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Murphy and van der Vaart (MV) provide an elegant char-
acterization of conditions (such as smoothness conditions)
under which the profile likelihood for the finite dimensional
parameter 6 in a semiparametric model is approximately
quadratic in large samples and the asymptotic distribution
of the MLE and profile likelihood ratio test are respectively
normal and chi-squared. However, Robins and Ritov (RR;
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1997) have argued that, if an analyst plans to use a statis-
tic’s asymptotic distribution to approximate its unknown ex-
act distribution, then, in many important high-dimensional
models, MV’s conditions, even when true, should not be im-
posed, because the nice asymptotic behavior of the profile
likelihood does not reflect its poor moderate sample behav-
jor. In Sections 1-6 of this discussion, we show that when
RR’s advice is followed and MV’s conditions are not im-
posed, all likelihood-based methods of inference will fail;
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nevertheless, nonlikelihood inference based on locally effi-
cient estimating equations will often succeed. In Section 8
we discuss an unpublished manuscript of Donglin Zeng and
Susan Murphy, wherein they attempt t0 “save” likelihood
inference.

1. THE MODELS

We consider models M(K x I') indexed by infinite-
dimensional parameters (x,7) € K x T for n iid copies
of a random vector X with factorized likelihood function
La(k,y) = Lni(k)La2(y) with respect to a dominating
measure v that suffer from the “curse of dimensionality”
in the sense that the parameter space K x T is very large.
Here, Ln(k,7) is the product of the n unit-specific like-
lihood contributions L(k,7) = L1(k)La(7). We wish to
make inference regarding a finite dimensional functional
g = 0(x). If we write K = (8,w) with 8 € ®and w € Q,
then 7 = (w,7) withn € N =Q T denotes the infinite-
dimensional nuisance parameter. The parameters ¢ and w
need not be variation independent; that is, KC need not equal
O x .

Example 1: Semiparametric Regression.  Assume that
Y = R + h(V;w;) +¢, withe independent of (R, V), e~
N(0, 1), R Bernoulli, and V highly multivariate and contin-
uous. The likelihood has factors Lo (0,w) = [Tz o(Ya —
8R, —h(Vi;w1))f (Viswe) and Lo (7) = Tlizy w(Vi )R {1-
7(Vi; )}, where ¢(:) is the standard normal density.
Here we assume that <y indexes the set T’ of functions
m(V;~) taking values in (c,1—c) fora small positive ¢, w1
indexes the set ; of uniformly bounded continuous func-
tions h(V;w1), wo indexes the set 2, of densities with com-
pact support, and K = Q x Q. Generalizations of this
model can be used to analyze a randomized experiment with
an additive effect 8 of the treatment R on the outcome Y and
with randomization probabilities x(V;y)=pr(R= 11V;7)
that depend on a vector V of pretreatment variables. If the
treatment effect is not additive, the model in Example 2a
below can be used.

Example 2: Coarsened at Random Missing-Data Models.
Let L denote a subject’s full data and let X = (R,cr(L))
denote the observed data where cr(+) is a known coars-
ening (i.e., function) of L depending on R and R indi-
cates what part of L is observed. Let M (K) denote a
semiparametric model for the law of L with likelihood
Lnsu(r) = [Tz f(Lis &) dominated by a given measure
vy, and, unless otherwise noted, let T’ denote all laws of
R given L dominated by some measure and satisfying
the coarsened at random (CAR) restriction that f(R|L;7)
is a function s(X;~) of the observed data (Gill, van der
Laan, and Robins 1997; Heitjan and Rubin 1991; Jacobsen
and Keiding 1995). This induces a model M(K x T') for
X with L (x) = [Ties f{l;cnx(l)zcni(Li)} f(l:x) dvr (1) and
Lua(y) = [Tizy s(Xi37)-

Example 2a: Continuously Stratified Random Sampling

Model. Let L = (Y, V).X = (R,cr(L)),cr(L) =
(V,RY),Y and R Bernoulli, V highly multivariate and con-
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tinuous, 6 the mean of Y, and f(L;k) = C(V;k)¥[1 =
C(Vie)F Y £(V; k2). Here ki indexes the set K, of con-
tinuous functions ¢((V;k1) = pr(Y = 1|V;k;) with range
in (0, 1), k2 indexes the set K, of densities with compact
support, and K = K1 X KC,. In this model, CAR implies that
pr(R = 1{L:7) = x(V;~) depends only on V. Here we let
~ index the set I' of functions 7(V;~) with range (c, 1) for
some ¢ > 0.

2. DIFFICULTIES IN ESTIMATION

Let p* = (k*,7") denote the p = (5,7) generating the
data and let R = K x I Ritov and Bickel (1992) and RR
studied many models M (K x I), including all of those that
we consider in this discussion, which have the following
properties: (a) The semiparametric variance bound (SVB)
171 for nl/2_consistent estimators of 6 is finite, and yet no
estimator is consistent for 6 uniformly over p* € R; (b)
no estimator of 6 attains a pointwise (i.., nonuniform) rate
of convergence of n* at all p* € R for any a > 0; (c) no
«yalid” 1 — a interval estimator for g exists. By valid, we
mean that under all p* € R, (1) the coverage is at least
(1 — «) at each sample size n and (2) the length goes to 0
in probability with increasing sample size.

2.1

In Examples 1 and 2a, there do exist uniformly
nl/2-consistent estimators and valid confidence intervals
with length Op(n~1/%) in submodels M (Kqub smooth % L)
which impose the additional assumption that h(V;w1)
and ((V;k;) are locally smooth (i.e., differentiable to
a suitably high order with bounded derivatives) in V.
However, when V is high dimensional, RR argued that
even when the submodel M (Ksub,smooth X I') is known
to be correct, asymptotics based on the larger model
M(K x T) that does not assume smoothness provides
a more relevant and appropriate guide to moderate sam-
ple performance. For example, with moderate size samples,
there do not exist interval estimators that perform well (in
the sense of being narrow enough to be substantively use-
ful while covering @ at near nominal level) under all laws
allowed by the smooth submodels. This is due to the curse
of dimensionality; in high-dimensional models with moder-
ate sample sizes, local smoothness assumptions, even when
true, are not useful, because essentially no two units will
have V vectors close enough to one another to allow the
“porrowing of information” necessary for smoothing.

The Curse of Dimensionality

3. ESTIMATION IN MODELS WITH v~ KNOWN

We now consider inference about 6 in the (sub)model
M(K) in which " is known. This is of interest because
in the designed experiments of Examples 1 and 2a, v~ is
usually known to the analyst.

3.1 Profile Likelihood Inference

Suppose that profile likelihood inference for 8 = 6(x) is
to be based on a working or sieve likelihood L (k,7) =
L, (K)Lho(y) with (k,7) € Kn X T Then inference for 6
is the same regardless of the known value v* of v. RR
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referred to any inferential method with this property as
strict factorization-based (SFB). A SFB estimator is then
one that is not a function of the known value v* of v. In
model A (K) any method that obeys the likelihood prin-
ciple is SFB (Robins and Wasserman 2000). Because any
SFB estimator in model M (K) can also serve as an estima-
tor in model M (K x T), it follows that the aforementioned
properties (a)—(c) also hold for any SFB estimator in model
M(K). In particular, (a}-(c) are true for profile-likelihood
inference.

3.2 Non-SFB Inference

If model M (K x T') satisfies condition A given later, then,
in model M (K) there exist non-SFB estimators that do not
suffer from (a)-(c). In fact, for these models (1) there ex-
ist non-SFB estimators 8,(y*) depending on the known ~*
that are not only uniformly n!/2 consistent but also uni-
formly asymptotically normal (UAN), and (2) the Wald in-
terval Cn(7*) = 0n(7*) £ 24/26x/+/n is a uniform 1 — o
asymptotic confidence interval with length 0,(n~1/?),
which implies that a valid 1 — o interval estimator ex-
ists. Here &,/n!/? is, for example, the nonparametric
bootstrap estimate of the standard error of 6,(v*) and
2o is the o quantile of a N(0, 1). By UAN, we mean
that there exists a sequence g,(p), such that, for all ¢,
SUp,-er | Pros [{V/7/[0n(p*)]} (Bn(v")—0") < t]-2(t)| = 0
as n — oo, where @ is the standard normal cdf. Importantly,
in moderate-size samples, Cp,(y*) will generally cover 6"
with probability close to nominal. We stress uniform pro-
cedures, because uniformity is necessary (although not suf-
ficient) to link asymptotic behavior to moderate sample be-
havior. For example, if an estimator of 6 is consistent but
not uniformly consistent, then there does not exist a sam-
ple size ng, not depending on p*, at which the difference
between the estimator and 6 is guaranteed to be small with
high probability. Uniformity is not sufficient because, as in
model M (Ksub smooth X I'), the required sample size no may
be enormous.

Let L3(p) be the Hilbert space with covariance inner
product of random vectors of the dimension of § with mean
0 and finite variance matrix under p. Let T,(2) C L3(p) be
the tangent space (i.e., closed linear span of scores) for the
nuisance parameter w when the data is generated under p
and let T,(R)* be its orthogonal complement in L3(p). We
shall restrict attention to models satisfying the following
condition. More general models are considered by Robins
and Ritov (1997).

Condition A. There exists a (possibly improper) subset
W,(Q) = {U,4(0,7); g € G} of T,(2)* indexed by functions
g ranging over a set G that is comprised solely of unbiased
estimating functions Ug(6, 7). That is, W,(Q2) = We,(2)
does not depend on the value of w generating the data.

Condition A is satisfied in the models of Examples 1 and
2a. For example, in 2a, we can take W,(Q2) = {Uy(0,7) =
gRw(V;y)~Y(Y — 6);g € R'}. In fact, condition A is al-
ways satisfied in CAR models in which 6 is the mean of
a random variable b(L) and Mz, (K) is nonparametric (i.e.,
contains all laws dominated by v.). In example 1, we can
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take W,(R) = {U,(8,7) = [Y ~8Rlg(V)[R~E,(RIV)}; (")
an arbitrary function}. More generally, suppose there ex-
ists 47 and H,(8) such that E,..,+[Hy(8)] = 0. Then Con-
dition A holds with Uy(6,7) = Hg(8)L2(v1)/L2(7), when
support(s.y!) C support(x,~) for all (x,~) € K x I'. Here
support(x.~) is the support of X under (x,7). To see why
the properties (1) and (2) hold for model M(K) when
condition A is true, note that under regularity conditions
such as uniform bounds on higher-order moments, the es-
timator 8(y*) = 0,(y*) solving 37, Ug:(6,7") = 0 for
Uy(8,7) € Wp(S2) is UAN.

4. LOCAL EFFICIENCY

Because of the factorization of the likelihood into a «
part and a & part, in model M(K x T') (a) the tangent
space T,(I) = T,(I') for v at p does not depend on
x; (b) if condition A is satisfied, the orthogonal comple-
ment T,(NV)* to the tangent space for the nuisance pa-
rameter 7 = (w,7) includes W,(N) = (U,8,w,7) =
Ug(8,7) — Ty [Ug(0,7)]; Ug(6,7) € W, ()}, where Iy [D]
is the projection of D on T,(T'); and (c) the efficient score
i, € T,(N)* for 0 at p is the same in models M(K) and
M(K xT).

When La(y) is a partial likelihood that is unre-
stricted (i.e., nonparametric) as v varies over I', Robins
(1999, Theorem 3.2) provides a closed form expression
for II,.[U,(8,7)]. For example, suppose for a sequence
{(Ak,Hk)},ﬁz(V) = Hk f[Ak | Hk;'y]. Then if Hk+1 in-
cludes (Ax, Hy) as components, L2() is a partial likelihood
and I, [D] = 3"y Exy[D | Ax,Hx] — Exy[D | Hy] when T
is nonparametric.

Suppose now that W,(22) = {Uy(8,7);9 € G} is such
that for some gopt,, € G (possibly depending on p),
Tyope,(6:w,7) is the efficient score I, for 6 at p. In such
a case we can specify a submodel M(Ksyp) with param-
eter space Keup for £ = (f,w) small enough that the
regularity conditions of MV hold. Let &(f) and A re-
spectively be the profile MLE of w and MLE of x in
model M (Koub)- Let Ug(8,7; &) = Ug(8,7) — Mz [Ug (6, 7))
Then, under further Aregularity conditions, the estima-
tors Biocer(Y") and Oiocerr(7*) solving Blocesr(6,7")
E?:l Uﬂgop:,e.o(e),-y- (07‘:)(6)57*) = 0 and B]oceﬂ(e,’}’*)
S 1 Ui gopeiiire (6,77 &) = 0 are UAN under model M(K)
and are locally semiparametric efficient in model M (K) at
the submodel M (Kyup). This means that they have asymp-
totic variance equal to the SVB for model M(K) when the
model M(Kgup) is correct. Indeed, they are locally curse
of dimensionality appropriate (CODA) efficient as defined
later. For expositional ease, we focus on Brocest (Y*) but
all results apply equally to frocet (7*); When 8 and w are
not variation-independent, Bioceft (~*) will often be easier to
compute than fioces (1)

Example 1 (Continued). U,(8,w,7) = {Y — 6R —
R(V;wi)HR — E4[R|V]}g(V) and gopt (V) = 1. Hence
I, = E,[n(V;7) — w2(V;7)]. A typical choice for Keup =
O x Qg1 X Q2 would be to impose a parametric or a
smooth generalized additive model for A(V;wi).
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Example 2 (Continued). Suppose in model Mi,1(K)
the orthogonal complement Te ()t = To ()t =
{Utu,4(0),9 € G} to the nuisance tangent space T sl ()
for w at x does not depend on w. Here the set G indexes the
elements of Toyfu](Q)'L. A sufficient condition for this is that
g is the mean of some b(L) and M (K) is nonparametric
in which case Ug ¢(8) = (b(L) — 0)g with G = R!. Let
Ay = 1 if Upar 4(8) is a function of X and Ay = 0 other-
wise. To define W,(Q) = {Uy(8,7); g € G} and W,(N) =
{U,(8,w,v)}, we need the following definitions given by
Bickel et al. (1993). Let g, (-) denote the missing-data score
operator E, (-|L) and let m,(-) denote the nonparametric in-
formation operator E,{E(-|X)|L}. Let m; ' be the (pos-
sibly generalized) inverse of m,. If, for all v € T,pr(Ag =
1|L;v) = myg(L;~y) is bounded away from O with proba-
bility 1, then we define Uy(8,v) = AgUrta,g(8)/mg(L; )
(Robins and Rotnitzky 1992). If my(L;~) is not positive
with probability 1, then, provided Usu1,q(6) 15 in the range of
mg ,t ., take Uy(8,7) = go,w*{m;,i,tﬁ(Uful,g(g))}’ where
w' € 0 is arbitrary (van der Laan, Robins, and Gill 2000).
In either case it can be shown that U,y(6.7) € T,(Q)+ and
Ug(8,w,7) = 8u{m; (Urun,g(6))} € Tp(N)*. Further if [,
is a score then I, = ﬁgopt,p(&w,ﬁ/) for some goptp € G-
When Mz, (K) is nonparametric, all g € G lead to the same
estimator, and the dependence on g can be suppressed in the
notation. In that case the only remaining issue is computa-
tion of m31(-). When L(7) is a partial likelihood (which
includes monotone missing-data patterns), Robins and Rot-
nitzky (1992) and Robins (1999, Eq. 15) provided a closed-
form expression. When La(y) is not a partial likelihood,
van der Laan (1996a) showed how to calculate m; ! (-) iter-
atively by successive approximation (Kress 1989); that is,
m (V) is the limit of the sequence D; = d;(L) where
D; =U+ Dj-1 - m,(D;_;) with Do an arbitrary start-
ing random variable. Robins and Wang (1998) provided a
worked example that also involved computing gopt,p for a
semiparametric model M1 (K).

Example 2a (Continued). Here Mz (K) is nonparamet-
ric, Us(8) = Y — ,A = R,7w(L;v) = m(Viv),m;! =
(Vi) Ura(6) — {n(Vi7)™" = 1}E [Ua(@)IV], and
U0,w,y) = An(Viy) W) — {An(V:n)™" = 1}
EM[Uful(g)lV]'

5. LOCAL VERSUS GLOBAL EFFICIENCY

We first present some asymptotic results, then describe
their relevance for moderate sample performance. Consider
model M (K) with v known and equal to v*. In Example
1, for each 8 we can estimate h(V;w1) by a multivari-
ate nonparametric kernel regression of ¥ — R on V, and
in Example 2a we can estimate ¢(V;x1) by a multivariate
kernel regression of Y on V among subjects with R = 1,
where in each case the bandwidth b(n) satisfies b(n) — 0
and nb(n) — oo as n — oc. RR showed that the estima-
tor Be(7") solving Bex(6,7*) = 0 is UAN with o7 (o)
converging to the SVB I p’.l for 6 for all p* € R, where
Beg(6,~*) is a slightly modified version of Bigcet(6,7")
that uses sample splitting techniques. This implies that
fe(7*) is globally semiparametric efficient in the sense of
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Bickel et al. (1993). However, RR also showed_that with
~* fixed and known, the convergence of a2(p*)/1 ;,1 tolis -
not uniform over x* € K and, moreover, there can be no -
UAN estimator for which the convergence is uniform. RR
defined a UAN estimator to be globally CODA efficient if
and only if the convergence of o2 (p*)/ f;l to 1 is uniform;
RR argued that global CODA efficiency is a more ap- -
propriate concept of global asymptotic efficiency than the
Bickel et al. definition in the sense that it is natural to de-
mand of a globally efficient estimator fgobest(7v") that the

associated theoretical interval fgiopest (7*) £ Za/2] ;1/ N
that uses the efficient variance be an asymptotic (1 — a)
confidence interval for 8 uniformly for x* € K. This re-
quires the estimator to be globally CODA efficient. For ex-
ample, because in the models of Examples 1 and 2a there
exists no globally CODA efficient estimator, it follows that
for each v* and some ¢ > 0, at each sample size n there
exists some law x* € K (that changes with n) such that the
probability that §* lies in et (7*) £ 24 /2f p_.l/ ?/\/n under
p* is less than 1 — a — &. This reflects the fact that, due to
the nonuniformity of the convergence, f;.I underestimates
on(p*) at sample size n under distributions p* for which the
functions h(V;w;) of Example 1 and {(V'; k1) of Example
2a are sufficiently wiggly. 3

Now f.g(v*) is globally CODA efficient and Beie(v*) £
Za /2f ;.1/ ?//n is a uniform asymptotic (1 — o) interval on
the submodels M (Ksub smooth ), Which impose only the ad-
ditional assumption that h(V;w;) and ((V; ;) are locally
smooth in V. However, when V is high-dimensional, even
when the submodel M (Ksub,smooth) i known to be correct,
the asymptotics based on the larger model M(K) provides
a more relevant and appropriate guide to moderate sam-
ple performance. For example, with moderate size sam-
ples, for any estimator 6(v*), there will exist laws p* in
M (Ksub.smooth) such that 6(7*) + 24 /2I~p'.1/ 2 /+/n covers 6
with probability much less than the nominal (1 - a).

Under regularity conditions, the estimator Biocest (7*)
solving Biocen(6,7*) = 0 is a locally CODA efficient
estimator in model M(K) at the submodel M (Ksub)-
By this we mean fcen(y*) is UAN in model M (K)
and o2(p*)/1 p".l converges to 1 uniformly for ™ €
Ksup. When, as in our examples, there are no glob-
ally efficient CODA estimators, local CODA efficiency
is the best that can be hoped for. The bootstrap inter-
val Bocef (7*) £ 20/20n//n Will be an uniform asymp-
totic (1 — o) interval on model M(K), with length
uniformly close to that of Orocet (V) £ za/Qf;l/z/\/ﬁ
on the submodel M (K.ub); in addition, the latter inter-
val is an uniform asymptotic (1 — «) interval for p* re-
stricted to M (Ksub). Most important, if M(Ksp) is suf-
ficiently small, then in moderate-size samples, the inter-
vals Biocetf (1) £ Za/20n/y/n will be narrow enough to
be substantively useful with actual coverage close to the
nominal (1 — «) under all laws p* contained in model
M(K) and will have length nearly equal to that of the
interval é;oceﬁ('y‘) + Za/gip—-l/2/\/ﬁ for p* € M(Ksup)-
For example, this will generally be the case for submod-
els M(Ks,b) that assume that h(V;w:) and ¢(V; k) fol-
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low particular parametric or smooth generalized additive
models.

6. LOWER-DIMENSIONAL SUBMODELS OF
I WHEN ~ 1S UNKNOWN

In many settings, 7" is not known but the analyst assumes
that v € Taup C T Let 4 € Ty be an estimate of ~v*. Then
the estimator Bocc(y) solving Biocei(8,%) = 0 will be a
locally efficient estimator in the model M (K x Cqup) at the

submodel M (Kb X Tsup ), provided that the size of Tgup 18
small enough so that 4 converges to ~* sufficiently fast.

Examples 1 and 2a ( Continued). Let Tyup C R? be the
parameter space for ~ in a regular parametric submodel
for the distribution of R given V. The parametric MLE %
maximizes Lno(v) over Fsub.

Example 2b: Independently Censored Multivariate Sur-
vival Data. Suppose that L = T = (T1,...,Tm) and
Cc = (Cy,...,Cm) are continuous multivariate failure
and censoring times and we observe X = (Y,7) =
(R, cr(L)), where Y, 7,R, and cg(L) have components
Yj = min{Tj,Cj},Tj = I(YJ = Tj),RJ' = Cj if T = 0 and
R; = oo otherwise, and cr(L); = L; if R; = co and 0 oth-
erwise. We take as our parameter of interest 6 = pr(T > t)
for a given vector t, and we allow Mg (K) to be nonpara-
metric. Thus U (6) = I(T > t) - 0,4 = I{C > T}
and 7(L;vy) = pr(C > T*|L:~), where T* has compo-
nents T; = min(T}, t;). We complete the model by taking
Tsup to be all distributions with C independent of T. Then
7(L;7) = S(T*;7), where S(t:v) = pr(C > t;7)-

To construct a locally semiparametric estimator, we take
Miu(Keub) to be the semiparametric gamma frailty (or, al-
ternatively, a fully parametric) model for L and S(t;¥)
to be the Dabrowska (1988) estimator of the censoring
distribution. Then Bgcesr () improves on previous estima-
tors: unlike the (repaired) MLE of van der Laan (1996a,b)
but like the Dabrowska, Prentice~Cai (1992), and Bickel
(Dabrowska 1988) estimators, it does not require smooth-
ing and so will perform well in moderate-size samples even
if m is large, say 7 or 8. Like van der Laan’s MLE but
unlike all other previous estimators, Bocer(¥) can be effi-
cient (nearly efficient) in the independent censoring model
M (K x Tsyp) even when the components of T are highly
dependent, whenever the model Mg (Ksub) for L s cor-
rect (nearly correct). In general, m; 1 can be computed by
successive approximation. Suppose, however, that there is
a common censoring time; that is, C; =+ =Cn = C.
Then, missingness is monotone and m;l can be explicitly
computed. In this setting with T; < Tj41 with probability
one and t; < tj4+1, Gill et al. (1997), Lin, Sun, and Ying
(1999), and Satten and Datta (2000) considered the inef-
ficient estimator finesr(y) solving 0 = S Ui(6,7) with
U@,y = A{I(T > t) — 8}/S(Ty;7) where S(u,%) is
the Kaplan Meier estimator for censoring; Brocess () solves
0 = S, Ui(6, @(8), %) where U(6, w, ) = U@, %) +
[ dMo(u; {S(w )} Eeu{{I(T > t) - 0} {min(L;,
w),j=1....m} dMc(u)=I1(C=u, Ty 2 u) — dAc(u;
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ANI(C > u, T 2 u)s and Ac(w;9) = —InS(u; 4). Van der
Laan, Hubbard, and Robins (1999) studied Grocesi 4) which,
for this model. is easier to compute than e (7)-

7. DOUBLE ROBUSTNESS

Because when y* is unknown, the analyst cannot be cer-
tain that 4* € Dsyp or that k* € Kqupb, the best that can
be hoped for is an estimator that is UAN in the union
model that assumes that p* lies in either M (K x Tsyp) OF
M (Kqub x T). We refer to such an estimator as doubly ro-
bust or doubly protected. It follows from Lemma 1 that,
under suitable regularity conditions, Brocest () 1s doubly ro-
bust, provided that the model M (K x I') is convex in 7.
Convexity in vy means that, as in Examples 1 and 2, if the
Jaws indexed by (x,v1) and (&, ~7) are in M (K x I'), then
so is any mixture of the two. Furthermore, Giocesr (¥) is lo-
cally CODA efficient in the union model at the intersection
submodel M (Ksub X Tsup)- Thus in Example 2b, Brocet (7)
is UAN in the union model that assumes that either (a) the
data are CAR and T follows a gamma frailty model or (b)
T and C are independent. In contrast, Bineg (7) will be in-
consistent unless (b) holds.

Lemma 1. Suppose that M (K x I) is convex in 7. Then
for any w' and 4" such that support(k,y) C support(k, 1)
for all vy € T, Egw~{U(0: &', )} = Egwr{U 0, w,")} =
0 where the dependence on g has been suppressed in the
notation. *

Proof By Eeuwn{U(B,w,7")} = Egui{U(0,w,7")
F(X3 0,0,/ f(X;6,0,71)} and Egup{U@G@.7")} =
0, we have Eg,w,.,{U(O,w,’y*)} = Eg,wﬁf{U(H,w,'y")
S(8,w,1")}, where S(f,w,7') = F(X; 0,w,7)/f(X:9,
w, ') — 1. But S(0,w,Y') = S(v') is an element of T+ (T'),
because convexity in v implies that under ', {f(X; 6, w,
A1+ ¢S w Y ¢ € (—¢, €)} is, for suitably small &,
a one-dimensional parametric submodel of T indexed by ¢
with true value ¢ = 0 and score equal to S(6,w,~"). But this
implies that Eo,wf{U(G,w,'y')S(f),w,fy’)} = (), because
U(8,w,y") € Tp(T)*'. Further, EowA{U0,0', M)} =
Eo. AU(6,7) - ey [U(87)]} = 0 by U(6, 7). an unbi-
ased estimating function, and L, [U8,)] € To(T).

8. CAN LIKELIHOOD-BASED INFERENCE
BE SAVED?

In an unpublished manuscript, Zeng and Murphy studied
the model of Example 2a and proposed a sieve likelihood
L1(k,7) = Lhi(k,7)Lho(y) with & € Kn and 7 € Tn,
where they artificially add v to L!,(k). Zeng and Murphy
provided a particular sieve K, that depends on n for which
the sieve MLE 6(v*) = 9{k(y*)} with A(7") maximizing
L, (k,~*) over K € K, is locally efficient for 6 in model
M (K). Because the sieve MLE depends on the known value
~* of «, it is not an SFB estimator and thus violates the
likelihood principle. Thus these authors have succeeded in
saving “likelihood-based” inference, but only in the narrow
computational sense that they have constructed a locally
efficient estimator by maximization of a sieve likelihood
function. Scharfstein, Rotnitzky, and Robins (1999, page
1141) proposed a fixed sieve Kn = Ksup for which the
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MLE of 8 is also locally efficient in model M(K). They
used as their sieve the fixed model M (Ksup) for the ob-
served data X induced by the model Miui(Ksup) character-
ized by the linear logistic model pr(Y = 1V;k1,7") = {1+
exp[—d1(V;k1,1) — K1,2/7(V; 4]}, where di(V; K1,1) 18
a known function of an unknown p; — 1—dimensional pa-
rameter x;,1 and k1 2 i an unknown scalar. The sieve MLE
Bsieve(7*) = Y pr(Y = 1|Vi; R (7). 7*) is locally
efficient in model M (K) at the submodel M (Ksub), because
ésieve('y*) is algebraically identical to Bocerr(7*) based on
model M (Ksup). Here R1(v*) is the ky maximizing the lin-
ear logistic likelihood among units with R=1.

However, we conjecture without proof that for many
models, likelihood inference cannot be “saved” even in this
narrow sense. This conjecture comes from our pondering
the following examples. Consider the model M(K x Tsub)
in Example 2a of Section 6. Scharfstein et al. (1999)
showed that eve (%), With 4 maximizing L 5(7) = La2(7)
over Dgup, 1s identically equal to Brocer (/) and thus is
locally efficient in model M (K x Tgup) at the submodel
M (Ksub X T'sup). However, we do not regard Bgieve(F) @S
likelihood-based, because it is not obtained by maximizing
a likelihood function. Rather, in our fixed sieve model, the
sieve MLE is 8{&sub}, where Ksup is the value of & obtained
by maximizing L7, (~, y)LE o () over (k,7) in Ksub X Tsub-
Unfortunately, 8{4sub} fails in the sense that it is incon-
sistent if either k* & Keub OF 7* & D'sub- Next, consider
the extension of model M(K) of Example 2a to a two-
stage stratified random sampling design. Specifically, re-
define V = (Vo,Vl),R = (Rl,RZ), with V,,] = 1,2,
highly multivariate and continuous; R; Bernoulli, Ry =
R Rs; and CR(L) = (Vo,Rlvl,RQY). Here CAR im-
plies that pr(R2 = 1L,R, = 1;v") = w2(V;~*) and
pr(R; = 1L;y") = 71(Vo:7*). In contrast with the one-
stage design discussed earlier, we have failed to find a
sieve likelihood for which the MLE fgeve(7™) is a lo-
cally efficient estimator of 6 (see Robins 2000 for further
discussion).
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