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1. Introduction

The goal of this paper is to (i) construct
“doubly robust” augmented inverse probability
of treatment weighted (IPTW) estimators and
g-estimators in ignorable longitudinal missing
data and causal inference models and (i) show
that these estimators can be represented as se-
quential regression estimators and two stage
least squares (2SLS) estimators respectively.
In a missing data model an estimator is dou-
bly robust (equivalently doubly protected) if
it remains consistent when either the model
for missingness mechanism or the model for
the distribution of the complete data is cor-
rectly specified. In a saturated causal inference
model an estimator is doubly robust if it re-
mains consistent when either the model for the
treatment assignment mechanism or the model
for the remainder of the distribution of the ob-
served data is correctly specified. Scharfstein,
Rotnitzky, and Robins (1999, Sec. 3) have dis-
cussed the regression representation of doubly
robust augmented IPTW estimators in non-
longitudinal studies.

2.  Monotone Missing Data Models

!

‘Let L = Lgyy = (L’v---L’K-H) rep-
resent the full data obtained at times m =
1,... , K + 1. Let C be the censoring time
such that if C = m, then I, = (L1,...,Lm)
is observed and L.,y = (Lmt1,---,Lr+1) is
missing. We assume the sample space for C
is {1,..., K + 1} so L, represent the always ob-
served baseline variables. We observe n i.i.d.
copies of O = (C, fc). We assume the data
are coarsened at random, i.e.,

/\[m!I_]=/\[m|fm],m=l,...,1\" (1)

where Afm || = pr[C=m|C 2>m,] is the
discrete hazard of censoring. We assume that

for all m and positive o ,

A [m Ifm] < l—-owp 1. (2)

Our goal is to make inference about the
finite dimensional parameter 4 in a semipara-
metric model with likelihood f (L;p, ) where
4 € RP and § € © is an infinite dimensional
nuisance parameter. With but little loss of gen-
erality, we assume that, in the absence of miss-
ing data, the orthogonal complement to the
nuisance tangent space is give by the set D of all
p—dimensional unbiased estimating functions
for p, ie., D = {d(L,p);E,e(d(L,p)] =0}
This implies that, in the absence of missing
data, any regular asymptotically linear (RAL)
estimator of u must be asymptotically equiva-
lent to the solution to 0 = ", d(L;; i) for some
d € D where the index i will always index the

_n study subjects. To simplify notation we take

4 to be one dimensional. As an example if p is
the meanof L) thend (L, p) = ¢(Lgy; — p)
for any constant c.

In the presence of missing data, we will in
general not be able to estimate u without mak-
ing further modelling assumptions due to the
curse of dimensionality. Formally, we are as-
suming that when there are missing data, the
curse of dimensionality appropriate (CODA)
information bound of Robins and Ritov (1997)
for p is zero. One approach to reducing the
dimension is to assume a parametric submodel
SF{L;p,¥) where ¥ € ¥ C © and ¥ is a finite
dimensional space. An alternative approach is
to specify a parametric model A [m | Lom; a] for
A(m | Ly).

Our goal will be to construct an estima-
tor E.suse Of p that is RAL in the semi-
parametric union model that assumes that
the data are CAR, the semiparametric model
f(L;1,0),8 € ©is true, and at least one of the
lower-dimensional models f (L; p,¥), ¥ € ¥ or
A(m lfm;a) is correct. Further when both
parametric models are correct and the model
J(L; i, 8) does not restrict the distribution of L
(i.e. it is nonparametric), the estimator should
attain the semiparametric variance bound for
the union model. An sequential regression esti-
mator that satisfies this goal is constructed as
follows.
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1. Compute the restricted MLE $=$ (p) of
+ with g held fixed and the MLE & of &
from the observed data.

2. Select a particular d(L,p) from D. (The
choice can only affect efficiency .)

3 Let Ba(w) = @{E,;[2C.1)1 T}
where ®~! is the canonical link function
of a given generalized linear model (GLM).
(This expectation will generally have to be
computed numerically or by simulation)

4. Set Hyp(p) = d(@,p). For
m = K + 1,...,2, for subjects
with C > m—1, le¢ Hooi(p) =
&1 { B (1) + Brocs (W T221 (B)}
be the predicted value from the it-
eratively reweighted least  squares
(IRLS) fit of the regression model

o{E [ﬁm r)|C2 m,fm—l]} =

B (1) + mTmig(@)  where
¢,y is the sole unknown pa-
rameter in the regression model,
Tm(@) = [l (I—A[jlfj;a]), and

j=1
am_l (p) is the IRLS estimator of ¢,,_;-
This means that ¢,,_; (1) satisfies
0=E{I(C2m) [Bm () — 27}
{Brnt ()4 &1 (1) Ty (@} ()}
where E{V}=n"1Y1, Vi

5. ﬁrobust solves 0 = Zi ﬁli (l“)

The argument at the end of the following
section shows the sequential regression estima-
tor B, opyst IS 2ls0 an augmented IPTW estima-
tor which implies that it satisfies our goals.

3. Marginal structural models

In this section, the temporally or-
dered observed data are now O =
(LlaAl)L2:A21--'LK)AK’LK-F]) where '4k is
a treatment given at time k and Ly are other
variables measured just prior to treatment.
Associated with each history @ = (a1, .- ak)
there is a counterfactual random variable
Lz = Lz k4 satisfying the consistency as-
sumption f—a,m = L if Apey = Gm-1. We
impose the assumption of sequential ignorabil-
ity (i.e., no unmeasured confounders) that for
all @ and m .

L'u'HAm 'fmyzm—l =Tm-1- (3)

Further we assume that for all @, in the sup-
port of A

I f(Am—1,Lm) >0, (4)
then f [am |Zm-1,f,,,] > 0.

Robins (1999) discusses the use of MSMs to
estimate the effect of @ on Lz With lit-
tle loss of generality, he shows that the sta-
tistical problem which arises from estima-
tion of MSMs under sequential ignorability
often reduces to the estimation of the finite
dimensional parameter of p in a semipara-
metric model with likelihood f(O;pu,8,p) =
K+1 C _

H f [Lm | Lm—lsAm—l;Pzg] X

m=1

K —
H f [Am |Zm—lyLm;P] ’ where

m=1
f [Lm | Tm-1, Am—1; b 6] and
f [Am | Am_l,L?n;p] are densities with respect

" to dominating measures v; and v, respectively,

(u,0) and p are variation-independent, and 6
and p are infinite-dimensional nuisance param-
eters, that is characterized by the restriction
for all functions s = s (-,-,) in a given set S

E[s (EK_H,ZK;;L) ’ITK] =0 (5)

where now 7m = [] f [4; | Z;, Aj—1]. Specif-
j=1

ically, if we specify a marginal structural
model characterized by the restriction that
E{s(LzTp)} = 0 for s € S, then
(5) will hold under (3) and (4). As
an example, the marginal structural mean
model E[Lzx+1] = ¢(@p) with g(-,) a
known function is equivalent to the model
E{s(Ln@p)} = 0 with S = {s(Lz,Tp) =
s () [La,k+1 — 9 (@ p)); 87 () erbitrary}. If
the assumption that E {s(Lz,a;u)} = 0 for
s € S does not restrict the distribution of the
Ls ,we say our MSM is saturated.

In order to reduce dimensionality,
we consider two parametric submodels,
f(am | Tm.Tm-1; Q) and
f(lm | Tme1,8m—1; &, %) Where ¢ and « are
finite-dimensional parameters. Our goal will
be to construct a RAL estimators of g in the
semiparametric union model that assumes (3),
(4), the model f(O;p,8,p) (so (3) holds),
and at least one of the two finite-dimensional
submodels is correct as well. Further, when
both parametric models are correct and our
MSM is saturated, the estimator should attain



the semiparametric variance bound for the
union model. For simplicity we take p to be
one dimensional. In that case S will be a one
dimensional vector space when the MSM is
saturated. A sequential regression estimator
that satisfies our goal can be constructed as
follows.

1. Compute the restricted MLE 17::171 (n) of
¥ with g held fixed and the MLE & of
from the observed data.

2. Select a particular s from S. (The choice
can only affect efficiency.)

3. Let B (n) = ®{E, 3ls (Cx+1,Ax, 1) /

Tmt1 lfmwzm]} =
@{/"'/S(—L-K.*.]_,IK,[J)
K+1 _ _ R
TL 7[5 Tt Bmsin 9]
j=m+1

dvy (L;) dva (Aj) }
whereform< K+1,7,, =

K —

H f[AJ ‘—I—’ijj—-l]; F_K+l = 1) and
j=m

®-1 is the canonical link function of
a given generalized linear model. This
expectation will generally have to be
computed numerically or by simulation.
[The connection of this definition to that
in the previous section . becomes clear
upon noting that, under (3), Bm(p) =
b (T, Am,pt) where bm (I, Tm,p) =
J---JE, 3 [sLw8p) | Tam = In]

K
H dl/a (aj).]
j=m+1
4. Set T (w)=s (L_K+1,IK,#)-
Iit:)rm=K-i;l,... \2, let
Hepoy (1) = hma (Em—lyAm—l,F') =
31 { By () + By (0Tl @}
be the ‘predicted value from the it-
eratively reweighted least  squares
(IRLS) fit of the regression model

S(E [T (1) | Am-1, T ]} =

Bm—l (l‘l‘) + ¢m—1-“?r-nl—-l (a) where (pm—l is
the sole unknown parameter in the regres-
sion model, ¥ (&) is the estimated version
of T, and @, (1) is the IRLS esti-
mator of ¢,,_,. Here for m = K,...,1

’fm () = fﬁm (E,,,,Zm,y) e (Am).

5. ﬁrobust solves 0 = Zi fli (#)

Now, Eropuse 1S Precisely the augmented
IPTW estimator solving 0 = 3. Urprw,i (4);

because 3, Urprw,i (). = 2;T1i () for all i,
where Urprw (1) = s (ZK+1,AK,[,L) [T (@)—
Z:=o{° (m»fmvzﬂhf‘) -
Eze (m,fm,zm,u) |Lm,Am-1]} is an aug-
mented IPTW estimating function with
c (m,fm,Am,y) = Hm (1) [Tm (@)

To see this, note '
Es [c (m,Lom, Am., 1) L, Am—1] =
Tom (1) 7l (&). Hence the identity
S Urprw,i (1) = 2; Thi(p) is a consequence
of the fact that the inclusion of the term
bm_1Tml, (@) in the canonical link GLM in
step 4 guarantees that the sample averages of
Ho (1) [7m (@) and Trny1 (1) 7' (@) are equal
form=1,.., K.

It follows from Robins (1999) that,
because it is an augmented IPTW esti-
mator, Hopes: 15 RAL when the model
f (¢m | Tm,@m—1; @) is correct. The key step
in showing that T, is RAL when model
fo(lm | T—1,8m—1; B, ¥) is correct is the ob-
servation that then am is converging to O for
each m and hence that n=? ¥, Th; (p) is con-
verging to E {s (Tx+1, Aki 1) /%k} . The effi-
ciency result follows from the fact that, if the
MSM is saturated, then at laws where both
parametric models are true, the tangent space
(i.e. the closed linear span of scores for cor-
rectly specified regular parametric submodels)
for the union model is all random variables with
finite variance. This implies that all regular es-
timators have the same efficient influence func-
tion. .

The results in the previous section on miss-
ing data models are a special case of those
in this section. To see this define A, =
1if C > m and A, = 0 otherwise and
s (I_;K.H,:ZK,/L) = I (Ax =1)d(L,p), where
1 is the vector with all components equal to 1.
Note in this special case Hp, (1) = Trm (1) -

4. Structural Nested Models

The set-up in this section is as in the pre-
vious. Our goal is to represent a g-estimator
of an additive structural nested mean model
(SNMM) as a sequential two-stage least squares
(2SLS) estimator. For pedagogical purposes,
we treat the simplest case. Specifically, we im-




pose the additive SNMM

2 [Z(X... 0).K+1 7 f(?a',,,__,,o),Kﬂ ]-L—mv;{m] =

where (Im,O) is the treatment history that
is A, through time m and zero thereafter,
’y(—m, my ) is a known function, and g is
an unknown parameter. The statistical prob-
lem which arises in estimation of SNMMs un-
der (3) and (4) reduces to the estimation of the
finite dimensional parameter x in a semipara-
metric model with likelihood f(O;u,8,p) =

K+1 o
III f [Lm | Lm—l»Am-IhU-aG] X

K
[T f[Am | Am-1,Lm; p], where

m=1]

f [Lm lrm-—ly—m 1,#,9] and

f [Am | Apn 1, mi p] are densities with respect
to dominating measures v; and v, respectively,
(z,6) and p are variation-independent, & and
p are infinite-dimensional nuisance parameters,
that is characterized by the restriction that

E[Hmn ()L, An] = (7
E [Hm (1) [Lm, A1)

where Hm (1) = L1 — Ljem ¥ (L5 Asr 1) -

In order to reduce dimensionality,
we consider two parametric submodels,
f (am |zm7a-m-—l, ) and
f(tm | Zne1,8@m—1; &,%) where ¢ and o are
finite-dimensional pararneters Our goal will
be to construct an estimator fi,p,s: of p that
is RAL in the semiparametric union model
which assumes that the model f(O;p,6,p)
is correct (so (7) holds) and at least one
of the two finite-dimensional submodels is
correct as well. Let 9,7%,& be the MLEs
when both submodels are imposed.  Let
Bm = E; 5 [ m () [Lomy A 1] and G, =

Es [Am|Lm, Am-1]. Define U (1, ¢y, .-, 8x) =
Efrf:l (Hm () — Em - ¢mém)

(4.0, -,0.Gm,0, ..o)' where
(Am,o,...,ém,o,..o)' is of dimension K + 1

—~

with G,. the m + 1% component. Then

(ﬁ,obust,al,...,a,{) is the 2SLS estima-
tor solving 0 = Y, Ui(péy,-0k)-

Furthermore,  H,ppus: 1S , also the g-
estimator solving 0 = 2 ;U (p) where

U* (4) = Sotes (B (1) = B = 8, (1) Cim)

m = Cm ), B (1) solves 0 = T, U (1 61m)
with p held fixed, and U™ (u,¢,) =
SX_; (Hm (4) = Bm = 6nCrm) Crn. This
representation as a g-estxmator 1mp11es Hrobust
is RAL when the model f (am | &m,Gm—1;)
is correct (Robins et al,1999). When

F (b | Tne1, Bt ) is correct, @, (1)
converges to 0 so the estimator will be RAL.

5. A Correction

Because this paper extends results in
Scharfstein et.al. (1999) it will be useful here
to point out an error in that paper. Specifically
the formula for b, 71 (O; %) given at the end
of their Sec 3.1 is incorrect unless the data
are CAR (i.e., unless @ = 0 in their model
(3)). If we let Bc]f (O;%) be the incorrect
formula as_given in their text, the correct
formula is beoprect et (OY) = bef, (0;¢) —
(0,¢)’ bessa (0;9) where ,f“ (O;¢) is
the first component of bess (O;%) and ¢ =
(" (Li pmyis) = 1} {7 (L3 pmia) (LVY) =

B [ (L pmis) (LVIY) [V}

{Y p}- An exactly analogous correc-
tion is required to the formula for b'E 77 in the
second to last paragraph of their section 3.4
when their model (4) is not CAR (ie when
(L, B,) is not identically zero).

6. Discussion

We have acted as if it were no problem
to specify and maximize fully parametric MSM
and SNMM models with p satisfying the re-
striction (3) for MSMs and (7) for SNMs. This
is not the case as discussed in Sec. 8 of Robins
et al. (1999) where variation independent pa-
rameterization of the observed data distribu-
tion are given for SNMMSs and MSMs and are
shown to be quite complex. An alternative
parametrization would be to specify a para-
metric model depending on (u, %) for the joint
distribution of the counterfactuals Lz, but this
leads to intractable high or even infinite di-
mensional integrals. The message is that the
analysis of fully parametric MSMs and SN-
M©Ms is anything but straightforward. .Thus the
method of estimator construction given above
may be more theoretical than practical because
of the difficulty with fitting the required para-
metric models. In practice, we would replace
B () and B by ¢mBm ,where B, is a known



vector function of (Tm, Am) in Section 3 and of*
(Zmy_A‘m—l) in Section 4 and ¢m is an unknown
parameter (row) vector. In both Sections 3 and
4, we estimate ¢m analogously to and simulta-
neously with ¢,,.
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