Semiparametric Efficiency. in Multivariate Regression
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Models with Missing Data

We consider the efficiency bound for the estimation of the parameters of semiparametric models defined solely by restrictions on
the means of a vector of correlated outcomes. Y, when the data on Y are missing at random. We show that the semiparametric
variance bound is the asymptotic variance of the optimal estimator in a class of inverse probability of censoring weighted estimators
and that this bound is unchanged if the data are missing completely at random. For this case we study the asymptotic performance
of the generalized estimating equations (GEE) estimators of mean parameters and show that the optimal GEE estimator is inefficient
except for special cases. The optimal weighted estimator depends on unknown population quantities. But for monotone missing
data. we propose an adaptive estimator whose asymptotic variance can achieve the bound.
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1. INTRODUCTION

We consider a longitudinal study conducted over a fixed
interval from time 1 to 7. Let Y, = (Y;,.... Y;p)T,i= L
. . .. n. be the vector of multivariate outcomes corresponding
to the ith subject measured at prespecified visit times (1.
....T).Here and throughout. T. when used as a superscript.
denotes matrix transposition. We suppose that the goal of
the study is to describe the evolution of the mean of Y, ¢
=1..... T. conditional on a vector of variables X;. In ran-
domized studies. .Y, may include a treatment arm indicator
and pretreatment variables such as age, sex. and race.

Extensive literature exists on the efficient estimation of
the parameters 3, of the regression of Y; on X; in the absence
of missing data. When the mean of Y, is XT3, and the
covariance of }; given X; is known. the generalized least
squares estimator 3;; of B, is best linear unbiased ( Rao 1973.
p. 301). With unknown conditional covariance matrix, B¢
is not a feasible estimator. because it depends on the un-
known covariance function. But Carroll and Ruppert ( 1982)
and Robinson ( 1988 ) showed that if the covaniance matrix
is a smooth function of X;, then the generalized least squares
estimator 3(; that replaces the unknown covariance matrix
bv a nonparametric estimator has the same asymptotic dis-
tribution as 5. Furthermore. Chamberlain ( 1987) showed
that the asymptotic variance of 3;; attains the semiparametric
variance bound for regular estimators of 3, in the semipara-
metric model defined solelv by the linear model restrictions
on the marginal means. The efficiency of estimators of 3,
has also been studied in settings where the mean of Y, is
linked to X, through some known arbitrary function g,(X;.
3). Chamberlain (1987) showed that the semiparametric
variance bound under a semiparametric model that imposes
restrictions solelv on the conditional means of Y, given X;
is achieved at the asvmptotic variance of the solution to es-
timating equations that are the multivanate version of the
quasi-likelihood equations introduced by Wedderburn
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(1976) and studied by McCullagh (1983). These estimating
equations are in the class of generalized estimating equations
(GEE ) discussed by Liang and Zeger ( 1986) and Gourieroux,
Monfort. and Trognon (1984). As in the linear case. semi-
parametric feasible efficient estimators of 8, can be obtained,
under smoothness conditions, by substituting nonparametric
estimates of the unknown conditional covariance matrix into
the optimal estimating equations ( Newey 1991).

The goal of this article is to extend Chamberlain’s effi-
ciency results to the setting in which some Y, are missing.
We consider several missing data (i.e.. nonresponse ) mech-
anisms. The first mechanism assumes that the data are miss-
ing completely at random (Rubin 1976): that is. the missing
data process may depend on the covariates .X; but is otherwise
independent of observed and unobserved outcomes. A sec-
ond mechanism allows for the probability of nonresponse
at visit (i.e.. occasion) 7 to depend on a subject’s observed
past. including the past history of a vector of time-dependent
covariates |, that are correlated with Y,. The first mechanism
is a special case of the second. We derive the efficient score
equations: that is, the estimating equations that have a so-
lution whose asvmptotic variance coincides with the semi-
parametric variance bound. We show that the form of the
bound is the same under both missing data mechanisms
considered.

In Section 2 we present the model and we review a class
of estimators proposed by Robins. Rotnitzky, and Zhao
(1995), denoted hereon as the RRZ class. that extends the
class of weighted least squares estimators to setting where
nonresponse depends on the past. The RRZ estimators re-
quire a model for the nonresponse probabilities. In Section
3 we calculate the semiparametric variance bound for the
model and show that this bound is the same whether the
nonresponse probabilities are compietely known. completely
unknown. or follow a model. We further show that the bound
is achieved at the asymptotic variance of the optimal esti-
mator in the RRZ class. In Section 4 we specifically study
the case of data missing completely at random. In particuiar,
we study the asymptotic performance of the GEE estimators
proposed by Liang and Zeger (1986) and Gourieroux et al.
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(1984) and show that the optimal estimator in the GEE class
is inefficient except under special conditions. A small sim-
ulation study illustrates this theoretical result. Because the
solution 1o the efficient score equations depends on unknown
population parameters. in Section 5 we propose a two-stage
adaptive RRZ estimator whose asvmptotic variance can
achieve the semiparametric variance bound and examine jts
performance in a small simulation study. In Sections 2-3
WeE assume that the missing data pattern is monotone: that
1s. once a subject misses a Visit. return is not possible. In
Section 6 we extend our results to arbitrary missing data
patterns. Finally. in Section 7 we present some final remarks.

2. THE MODEL

To define our model. let Yo = (Y,..... Y;y) and X,
= (X . ... X7 where Xi 1s a vector of explanator
variables at visit 7 and visit zero occurs just prior to start of
follow-up. Often the A, are deterministic functions of time
and the baseline variables X' for example. X, = X ¥,
Further. suppose that the study is designed so that in addition
to the Y. and X,. measurements are to be made on a vector
of time-dependent covariates Vet =0,....7Tand we set
W=l Y)T =1, .. .T,and Wio = (X;.17,). Define
R, = 1 if subject i is observed at time 7 (ie..if Y, and I,
are observed ) and R.. = 0 otherwise. We assume that R,
= 1 for all subjects ; and that Y, and V, are either both
observed or both missing at each time ¢ > 1. Until Section
5, we shall assume that the missing data patterns are mono-
tone: thatis. R, = 0 implies Ri+1)= 0. We also shall assume
that X’ is completelv observed (1e.. known): that is, X, 1s
observed even if R. = 0. as would be the case if P
= X '1. We assume that (Wl Ry o Ry, i=1.

.. n. are independent and identically distributed, where
for any variable -,. 1 =0, ..., T, Zo=(zh.. ... s’
and we use overbars to indicate past data recorded up to but
not including the corresponding occasion. Consider the fol-
lowing two conditions on the missing data process:

P(R,= 1Ry, = 1.W,. Y))
=P(R,=1UR,,=1.W,) (1)
and
P(Ri =11 Ry = 1. Wyryyy)
=P(Ri=1Riy-iy= 1. X;). (2)

Under(1). censoring (1.e., nonresponse ) is unrelated to cur-
fent and future outcomes given the past i/, Assumption
(1) holds in particular when the data are missing at random
in the sense of Rubin (1976), because under monotonicity,
missing at random is equivalent to

P(R, = Ry =1, Wirsn))
= P(Ril = l'Ri(z—l) =1, l/i’n) (3)

When assumption (2) holds, we shall say that the data are
Missing completely at random. Assumption (2) implies both
(1) and (3). we suppose that the marginal distribution. of
Y given X, follows the (possibly nonlinear) regression model
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E(Y,iX)) = g(X,. Bo). (4)

where 8, is a p X 1 vector of unknown parameters and
&+, *)forr=1... .. T. are known functions. The goal
of this article is to study the efficiency with which we can
estimate 3, under nonresponse processes satisfving (1). (2).
or (3). It is important to understand that even when data
on the time-dependent covariates 17, are available. i1 is the
conditional mean of }; given X, alone that it is of substantive
interest. To estimate 3, under dependent censoring when
the dimension of W, is large and the nonresponse proba-
bilities are unknown. Robins et al. (1995 ) assumed that the
response probabilities A. = P (R, = 1 IRi-1y=1.1,) are
known up to a g X 1 vector of unknown parameters a,: that
is.

A= Al ap). (5)

where for each a. A,(a) is a known function of ', taking
values in (0. 1]. Given a. the value of a that maximizes the
partial likelihood .

L) = [T I] [Reta V(1 = RK(a)} = RejReci (6
1 4
they proposed solving the estimating equation
(7)

where L;(3. a) = D,(3)Aj(a)e(B8). Aj(a)isthe TX T
diagonal matrix with diagonal elements A, (a) = mala)™!
Ri, Tula) = Xi(a) X+« X X(a). &(B) = (¢,,(3). . . ..
&r(B)7, ei(8) = Y, - g.(X,, B). and Di(B) = d(X,.B)is
a p X T matrix of known functions of X:. Robins et al.
(1995) showed that under mild regularity conditions. and
provided that (1).(4).(5).and, forr=1.. ... T.

(8)

hold. the RRZ estimating equations (7) have a solution 8
such that n'/3(§ - Bo) is asymptotically normal with zero
mean. For a fixed choice of d(-, - ). they showed in their
lemma | that the asymptotic variance of Bis greater than or
equal to that of the estimator that solves (7) when X,‘,Q) (@)
replaces X, (&). where & is the maximum partial likelihood
estimator of w in the model

logit X,2(«) = logit X,(a) + 570, (9)
where w = (a7, §7)7, X,(-) satisfies (5) for some ao; 6o,
the true value of 4, Is zero because (5) is true; and Q,
= D;(B,)Q7. where O is the T vector with the first ; — 1

components zero and. for 1 < J < T, the jth component
7 ;' Gy with

Gy= E(ej|Rigoyy = 1. W),
3. SEMIPARAMETRIC EFFICIENCY

In this section we show that the optimal RRZ estimator
attains the semiparametric variance bound. Before stating
the main results of this section, we define the semiparametric
variance bound. following Begun, Hall. Huang, and Wellner
(1983), Bickel. Klaassen. Ritov. and Wellner (1993) and

X.>a>0
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Neweyv (1990). Suppose that the data consisi of 7 indepen-
dent copies Z;, 1 =(1,.... n). of a random variable Z. Let
L(B, 0: Z;) be the likelihood for a subject 7 in a semipara-
metric model indexed by a p X 1 parameter vector § and
a nuisance parameter 6 taking values in some infinite-
dimensional set. Let (8o, fp) index the distribution generating
Z,. Define a regular parametric submodel to be a regular
fully parametric model with parameters (8, n) and likelihood
L(B. n: Z;) with true values (,. 10) where the “‘sub” prefix
refers 1o the fact that for each . the distribution L(8, n; Z;)
is a distribution L(B, 8; Z;) allowed by the semiparametric
model. An estimator of 3, is regular in a regular parametric
submodel if locallv it converges uniformly to its limiting
distribution. A regular estimator of B, is an estimator that
is regular in every regular parametric submodel. The semi-
parametric variance bound for 3, is the supremum of the
Cramer-Rao variance bounds for 3, over all regular para-
metric submodels. The asymptotic variance of any regular
estimator of B, is no smaller than the semiparametric vari-
ance bound. In the context of this article. 3, is the parameter
in Equation (4). Further. for a subject i lost 1o follow-up at
t(ie.R.y_,= 1and R, =0). Z equals (W 7. R7)7, where
R, =(R,..... R.7)7. and for subject i not lost to follow-
up. Z equals ( ¥ 7 r_,,, RT). The following theorem. proved
in Appendix A. provides the semiparametric variance bound
in the semiparametric model defined by restrictions (3). (4).
and (8) and states that the bound is attained at the asymptotic
variance of a solution to an estimating equation of the
form (7).

Theorem 1. The asvmptotic variance of the solution
Bop of Equation (7) that uses D.,,(3) and . g (&) instead
of D.(3) and X.(&) attains the semiparametric variance
bound for regular estimators of 3 in the semiparametric
model (a) defined by (3). (4). and (8). where D (3)

= 16elX,. 3)/a3 EUUT — PHY®LX] T with U7
= Ae. Pr = S:r-l (R, — AR )Q%. e = & (Bo). A
= Adag). and 4% = 447, Funhermore. T,

= —FE 0D, (30)e,(35)/037: 7 isthe semiparametric vari-
ance bound.

Theorem 2 states that the semiparametric vanance bound
is unchanged if in the semiparametric model defined by ( 3).
(4). and (8). restriction (3) is replaced by the weaker con-
dion (1) or the vet-weaker condition E[Y. R, = 1. 1]
= E[Y.IRi -, = 1. W]l 1 = j. It additionally states that
I‘;p"l is also the bound in the semiparametric models defined
bv adding to (1). (4). and (8) restrictions on the nonresponse
probabilities ,. Thus under (4) and (8) and when either
(1) or (3) hold. prior knowledge concerning the probabilities
X, does not provide further information about 3,. In partic-
ular. this implies that given (1) or (3). knowledge that the
nonresponse process satisfies the stronger condition (2) that
the data are missing completely at random does not provide
additional information about 3, because Equation (2) is
equivaient to Equation (3) plus a restriction on N

Theorem 2. T3l is also the semiparametric varniance
bound in the ten additional models (b)-(k) character_ized
bv the restrictions (4). (8).and (b). (1):(ci.(1)and A..a

: the definitions of O .
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known function of the W,; (d), (1) and (5): (e). (3) and
., a known function of the W; (f). (3)and(5) (g).(2);
(h), (2) and A,,,aknown function of the W’ (i). (2) and
(5): (§), E[Y4|R; = 1. W] = E{YulRij-y = 1. Wyl 1
=j,j=1,...,T;and (k), model () and Equation (5).

4. DATA MISSING COMPLETELY AT RANDOM

When the data are missing completely at random (i.e.,
Eq. (2) holds), the weighted least squares estimator of By
restricted to the observed outcomes. that is. the solution of

n~'* T DI (B)el (8) = (10)
is also consistent and asymptotically normal for estimating
B, under regularity conditions (Liang and Zeger 1986). Here
for each 8. ¢¥(8) = Y[ — g*(X,. B) is equal to the vector
of observed residuals and. given D;(8), DY (3) is the cor-
responding submatrix. In this section we compare the

asymptotic performance of the estimators that are solutions
1o equations of the form (7) with the performance of the
estimators resulting from (10). Our plan is to find Smmp, the
best estimator among the solutions to ( 10). and to provide
necessary and sufficient conditions for the asymptotic van-
ance of Bmmp to equal the semxparametnc variance bound
I‘O[:l Define Lcompl(s) Dfulll d)c (B) where Dfulh(fg)
={3g(X,;.3)/88} var(e, | X; y~'.Chamberlain( 1987 ) proved
that in the absence of missing data, 3mmp solving
T Ccomps(3) = 0 achieves the semiparametric variance
bound in the semiparametric model charactenized by (4)
even if data on additional time-dependent covanates V7, are
available. In the presence of missing data. we prove the fol-
lowing lemma in Appendix B.

Lemma 1. Under(2).(4).and(8).(a) Bcomp 1s regular
and (b) 7° *(Bcomp — 30) has minimum asymptotic variance
among all estimators of 3, that are solutions to equations of
the form (10).

Because dcomp is regular. it must have asymptotic variance
greater than or equal to that of dop The following lemma.
proved in Appendix B. implies that necessary and sufficient
conditions for equality of the asymptotic variance of Bmm,,
and Bop are that the conditional expectations G, defined in
Section 2 do not depend on I, and are linear in Y. or. equiv-
alently. in ¢,,.

Suppose that A, < | w.p.l.for 1 =7 =<T.
Then the asymptotic \anance of n' (Bcomp ~ 3p) equals
T'op if and only if G, = G,,, fOr] =1.1 <1< T where G,,,
= E(c,,e,,. X ){\ar(c (X)) .

Define 3, like dop except with G,,, substituted for G, in
The key step in the proof of Lemma

2 is showing that under (2). ﬁcomp and By, have the same
asymptotic variance. Lemma 2 implies that if data on ume-
dependent covariates |, correlated with Y are available and
some data are missing. then under (2), (4). and (8), the
opnmal solution dop will have smaller asvmptouc variance
than Bcomp or Bi,. because as opposed to Bmmp or Biin, 13(,,,
explons the correlation between the past (I A A A
I”7,-1))and Y,. A remarkable property of Bop is that it takes

Lemma 2.



this correlation into account without making any assump-
tions about the joint distribution of ( B e Riteenns Ri7)
other than (2). (4). and (8).

To illustrate these theoretical results. Table 1 gives results
for time 7 = 4 of simulation experiments. each based on 200
realizations. so that the estimated coverage probability of a
true 95% confidence interval will have a simulation accuracy
of approximately =37 due 10 Monte Carlo variability. The
experiments are similar t0 those reported in table 2 of Robins
et al. (1993). except that missingness is completely at ran-
dom. Specifically. we conducted two simulation experiments
with A, =1land ' =1 andforr=1.2.3.41=1,....
500 )V;; = 200 — 400 -1 + 0'0,';6 ’_(I'_ l)J‘ -1-60,-,.and
P13 = 3000 — 1000 — 1) + 0,010 = (1 = 1)} + e
where the random effects (ag;. 01, ) Were bivariate normal
with mean zero. squared correlation coefficient p- either .81
or .36 (depending on the experiment ) and variances (4.5°.
100-). The ¢, and ¢ - were generated independently for each
subject 7 and each ume [ as follows: ¢,,. ~ N(0. 200%) for
all 1.6, ~ N(0.407 162 ~ N(0. 35%). eoiz ~ N(O. 257).
and g,,: ~ N(0. 107). Finally. X, = 1forr=1and Ay = .6
for all i and 7 = 2. 3. 4. The daia generating and analysis
programs were writien in Borland's C ™~ version 3.0 using
the built-in pseudorandom number generator and were im-
plemented on a Northgate 386 PC. The efficiency of Beomp
and the weighted estimator that uses T, in separate logistic
models for the X, are equal and exceed that of the sample
average estimator S.R.Y,s/Z;R.s. The equal efficiency is
predicted by the foregoing theory. because the weighted es-
timator is asvmptoucaly equivalent to 5,.. However.
B‘wm‘, and 3, are less efficient than the weighted estimator
that uses both T,and 1._1h1n logistic models for . Finally.
even this latter weighted estimator is less efficient than the
semiparametric efficient estimator 30;» that uses the optimal
covariate Q,, in the logstic model for \,,. The actual coverage
rates of our nominal 93¢ confidence intervals are as low as
92c;. This undercoverage is no longer present at a sample
size of 1.000 (data not shown).

Lemma 2 also implies that when only data on Y and X,
are recorded. 30p will still have smaller asvmptotic variance
than Scome When the G, are nonlinear functions of Y,. But
when },,..... Y,7are jointly multivariate normal given A,
and (2) holds. G, is linear in Yu. Bop is Bin. and both
Beomp and Bop are asvmptotically equivalent to the normal
theory maximum likelihood estimator of 8. Thus knowledge
that the data are normally distributed does not asymptotically
add information about S, when (2).(4).and (8) hold.

jth occasion. Then Gy,

5. ADAPTIVE ESTIMATION

Sop is ot available for data analysis. because Q. and
Dop.i(B) depend on the unknown probability law generating
the data. Our approach will be to replace them by “adaptive”
estimates. Specifically, given a preliminary inefficient esti-
mator § and an estimator G,y of Gy, we will estimate. in
order. O%. PT. Dopi(8). and O.. To estimate the G,... we
cannot simply regress the estimated residuals e;(B8) on func-
tions of W, among subjects observed at 1ime j. because the
missing mechanism (1) does not imply that G equals
E(e;|W;. R, =1). Butitis straightforward to prove that
when (1) holds. Gi; = E(Fi-n7 el R = 1 WP (R,
= 1|Ryy-1, = 1. W,). Hence we adopt the following two-
stage estimation procedure:

Stage 1. Specify flexible regression models

. P(R. = llRi(l—lh'__ 1. I/Tu) = ]

(i (1)

S W (1)

and

E{f. . FilelR = LW} = m (W (12)

. . . . (1 4
depending on finite-dimensional parameters X',' and 7 ,”.

Often. the right side of (11) will be chosen to be of logistic
form. Given & and a preliminary inefficient estimate 3 of Bo
obtained by solving (7). let 5(_‘,” be the maximum likelihood
estimator of X' and let 7" be the (possibly nonlinear ) least
squares estimator of 7" in the regression of Ti¢-1)
(&)e,(8)/7,(&) on W among subjects observed at the
o= 1O Wm G W),
0% =x,&)G, ifr=j=T and zero otherwise: P7
=SL (R — N9 R, ,-1,) Q% . We then estimate the p X p
matrix E{(UT — PF)®IX;}. Given the (1/2)ptp + 1)
multivariate ( possibly nonlinear) regression models

E(Z3Zi ) X)) = la( Y. X)) (13)
for | < k < k' < p, where Zy is the kth element of U
— P* estimate ¥ with V. the (possibly nonlinear) r_nulti-
variate least squares estimator of the regression of ZyZ- On
X,. Here Z,; is the kth_element of U'* — P! and Ur
= A;(&)e, (3). The estimate of Dyp,(8) 18 given by Dop.i (8)
= {ag(X,. 3)/9B}var{LUT — P* | Xx,} ", where var{L7
- PFIX,)is the p X p symmetric matrix with (k, k))
element [ (¥, X;). The estimate of J; is given by Qi
= D‘op.,- (8)Q7 . Notice that by restricting the functions L (-
X;) such that the symmetric matrix with (k, k') element

Table 1. Results of a Simulation Study at t = 4 with o4 = E(Y.) = 800

Monte Carlo average Actual coverage rate of Monte Carlo variance
of Bs B+ 1.96¥s.0.84in % of Be
Row Analysis method Missingness model p° = .81 p?=.36 o? = .81 p?=.36 p? = .81 p? =.36
1 Sample average ' 80.2 80.2 9 94.5 2.4 24
2 Optimal GEE (Jeomp) _ 79.9 79.9 94 94.5 2.0 2.0
3 Weighted Ya 79.9 80.0 93 93 2.0 20
4 Weighted _ Yoo Vi 79.9 80.0 92 925 18 2.0
5 Weighted, Sqo Optimal 79.9 80.0 95 945 1.6 1.8
6 Weighted, Seec Adaptive optimal 799 80.0 93 93 1.6 1.8
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Lu(¥, X;) is positive definite for all values of ¥, we guarantee
the positive definiteness of var{ L} — P} | X; }.

Stage 2. Obtain &, the partial maximum likelihood of wg in
the model (9). where O, is replaced by Qj, and then obtain
Bagap, the solution of (7) that uses Do (8) and Xi2(&).

It is standard to show that when (11), (12), and (13) are
correctly specified, Bm,, has the same asymptotic distribution
as 50,, (see. for example, Robins. Mark, and Newey 1992).
Furthermore. Bmp will be asymptotically unbiased for 8o
even when (11), (12). or (13) are misspecified or even in-
compatible in the sense that there exists no joint distribution
for the observable random variables compatible with (2),
(4), and the models (11)-(13). As was shown by Robins
et al. (1995. sec. 3). a consistent estimate of the asymptotic
variance of n'/2(Baasp — Bo) that is robust to misspecification
of (11).(12).or (13)is given by

i

1=

gt

1 S DoplB)3g( X, £)/387
{ J

X
11

) ion pon . -1 ®2
[L.l - ( E LVISZI)( S Sw.[SZ)..I) Sw.:}

=] i=1

i

—

n r-l
S Dop(3)0g(X,. 3)/337} .

N
——— e

1=

Where (: = Dop(g)-\!(&)cl(g) and Su.i = Eli;l (Ril - xu
(&)R,_:) dlogit N@(&*)/dw! with&* = (a’.07)7. The
one-step estimator Jigep = 3 — {Z0 Do, (8)dg(X,.
3037 7 Sm U= (I, USINE R STy 'S
is asymptotically equivalent to Badap and avoids the additional
calculations involved in Stage 2.

Row 6 of Table | summarizes the performance of Badap
in the simulation experiment of Section 4. Badap 1s seen 1o
be as efhicient as 30,). reflecting the fact that the models (11)
and (12) were correctly specified. Specifically. we used
7" in(12)and ‘1 + exp(—X.")} " in (11). where 1,
is W, with 1", replaced by 17 **. Note that our model (11)
reflected prior knowledge that missingness was completely
at random. Further. because X, was constant. there was no
need to fit model (13).

6. EXTENSION TO ARBITRARY MISSING
DATA PATTERNS

The assumption that the missing data pattern is monotone
is quite restrictive. To allow for arbitrary missing data pat-
terns. following Robins et al. (1995), set R} = R, so that

R* = (R%..... R%)7is the vector of missing visit indi-
cators and allow R* to take on any of its 27 possible real-
izations r = (r,. .... rr)7. where r is a T-vector of Is

and zeros. Redefine R, so that R, = 1iff R} = Ry = « -

= R* = | and R. = 0 otherwise. R, is now an artificial
“censoring indicator”” that is zero once a subject fails to return
at any occasion (. for " < t. Hence Riy = 1 = R =1.
where 1 is the T vector of Is. Set B Foiy(r) = (Wi, W1
... ri) and WX = WH(RY). Then M = (RTT.
B *T_. )7 are the observed data for subject i. Let M, be
subject i's data until the first missed visit: that 18, M,
=W R R;)if Ry =1and M, = (W, R,
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., Rir)if Riyq-1, — Ry = 1. The following theorem states
that having access to data M rather than the “monotone”
data M; provides no additional information concerning o
if we impose no additional assumpuons concerning the
missing data mechanism beyond those of Section 2, and if
some dropouts do not later return in the sense that

P(R%=0|Riyoty— Ry =1, W) > c>0wp.l

for T=t >t andsomec. (14)

Theorem 3. In the model characterized by (1), (4),(5),
and (8), if (14) is true, then the semiparametric variance
bound for §, based on the data M}, i =1, ..., n. equals
that based on the data M, i=1,....n.

Suppose that, following Robins et al. (1995), we impose
the additional assumption
P(R: = I‘R:, W:, Ij/i(T+1))

= P(R} = LIRE, W), (15)
Equation ( 15) implies that the data are missing at random
in the sense of Rubin (1976). Redefine X, to be P (R}
= ||R*, W?*)and let X,(a) be a correctly specified model
for X, that is. Ag(e) = A(a, R, W7) is now a known
function of a. R%, W% taking values in (0, 1] satisfying
Equation (5). Let & solve Z;S,,(a) = 0. where S,.;(a)
=L, {R} — Ny(a)}9 logit Ni(@)/da. Let ¢; = {dir3 7
# 1}, where ¢, is foreach r # 1 a vector-valued function
of Wir.1,(r) of dimension » selected by the investigator.
Define 7,(r. a) = [1%, M(a, 7. Wil = N 1,
W r(r)]'~ and 4,(¢. @) = Rirm @) ' Zommi(r, )i
- S, [(R¥ =1)¢,,, where 7, = (r. ... r)7. Following
Robins et al. (1995), let $solve -
0= Ui(B, &) — 84,(0. &). (16)
where 6 = 8,85', 8, = nT'SResid[L(B. &). S.i(a)]
Resid[4;(¢. &), Sai()]7, 82 = n7'S, {Resid[4, (¢, &),
S..(&)]}®%. and for any random vectors A,, B;. Resid(A4;,
B, ) is the residual for subject i from the least squares regres-
sionof 4;,onB;,i=1..... n. In Appendix C we prove the
following theorem.

Theorem 4. In the model characterized by (15). (4).
(5). and (8). there exist D}, ,(8) = d&(X;. 3) and @op,
such that the estimator 3 that solves Equation (16) using
these quantities attains the semiparametric variance bound
based on thedata M} .i=1,....n.

Remark. The bound is unchanged if we replace Equa-
tions (5) and (15) by the weaker assumption that the data
are missing at random.

We show in Appendix C that. in contrast 10 Do, (8),
D,.(8) and g, depend on the solution to an integral
equation that does not exist in closed form. and thus adaptive
estimation of these quantities would be computationally
complex requiring numerically solving the integral equations
by successive approximations ( Robins. Rotnitzky and Zhao
1994. sec. 7).

7. ADDITIONAL CONSIDERATIONS

We have assumed that loss to follow-up (i.e.. censoring)
and measurements of the outcome Y, occur only at discrete
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times 7 = 1. ..., 7. When loss to follow-up and measure-
ments of outcomne occur in continuous time, results of Robins
and Rotnitzky (1992) and Robins (1995) can still be used
both to derive the semiparametric variance bound and to
construct a class of estimators which includes an estimator
whose asvmptotic vaniance attains the bound. In fact, given
any semiparametric model in which the data are missing at
random and the probability of observing complete data is
bounded away from zero. Robins and Rotnitzky ( 1992) and
Robins ( 1995) derived both a functional (integral ) equation
for the efficient score and showed how to construct a class
of regular asvmptotcally linear estimators that includes an
efficient estimator. Robins and Rotnitzky (1992) and Robins
(1993. 1995) constructed such a class of estimators in the
accelerated failure time model, a median regression failure
time model. the one-sample survival model and the Cox
proportional hazards regression model in the presence of
dependent censoring attributable to time-dependent covari-
ates that simultaneously predict failure and censoring. Robins
et al. (1994) and Pugh. Robins. Lipsitz and Harrington
(1993 ) constructed such a class of estimators in a conditional
mean model and the Cox proportional hazards model in the
presence of missing covariates respectively. In contrast to
the results obtained in this article for the conditional mean
model with missing outcome Y, Robins et al. (1994) showed
that even with a monotone missing data pattern. there is no
closed-form expression for the efficient score in a conditional
mean model with missing covariates X when M, has con-
tinuous components.

Robins et al. (1994, sec. 7.1 ) showed that with monotone
missing data. the class of estimators 8* solving 7., U7
(B. &) = 0 with U} (3. &) = () "' RirD,(B)e;(B) also
contains an estimator whose asymptotic variance attains the
semiparametric efficiency bound for our model. But because
the U7 (8. &) are nonzero only if subject i has complete
data. the small-sample behavior of the estimators g* are in-
ferior to those of the estimators 8 whenever 7 ;7(ag) can be
small. say less than .2 or .3. It is for this reason that we have
restricted attention 1o the estimators 8.

The estimator ﬁm of Section 5 is locally semiparametric
efficient in the model characterized by (2), (4) and (8) be-
cause it attains the variance bound if models (11)-(13) are
true and remains regular, asymptotically linear even if they
are false (Bickel et al.. 1993). The good performance of
5.@ in the moderate sized samples of our simulation study
depends critically X being of small dimension. Specifically,
suppose that the missing data pattern is monotone, the
regression vector X, is multivariate with a large number of
continuous components (say, 5), that we are willing to as-
sume that, given X;. the data are missing completely at ran-
dom (i.e.. Eq. (2) holds), but that we do not wish to specify
any model for P[R, = 1| Ri-1) = 1, X;] whatsoever. Hence
our semiparametric model is again characterized by (2), (8)
and the conditional mean restriction (4). Then in general,
any inverse probability of censoring weighted estimator 8
(such as fasp) that is more efficient than Beomp Will perform
poorly in moderate size samples (in the sense that there will
be distributions allowed by our semiparametric model under
which 8 fails to be centered at B, with an approximately
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normal sampling distribution). This poor performance is
due to the fact that § will not be centered on 3, unless we
can obtain an accurate estimate of = ,. however. due to the
curse of dimensionality. it is not possible to obtain an ac-
curate estimate because estimation of the unrestricted con-
ditional expectations given X; that occur in 7, requires
smoothing in at least five dimensions. In contrast. GEE-like
estimators solving (10) will perform well in moderate size
samples because no high dimensional smooths are needed.
In fact. in a separate report. we argue that any regular
asymptotically linear estimator in this model with asymptotic
variance less than that of mep will require accurate esti-
mation of unrestricted conditional expectations given .X; and
thus. due to the curse of dimensionality. will perform poorly
in moderate size samples.

APPENDIX A: PROOF OF THEOREMS 1 AND 2

Our proof of Theorem | uses a general representation for the
semiparametric efficient score of an arbitrary semiparametric model
with monotone missing at random data given by Robins and Rot-
nitzky ( 1992, thm. 4.2) and Robins et al. (1994, props. 8.1-8.2).

We start with a review of the theory of semiparametric efficiency
bounds. borrowing heavily from the survey paper of Neweyv (1990)
and the monograph of Bickel et al. (1992). Using the notation in
the first paragraph of Section 3. define the nuisance tangent space
A to be the closed linear span of all random vectors bS,. where S,
is the subject-specific score for n evaluated at the truth in some
regular parametric submodel. usually S, = d1in L(Bo, no: Z)/0m b
is a conformable constant matrix with p rows: and the subscript i
has been suppressed. Here consider A as a subset of the Hilbert
space of p X | random vectors H with inner product E(H]H-)
and E(H"H) < o« . Then the projection of any vector H on A
exists and is the unique vector II(H|A) in A satisfying E[{ H
~I(H|A))7A4] =0 for all 4in A. Il is a projection operator.

The semiparametric variance bound for regular estimators of 5,
equals the inverse of the variance of S,z = I1(S;|A~+). where S is
the score for 8 in the semiparametric model L(3, 8: Z), usually Sg
=9 1n L(By. 6o: Z)/88, and A is the orthogonal complement of
A. The random variable S is called the efficient score. Further.
any regular. asymptotically linear estimator § with asymptotic
variance {var(S.s)}”' has the efficient influence function
{var(Ser)} ™' Senr. Where 8 is asymptotically linear with influence
function Uifn'/3(8 = o) = Z,;U; + 0,(1), E(U) = 0,and var(UU)
< oo. We now specialize the foregoing general results to the “full”
and “missing” data models of Section 2.

Let Z*P = W' 7., be the data vector that would be available on
a subject in the absence of missing data. Let L7(8, 8. Z*F) be the
likelihood for a single subject when ZP is fully observed in the
full-data semiparametric model characterized by (4), indexed by
the p X 1 vector § and an infinite-dimensional nuisance parameter
6 and let S{7, AP, and S be the score for 8, the nuisance
tangent space, and the efficient score for the full data model. Let
Z be the observed data vector for a subject in the presence of mono-
tone missing data, so that Z = (W[, Rl7,,,)7 if the subject was
lost to follow-up at time zand Z = (Z‘P, Rr,,,) in the absence of
missing data. Let L(B, 8, Z) be the likelihood for a single subject
in the semiparametric model characterized by (3) and (4). For any
set ¥ of random variables, let F, be the subset of variables in ¥
with mean zero. Our proof of Theorem | uses the following two
lemmas, the first of which is a restatement of proposition (8.3) of
Robins et al. (1994).
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Lemma A.1. Under the full-data semiparametric model char-
acterized by the sole restriction Equatnon (4), (a) S¥&
= E(SPeT|X)E(eeT|1X) e with E(S§ eT|X) = ag(X, Bo)/
65, (b)y If E(H) = 0 for H = R(Z'P), TI(H|APY)

E(HeT|X)E(eeT|X)'e; and (c) Ay = {d(X)e}, where
AE)F)‘L—(A(H.L)

Lemma A.2. The efficient score S in a semiparametric model
L(B, 6; Z) with monotone missing data satisfying the restrictions
-(3) and (8) satisfies

T
er = Qe + Z (R, - lel—l)it—l{Qd‘—E[Qeﬂ‘“iyl-Rr—l = l]},
=1
(A.1)
where Q.q is the unique @ in A P+ satisfying
SH =0+ Ov(Q)a 9], (A2)

witht(Q)=SL, (1 - \)#;7'{Q - E(Q|W,, R, = 1)}.

Proof of Lemma A.2

This is a specific application of theorems (4.1) and (4.2) of
Robins and Rotnitzky (1992) or of propositions (8.1)-(8.2) of
Robins et al. (1994).

Proof of Theorem 1

By Lemma A.lc. Quy = Dege = deg( X )e. Substituting Dege for
QO.¢1in (A.1). we obtain that S.g = Deg(de — P*). because &c = ¢

SI(R = NR_)T M, where I' is the T X T diagonal
matrix with diagonal elements ¢;, = | ifj = 1 and ¢,; = 0 otherwise.
Note that Ac — P* = ¢ + M(T). where

M= S (R - NR_)F e — E[el W, R, = 1]}

(A.3)

Further. it follows by equation (A.4) in the proof of lemma 1 of
Robins et al. (1995) that n'/3(8o, = 30) = Togn ™I, Dop, (Ase;
- P - 0,( 1). where Dy, = Dop(Bo). Thus by the central limit
theorem. var®{n'/? (8., — 30)} = ‘var(Ser)} ' if we can show
Do, = Des and T, = var(Ser). Using Lemma A.lc to write Q
= d(X)e. Equation (A.2) becomes ;6g(X. Bo)/d3) E(eeT|X) e
=d(X)e - Elv(Q)eT | X]E(eeT| X ) c. Further. E[L(Q)eTiX]
= E[SL, 1-X)77 1 d(X)e — E[di.X)e| W Ry = 1]}e7]X]
= d(Y)K(X). with K(Y) = E{SL (1 — N)yr;'vartel W, R,
= 1) X!, For (A.2)to be true for all ¢. it is necessary that {dg(X.
30)/98  E(eeT|X) ' =d(X)+ d(X)K(X)E(eeT! X)™'. which im-
plies that Ds = {9g(X. Bo)/88} { E(eeT1X) + K(X), ™. To see
that D,, = {9g(X. B)/d8} var(Ae — P*| X)! equals Dy, note
that Ae — = ¢ 4+ M(T).where, as shown in the proof of theorem
1 of Robins et al. (1995). M(¢) of Equation (A.3) is a discrete time
mean zero martingale process with respect to the filtration ¢{ w,,
R,.¢}.and thus E{¢ M(T)7| X ] = 0and. by a standard martingale
variance calculation. var( W( T)| X] = K(X). A similar calculation
shows that E(Sg STr) = Cop-

Proot of Theorem 2

Theorem (4.1f) of Robins and Rotmutzky (1992) and proposition
(8.1) of Robins et al. (1994) state that when the data are missing
at random (i.e.. Eq. (3) is true). the efficient score and semipara-
metric variance bound do not depend on a model for. or knowledge
of. the missingness probabilities A,. This implies that the bound in
models (e)~(i) equals that in model (a). To show that models (a)
and (b) have the same bound. note that model (a) differs from
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model (b) only by imposing the additional nonidentifiable rmtnc,i

tion
SV W, e) = f(VI W, R = 1,0). (aaft

Restriction ( A.4) is nonidentifiable, because it may be true whatevery
be the distribution of the observables Z. Indeed, models (a), (b),#
and (j) imply exactly the same restrictions on the distribution or;
the observables—namely, g(X;, Bo) = [[[-+ [ E[Yalw:, R,
=1, X;1 14z dF{w;|w;, R; = 1, X;],1=1,..., T, which, by *
lemma (A.1) of Robins, etal. (1995), is equivalent to the restrictions
8(X;, Bo) = E[R%;'Y4|X;]. Hence the allowable densities for
the observable random variables Z under the models (a). (b), and
(j) are the same, and thus by definition the implied semiparametric
models for the observables Z are identical. In particular, the semi-
parametric variance bound for estimating S, will be the same func-
tional of the distribution function of the observables. Finally. anal-
ogous arguments show that the bounds in models (¢), (d) and (e)
are identical.

APPENDIX B: PROOF OF LEMMAS 1 AND 2

We prove Lemma 1a under regularity conditions (R.8) and (R.9)
of appendix A of Robins et al. (1994). Lemma la follows from the
fact that (@) L omp(8) has mean zero when 8 = 8, under (2). (4),
and (8). (b) Ump(B) is continuously differentiable in gy, and (c)
by Theorem 2.2 in Newey (1990), solutions to differentiable un-
biased estimating equations are regular under our regularity as-
sumptions. Note that Lemma 1b is true when the distribution of
¢! X is multivariate normal (MVN), because Bcump is the parametric
maximum likelihood estimator (MLE) of 8, in the model that im-
poses. in addition to (2). (4). and (8 ). the assumption that ¢| X is
MVN with mean zero and known covariance matrix var(e¢| X'). We
now show that Beomp is at least as efficient as §, that solves (10)
based on D(8) = d(X. B), even if ¢} X is not MVN. Because
D*(B)e* is linear in ¢, we obtain, using the usuai formula for the
asymptotic variance of a solution to an unbiased estimating equa-
tion, that the asymptotic variance of B, depends on the law of e| X
onlythrough var(e¢{ X). In particular. the efficiency ordering cannot
depend on whether ¢| X is MVN. proving Lemma 1b. Turning now
to Lemma 2. because Bmm,, is a parametric MLE when ¢ XYis MVN
and is regular in the semlparametnc model (2), (4). and (8). the
asymptotic variance of ﬁm,p must equal that of ﬂop when A Xis
MVN. But when ¢| X is MVN. it is easy 1o show that G, = G.,, and
Bin = /:?op. Now. even when ¢ X is not MVN. the influence function
of Bia, in contrast to that of Bop remains linear in ¢ and has an
asymptotic variance that only depends on the law of ¢1 X through
Var(e] X). Hence By, and Scomp have the same asymptotic variance
whatever be the law of ¢| X. However Biin has asvmptonc vanance
equal to that of Bop if and only if G, = G, by the uniqueness of

the efficient influence function.

APPENDIX C: PROOF OF THEOREMS 3 AND 4
Proof of Theorem 3
Let C record the first missed visit, so C = rif R,., — R, = | and,
by convention, C = T + 1 if Ry = 1. Set R7., = 0. In the model
of Theorem 3. the likelihood function L(3, 6: M*) is given by
(oo [ LB, 6 WrAREIC. Bra: 6) 17
dw -Rm1 (1 = Ae) TIS2) A}, where for any a = (a,.
ar)T. &= (.- . .aT)Tand without loss of generality. we assume
that X, is known. Then S, = E(S{!'R* W*) with W*
= W 1., is the score for 8 based on data M by proposition (AS5.5)
of Bickel et al. (1993). Define S§°" = E(S§”1C, W¢) and S5
= §, — ST°°. ST js the score for 8 based on the data ;. Let A,
{4, = E(AP|R*. W*); 40 € AP} and AP
= (AT E(AD|C, We): AP € AP} AT = {4f= = 4,
— A7) Let A™ = {4™ = g(R¢, C, Wra ) E(A™C. Wryy)
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=0}andlet Ay = {A. = E(A™|R*. W*); 4™ € A™) Then it
is straightforward to show that the nuisance tangent spaces are A
=A, @A, = ARSI @ \Pon @ A, for the model based on the data
M} and AT for the model based on the data M = (C, u,c ).
Note that E(4,|C. W) = 0. by definition of 4™, We wish to
show that the efficient score Ss = I1(S;i A *) based on data Ar* . i
= 1. .... n. is the same as the efficient score Sme"
= I'I(S"'°”’ APon) based on data Af;. i = 1, .... n. Now it is
straightforward to check that ST L (AT™¢ @ A,). Therefore.
II(SslA-) = TI(SForigmon=) + JI(SResid|p+y The following
lemma shows that S8 € A, and hence II(S3=¢|\+) =

Lemma.  SE=¢ = i, when 4, = E(™*|R*. W*) with 4™
= -|I(R? = 0V x(0c) ' {1 = #(0c)} S tevoc I(R?
= LC): :ng) - S;non:‘ where Te = (Feeps oo e "7). Q(‘ = (QC-H-

Or).and n(rcr = P(RE = rclC. W),

4y is in A, by Equation (14) and E(4™|C.
Wr.1) = 0. Further. by construction. if RY # Oc. then A-
= SB¢ Hence it suffices to show that E(S¥H Smon
—A™|RY =0, W2 C. We) = 0. But this evaluates to
E[{m(0c) NS~ STy RE = 0c. H &, C. W], which equals
{P(R:=00C. He) TE(SE - SPon | C, W) = 0.

Proot. Clearly.,

Proof of Theorem 4

For notational convenience, define 4(¢) = A(o. ap), W*(r)
= Wi, tr). W* = W¥R*y = 03, 1r(r) x(r. ap). and
R =0.LetA® =1 4 = g2 NR* HW*), E(4¥ W) =0
be the set of functions of the observed data Af* that have mean
zero given the full data 1 7. ,. Robins and Rotnitzky (1992) proved
that A ‘*' is closed. Let TI(- | A ) be the Hilbert space projection
on to A "', According 10 theorem (4.1f) of Robins and Rotnitzky
(1992) or proposition (8.1) of Robins et al. (1994). because
Equation (15) implies that the data are missing at random in the

sense of Rubin (1976). the efficient score in the semi-
parametric model for Theorem 4 is S = R;y77 Q0
= IR 77 Qi 1A Y). where

Qin = m(B"). (A.5)

m(B) = X, x(r)E[B!W*r)]. and B is the unique function of
W1, satisfving

m(BYE A" and INB'|AP+)=SE.  (A6)

Furthermore. according to theorem (4.1g) of Robins and Rotnitzky
(1992) or proposition (8.1) of Robins et al. (1994).
IRy 7 7' Qer IAP) Rrx 7 Qi — Z,1(R = r)B'. which, by (A.5).
equals 4 (¢.r) With ¢g, = E(B'| W*(r)). Hence

Scﬂ' = RT;r;lQ:ﬂ' -A(¢eﬂ')'

Further. by Lemma A.1. Qi = m(B') € A" implies that Q2
=Digefor Dly =(Dig,.. ... Diqr)satisfying Diy ;= E(m(BY|Y
= ¢, X] - E[m(B")|Y = 0, X], with ¢; the T vector with jth
component | and the remaining component zero.

Now let Upp(B. o) be U(B. «) that uses D(8) = Dy for each 8.

Let Uy, = Uop(Bo. @p). Then straightforward algebra shows that
Up = Rr#7'Diye ~ A(¢*) with ¢* = Dlg(e,/7,,
Gor) /o). 0.0, ... .0 T and tXr)y=tifr,= .. =p =1,
and r., = 0.1 <1 < T. It follows from (A.7) that S,
= Uy — A(d¢op). where bopr = ¢em, — ¢F. Further, Oop
= E[L onA(Bop) T){ E{A(@0p)4(b0p) 7]} ™' is the identity matrix.
becasuse I1( Lop | A P) = A(¢op)-

(A7)

The asymptotic variance to the solution to =1, (5. ap)
— BopA;i (Gop. ao) will attain the semiparametric variance bound.
because estimators based on the efficient score attain the bound
(Newe\ 1990). Finally, the asymptotic variance of 3~ solving
SiUgi(B. &) — 6A; (¢op. @) will attain the bound. because Robins
et al. (1994) showed in the proof of their Theorem 2 that replacing
B0p by its estimate 8 and ag by its estimate & can never increase the
variance of the solution. This proves Theorem 4 with Dop(8)
= Dl;.

We have provided closed-form expressions for ¢,, and DL(8)

= D!y in terms of B*. But B" itself solves an integral equation
whose solution does not exist in closed form. Specifically. Robins
et al. (1994, sec. 7.2) showed that (A.6) implies B* soives their
equation (47) with X * instead of X.

[Received Apri: 1992. Revised March 1994.]
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