, +D616,
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tp
�
|> c +p, > d> d� +p,

�
lv lqfuhdvlqj lq | +D617,

dqg/ lq wkh idloxuh wlph fdvh +D615,/

tp
�
|> c +p, > d> d� +p,

�
A p +D618d,

dqg zulwlqj � @ tp
�
|> cp> d> d

�
p

�
/ wkhq

tp
�
|> cp> d> d

�
p

�
lv d ixqfwlrq ri d rqo| wkurxjk d ^pd{ +|> x,` 1 +D618e,

Wklv odvw uhvwulfwlrq iroorzv e| frqvlvwhqf| dvvxpswlrq +5,1 Qrwh wkdw wkh vhtxhqwldo udqgrpl}dwlrq

dvvxpswlrq +7, lpsolhv wkdw tp
�
|> cp> d> d

�
p

�
� |1

Zh qrz vnhwfk krz wr frqvwuxfw d uhjxodu dv|pswrwlfdoo| olqhdu +UDO, hvwlpdwru ri wkh sdudphwhu �3

ri d PVP vxfk dv prgho +4f, ru prgho +5d, 0 +5f,1 Frqvlghu �uvw wkh frqwlqxrxv rxwfrph \ phdvxuhg

dw hqg ri iroorz0xs1 Zh vkdoo uhsodfh hdfk vxemhfw*v revhuyhg rxwfrph \ zlwk M svhxgr0\ *v rewdlqhg e|

xvh ri wkh iroorzlqj dojrulwkp1

� Vwhs 4= Gr iru m @ 4> = = = > M 1

� Vwhs 5= Gr iru p @ 3> = = = >N1

� Gudz d�m +p, iurp i
�
d +p, m O +p, > D +p� 4,

�
1

� Vwhs 6= Vhw \+N.4,m @ \ 1

� Vwhs 7= Gr iru p @ N> = = = > 3 \pm @ tp
�
\+p.4,m> O +p, > D> d�m +p,

�
1

� Fuhdwh d qhz gdwd vhw zlwk q� M revhuydwlrqv/ Rlm @
�
Dl +N, > Ol +N, > \l3m

�
>

l @ 4> = = = > q> m @ 4> = = = > M 1 Qrz iru hdfk revhuydwlrq Rlm / fdofxodwh eGvp +�> d, dqg Gws +!, dv

ghvfulehg lq wkh sdudjudsk iroorzlqj Ohppd 614/ zlwk \l3m lq sodfh ri wkh dfwxdo gdwd \l1 Wkhq

ohw e� +k> !, vroyh 3 @
qS
l@4

MS
m@4

eGlm +�> k> !, zkhuh/ iru hdfk revhuydwlrq Rlm > eG +�> k> !, @ eGvp +�> k, @

Z .Gws +!,1

Wkhq lw fdq eh vkrzq wkdw/ vxemhfw wr uhjxodulw| frqglwlrqv/ xqghu wkh prgho fkdudfwhul}hg e| +D614,/

dq dssursuldwh PVP/ vxfk dv prgho 4f/ dqg +44,/ e� +k> !, zloo eh d UDO hvwlpdwru ri �31

Wkh deryh dojrulwkp fdq eh prgl�hg vr dv wr dsso| wr d vwxg| zlwk idloxuh wlph rxwfrphv xqghu wkh

dvvxpswlrq wkdw wkh wuhdwphqw surfhvv rqo| mxpsv dw wlphv 3> 4> 5> 6> = = = dv iroorzv1

Wr ghvfuleh rxu dojrulwkp iru idloxuh0wlph rxwfrphv/ zh �uvw glvfxvv krz wr rewdlq d ixqfwlrq

tp
�
|> cp> d> d

�
p

�
jxdudqwhhg wr vdwlvi| +D618d, dqg +D618e,1

Gh�qh/ iru p � ^| � 4` zkhuh ^{` lv wkh juhdwhvw lqwhjhu ohvv wkdq ru htxdo wr {/ wkh ixqfwlrq

t�
�
{> c +p, > d ^|` > d� +p,

�
e|

su
�
W+d^|`>3, A x m c +p, > d +p� 4, > d� +p, > w � p>W+d^|�4`>3, A ^|`

�
@ +D619,

su
�
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�
W+d^|�4`>3,> c +p, > d ^|` > d� +p,

�
A x m c +p, > d +p� 4, > d� +p, > W+d^|�4`>3, A ^|`

�
1

Wkhq tp
�
|> c +p, > d> d� +p,

�
lv ghwhuplqhg e| t�p

�
{> c +p, > d ^|` > d� +p,

�
dqg tp

�
|> c +p, > +d ^|` > 3, > d�p

�
wkurxjk wkh iroorzlqj dojrulwkp1

� Vwhs 4= s# tp
�
|> c +p, > +d ^|` > 3, > d�p

�
1
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� Vwhs 5= Gr iru n @ 4> 5> = = =

li s ? ^| . n`/ vwrs dqg ghfoduh tp
�
|> c +p, > d> d� +p,

�
@ s1

Rwkhuzlvh/ s# t�p
�
s> c +p, > d ^| . n` > d� +p,

�
1

Lq frqgxfwlqj d vhqvlwlylw| dqdo|vlv/ zh fkrrvh tp
�
|> c +p, > +d ^|` > 3, > d� +p,

�
dqg

t�p
�
{> c +p, > d ^|` > d� +p,

�
uhvwulfwhg rqo| e| wkh idfw wkdw wkh �uvw ixqfwlrq tp lv lqfuhdvlqj lq |/ h{fhhgv

p dqg htxdov | li d� +p, @ d +p, dqg wkdw wkh vhfrqg ixqfwlrq t�p lv lqfuhdvlqj lq | dqg h{fhhgv ^|`1

Wkhq zh xvh wkh deryh dojrulwkp wr frpsxwh tp
�
|> c +p, > d> d�p

�
/ zklfk zloo wkhq eh jxdudqwhhg wr vdwlvi|

+D618d, dqg +D618e,1

Zh qrz ghvfuleh krz wr frqvwuxfw d UDO hvwlpdwru iru wkh sdudphwhu ri �3 ri d PVP idloxuh wlph

prgho vxfk dv prgho +5d,1 Zh dvvxph zh kdyh rq hdfk ri q vxemhfwv wkh gdwd � @ L +W @ F, > [ @

plq +W>F, > D +[, > O +[, zkhuh W lv wkh idloxuh wlph yduldeoh dqg F lv wkh fhqvrulqj yduldeoh1 Wkh

dojrulwkp jrhv dv iroorzv1

� Vwhs 4= Gr iru m @ 4> = = = > M

� Vwhs 5= Vhw N @ ^[`

� Vwhs 6= Iru v @ N . 4>N . 5> = = =

� Gudz dm +v, iurp d fkrvhq ghqvlw| i�
�
d +v, m DN > dm +N . 4, > = = = > dm +v� 4,

�
� Vwhs 7= Vhw [+N.4,m @ [

� Vwhs 8= Gr iru p @ N>N � 4> = = = > 3

� Gudz d�m +p, iurp i
�
d +p, m O +p, > D +p� 4, > W A p

�
� Gh�qhDm @

�
D +N, > dm +N . 4, > dm +N . 5, > = = =

�
dqg vhw[pm @ t

�
[+p.4,m > O +p, > Dm > d

�
m +p,

�
� Vwhs 9= Fuhdwh d qhz gdwd vhw zlwk q� M revhuydwlrqv

Rlm @
�
Dlm +[lrm, > [lrm >�l

�
1

Zh wkhq �w wkh Fr{ prgho +5d, dv zh ghvfulehg suhylrxvo| lq wkh sdshu exw edvhg rq wkh q � m

revhuydwlrqv Rlm / zlwk hdfk revhuydwlrq rq vxemhfw l dvvrfldwhg zlwk wkh vdph zhljkw Zl/ zkhuh lq

fdofxodwlqj wkh qxphudwru ri Zl � Z +[l,/ zh pxvw xvh ghqvlw| i
� wkdw zdv xvhg lq vwhs 6 deryh1

Wkh uhvxowlqj hvwlpdwru zloo eh frqvlvwhqw xqghu wkh dvvxpswlrq wkdw wkh kd}dug ri fhqvrulqj dw

wlph w jlyhq doo wkh gdwd rqo| ghshqgv rq wkh revhuyhg sdvw1

Urelqv hw do1 +4<<</ Vhf1 ;1:e, glvfxvv vrph srwhqwldo sureohpv zlwk wkh vhqvlwlylw| dqdo|vlv phwkrgv

glvfxvvhg lq wklv vhfwlrq gxh wr wkh odfn ri d yduldwlrq lqghshqghqw sdudphwhul}dwlrq1

ELEOLRJUDSK\=

Fkdpehuodlq/ J1 4<;:1 Dv|pswrwlf H!flhqf| lq Hvwlpdwlrq zlwk Frqglwlrqdo Prphqw Uhvwulfwlrqv/
Mrxuqdo ri Hfrqrphwulfv/ 67= 63806571

Fkdpehuodlq/ J1 4<;;1 H!flhqf| erxqgv iru vhplsdudphwulf uhjuhvvlrq1 Whfkqlfdo Uhsruw/ Ghsduw0
phqw ri Vwdwlvwlfv/ Xqlyhuvlw| ri Zlvfrqvlq1

5;



Jloo/ U1G1/ ydq ghu Oddq/ P1M1/ ) Urelqv/ M1P1 4<<:1 Frduvhqlqj dw udqgrp= fkdudfwhul}dwlrqv/
frqmhfwxuhv dqg frxqwhuh{dpsohv1 Surfhhglqjv ri wkh Iluvw Vhdwwoh V|psrvlxp rq Vxuylydo Dqdo|vlv/ ss1
58805<71

Jloo/ U1G1 dqg Urelqv/ M1P1 4<<<1 Fdxvdo lqihuhqfh iurp frpsoh{ orqjlwxglqdo gdwd= Wkh frqwlqxrxv
fdvh1 Xqsxeolvkhg pdqxvfulsw1

Khlwmdq/ G1I1/ dqg Uxelq/ G1E1 4<<41 Ljqrudelolw| dqg Frduvh Gdwd1 Wkh Dqqdov ri Vwdwlvwlfv/ 4<=
5577055861

Kroodqg/ S1 4<;91 Vwdwlvwlfv dqg Fdxvdo Lqihuhqfh1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/
;4= <780<941

Ohzlv/ G1 4<:61 Fdxvdwlrq1 Mrxuqdo ri Sklorvrsk|/ :3= 889089:1

Oldqj/ N0\1/ dqg ]hjhu/ V1O1 4<;91 Orqjlwxglqdo Gdwd Dqdo|vlv Xvlqj Jhqhudol}hg Olqhdu Prgho1
Elrphwulnd/ :6= 460551

Olq/ G1\1/ Zhl/ O0M1 4<;<1 Wkh urexvw lqihuhqfh iru wkh Fr{ sursruwlrqdo kd}dugv prgho1 Mrxuqdo ri
wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;7= 43:7043:;1

Qhzh|/ Z1N1 dqg PfIdgghq/ G1 4<<61 Hvwlpdwlrq lq odujh vdpsohv1 Kdqgerrn ri Hfrqrphwulfv/
Yro1 71 Hgv1 PfIdgghq/ G1/ Hqjohu/ U1 Dpvwhugdp= Qruwk Kroodqg1

Shduo M1 4<<81 Fdxvdo Gldjudpv iru Hpslulfdo Uhvhdufk1 Elrphwulnd/ ;5= 99<09;;1

Urelqv M1P14<;91 D qhz dssurdfk wr fdxvdo lqihuhqfh lq pruwdolw| vwxglhv zlwk d vxvwdlqhg h{srvxuh
shulrg 0 dssolfdwlrq wr frqwuro ri wkh khdowk| zrunhu vxuylyru h�hfw1 Pdwkhpdwlfdo Prgholqj/ := 46<6048451

Urelqv M1P1 4<;:1 Dgghqgxp wr �D qhz dssurdfk wr fdxvdo lqihuhqfh lq pruwdolw| vwxglhv zlwk
vxvwdlqhg h{srvxuh shulrgv0Dssolfdwlrq wr frqwuro ri wkh khdowk| zrunhu vxuylyru h�hfw1� Frpsxwhuv dqg
Pdwkhpdwlfv zlwk Dssolfdwlrqv/ 47= <560<781

Urelqv M1P1 4<<61 Dqdo|wlf phwkrgv iru KLY wuhdwphqw dqg fridfwru h�hfwv1 DLGV Hslghplrorj|
0 Phwkrgrorjlfdo Lvvxhv1 Hgv1 Rvwurz GJ> Nhvvohu U1 Sohqxp Sxeolvklqj/ Qhz \run1 ss1 54605<31

Urelqv/ M1P1 4<<71 Fruuhfwlqj iru qrq0frpsoldqfh lq udqgrpl}hg wuldov xvlqj vwuxfwxudo qhvwhg phdq
prghov1 Frppxqlfdwlrqv lq Vwdwlvwlfv/ 56= 56:<057451

Urelqv/ M1P1 4<<:1 Fdxvdo lqihuhqfh iurp frpsoh{ orqjlwxglqdo gdwd1 Lq= Odwhqw Yduldeoh Prgho0
lqj dqg Dssolfdwlrqv wr Fdxvdolw|1 Ohfwxuh Qrwhv lq Vwdwlvwlfv +453,1 P1 Ehundqh/ Hglwru1 Q\=
Vsulqjhu Yhuodj1 ss1 9<044:1

Urelqv/ M1P1 4<<;d1 Whvwlqj dqg hvwlpdwlrq ri gluhfw h�hfwv e| uhsdudphwhul}lqj gluhfwhg df|folf
judskv zlwk vwuxfwxudo qhvwhg prghov1 Frpsxwdwlrq/ Fdxvdwlrq/ dqg Glvfryhu|1 Hgv1 F1 Jo|prxu
dqg J1 Frrshu1 Fdpeulgjh/ PD= Wkh PLW Suhvv1 Iruwkfrplqj1

Urelqv/ M1P1 4<<;e1 Vwuxfwxudo qhvwhg idloxuh wlph prghov1 Vxuylydo Dqdo|vlv/ S1N1 Dqghuvhq dqg
Q1 Nhlglqj/ Vhfwlrq Hglwruv1 Wkh Hqf|forshgld ri Elrvwdwlvwlfv/ S1 Duplwdjh dqg W1 Frowrq/ Hglwruv1
Fklfkhvwhu/ XN= Mrkq Zloh| ) Vrqv1 ss1 76:5076;<1

Urelqv/ M1P1 4<<;f1 Fruuhfwlrq iru qrq0frpsoldqfh lq htxlydohqfh wuldov1 Vwdwlvwlfv lq Phglflqh/ 4:=
59<06351

Urelqv/ M1P1 4<<;g1 Pdujlqdo vwuxfwxudo prghov1 4<<: Surfhhglqjv ri wkh Dphulfdq Vwdwlvwlfdo Dvvr0

fldwlrq/ Vhfwlrq rq Ed|hvldq Vwdwlvwlfdo Vflhqfh/ ss1 40431

Urelqv/ M1P1/ dqg Juhhqodqg V1 4<;<1 Wkh suredelolw| ri fdxvdwlrq xqghu d vwrfkdvwlf prgho iru
lqglylgxdo ulvn1 Elrphwulfv/ 78= 44580446;1

Urelqv/ M1P1/ dqg Juhhqodqg V1 4<<71 Dgmxvwlqj iru gl�huhqwldo udwhv ri SFS sursk|od{lv lq kljk0
yhuvxv orz0grvh D]W wuhdwphqw dupv lq dq DLGV udqgrpl}hg wuldo1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo

Dvvrfldwlrq/ ;<= :6:0:7<1

Urelqv/ M1P1/ Urwqlw}n|/ D1/ ]kdr OS1 4<<71 Hvwlpdwlrq ri uhjuhvvlrq frh!flhqwv zkhq vrph uhjuhvvruv
duh qrw dozd|v revhuyhg1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;<= ;790;991

Urelqv/ M1P1 dqg Ulwry/ \1 4<<:1 D fxuvh ri glphqvlrqdolw| dssursuldwh +FRGD, dv|pswrwlf wkhru|
iru vhplsdudphwulf prghov1 Vwdwlvwlfv lq Phglflqh/ 49= 5;8064<1

Urelqv/ M1P1/ Urwqlw}n|/ D1/ dqg Vfkduivwhlq/ G1R1 4<<<1 Vhqvlwlylw| dqdo|vlv iru vhohfwlrq eldv dqg
xqphdvxuhg frqirxqglqj lq plvvlqj gdwd dqg fdxvdo lqihuhqfh prghov1 Lq= Vwdwlvwlfdo Prghov lq
Hslghplrorj|1 Kdoorudq H1/ Hglwru1 Vsulqjhu0Yhuodj1 Iruwkfrplqj1

5<



Urelqv/ M1P1/ Urwqlw}n|/ D1/ dqg ]kdr OS1 4<<71 Hvwlpdwlrq ri uhjuhvvlrq frh!flhqwv zkhq vrph
uhjuhvvruv duh qrw dozd|v revhuyhg1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;<= ;790;991

Urelqv/ M1P1/ dqg Wvldwlv D1D1 4<<51 Vhplsdudphwulf hvwlpdwlrq ri dq dffhohudwhg idloxuh wlph prgho
zlwk wlph0ghshqghqw fryduldwhv1 Elrphwulnd/ :<= 644064<1

Urelqv/ M1P1 dqg Zdvvhupdq O1 4<<:1 Hvwlpdwlrq ri H�hfwv ri Vhtxhqwldo Wuhdwphqwv e| Uhsdudph0
whul}lqj Gluhfwhg Df|folf Judskv1 Surfhhglqjv ri wkh Wkluwhhqwk Frqihuhqfh rq Xqfhuwdlqw| lq Duwl�fldo

Lqwhooljhqfh/ Surylghqfh Ukrgh Lvodqg/ Dxjxvw 406/ 4<<:1 Gdq Jhljhu dqg Sudndvk Vkhqr| +Hgv1,/ Prujdq
Ndxipdqq/ Vdq Iudqflvfr1 ss1 73<07531

Urvhqedxp/ S1U1 dqg Uxelq/ G1E1 4<;61 Wkh Fhqwudo Uroh ri wkh Surshqvlw| Vfruh lq Revhuydwlrqdo
Vwxglhv iru Fdxvdo H�hfwv1 Elrphwulnd/ :3= 740881

Uxelq/ G1E1 4<:91 Lqihuhqfh dqg Plvvlqj Gdwd1 Elrphwulnd/ 96= 8;408<51
Uxelq/ G1E1 4<:;1 Ed|hvldq Lqihuhqfh iru Fdxvdo H�hfwv= Wkh Uroh ri Udqgrpl}dwlrq1 Wkh Dqqdov ri

Vwdwlvwlfv/ 9= 6708;1

Vdvlhql/ S1 4<<51 Lqirupdwlrq erxqgv iru wkh frqglwlrqdo kd}dug udwlr lq d qhvwhg idplo| ri uhjuhvvlrq
prghov1 Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv E/ 87= 94:09681

S1 Vsluwhv/ F1 Jo|prxu/ U1 Vfkhlqhv1 4<<61 Fdxvdwlrq/ Suhglfwlrq/ dqg Vhdufk1 Ohfwxuh Qrwhv
lq Vwdwlvwlfv ;41 Qhz \run= Vsulqjhu0Yhuodj1

ydq ghu Ydduw/ D1Z1 4<<41 Rq gl�huhqwldeoh ixqfwlrqdov1 Dqqdov ri Vwdwlvwlfv/ 4<= 4:;05371
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