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CHAPTER EIGHT

On the Impossibility of Inferring
Causation from Association without
Background Knowledge

James M. Robins and Larry Wasserman

Spirtes, Glymour and Scheines, in their book Causation, Prediction, and
Search (1993) and Pearl and Verma, in their paper “A Theory of Inferred
. Causation” (1991) make the startling claim that it is possible to infer causal
- relationships between two variables X and Y from associations found in ob-
_ servational (nonexperimental) data without substantive subject-matter-specif-
- ic background knowledge. When causal relationships are represented by di-
. Tected acyclic graphs (DAGs), Spirtes, Glymour, and Scheines argue that
. their claim follows, mathematically, from two reasonable assumptions: (1)
* the sample size is sufficiently large and (2) the distribution of the random
variables is faithful to the causal graph. In particular, Spirtes, Glymour, and
Scheines have shown that under their faithfulness assumption, there exist
. methods for identifying causal relationships which are asymptotically (in
_sample size) correct.
- However, we shall show that Spirtes, Glymour, and Scheines’s (1993)
- asymptotics implicitly assume that the probability of there being “no unmea-
- sured common causes” of X and Y is positive and not small relative to sample
» size. We prove that, under an asymptotics for which the probability of “no
" ;unmeasured common causes” is small relative to sample size, causal rela-
tionships are nonidentifiable from the data alone, even when we assume dis-
* tributions are faithful to the causal graph. We argue that, in observational epi-
J;demiologic, econometric, and social scientific studies, a formal asymptotic
: analysis that models the probability of “no unmeasured common causes” as
'i'ws'mall relative to sample size accurately reflects the beliefs of practicing pro-
f;fessionals. We argue that these beliefs derive both from experience and from
-‘:ﬂle fact that the world contains so many potential unmeasured common caus-
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es (i.e., confounders) that it is a priori highly unlikely that not a singie
actually causes both X and Y. We conclude that, in observational studj
small causal effects can never be either reliably ruled in or ruled out; fu
more, one should not make the leap from even relatively large empiri'
sociations to causation without substantive subject-matter-specific
ground information.

1. Introduction

Several authors have used directed acyclic graphs (DAGs) as a basis for
ferring causal relationships from nonexperimental (i.e., observational) data’
For example, Spirtes, Glymour and Scheines (1993) and Pearl (1995) slll‘
that many issues in causal inference can be illuminated using causal DA 3
In a causal DAG, the presence or absence of an arrow between two variabl
represents the presence or absence of a direct causal effect. Robins (1995, ;
1997) shows that these DAG models are isomorphic to a causal model of
Robins (1986, 1987). In Robins’s (1986, 1987) approach, the cansal DAG is
based on background information, such as time order and subject mattéyég
knowledge of potential confounding factors. The possibility that additional 2
unsuspected unmeasured confounders may well exist is explored through s
sensitivity analysis (Robins 1997) and Robins, Rotnitzky, and Scharfstei
(1999). In contrast, Spirtes, Glymour, and Scheines (1993) and Pearl an
Verma (1991) go further and claim it is possible to deduce aspects of th
DAG from the data in the absence of background information. That is, the
claim that they can “deduce causation from associations” in the data witho
substantive subject matter knowledge. Spirtes, Glymour, and Scheines sho
that their methods for doing so are correct, asymptotically in sample size, as
suming a condition called “faithfulness.” Statisticians, philosophers and epi-;
demiologists have been skeptical of such claims. Humphrey and Freedman °
(1996) and Freedman (1993), in extended critiques, attacked many of_
Spirtes, Glymour, and Scheines’s arguments and assumptions, including both
the faithfulness assumption itself and Spirtes, Glymour, and Scheines’s treat-
ment of unobserved potential common causes. Robins (1997, section 11)
centered his critique around the possibility of unobserved potential con-
founders (i.e. common causes). But Spirtes, Glymour, and Scheines explicit-
ly allow for unobserved confounders.

However, we will show that the Spirtes, Glymour, and Scheines asymptot-
ic analysis implicitly assumes that the sample size is not only large, but is
large relative to the number of potential confounders. As a consequence,
Spirtes, Glymour, and Scheines’s asymptotics also implicitly assumes that
the probability that there exists “no unmeasured common causes (con-
founders)” is not small relative to sample size. We investigate the implica-
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Figure 1. Directed acyclic graph for the first example.

tions of violations of this latter assumption. Specifically, we first carry out a
formal analysis under an asymptotics for which the probability of “no un-
measured common causes” is small relative to sample size. We perform this
analysis from a Bayesian point of view because Bayesian reasoning is a co-
herent and important normative approach to inference and decision making
under uncertainty. The specific result we derive is that, under some mild re-
strictions on our prior distributions, the Bayes factor for the presence of a
causal relation is not consistent; i.e., the Bayes factor remains bounded away
from 0 and infinity as sample size tends to infinity when the prior probability
of no unmeasured confounders is small relative to sample size. Thus a causal
hypothesis is not decidable, even asymptotically, based on data alone. A sim-
ple formula emerges from our analysis that allows one to examine the sensi-
tivity of causal inferences to the prior probability of “no unmeasured con-
founders.”

Finally we argue that in most epidemiologic, econometric, or social scien-
tific studies, the beliefs of subject matter experts are accurately represented
by an asymptotics that models the probability of “no unmeasured common
causes” as small relative to sample size. In most observational studies, there
will be measured as well as unmeasured potential confounders. Our results
apply directly to this case by arguing conditionally within levels of the mea-
sured potential confounding factors.

2. A Simple Causal Model

Let (X, Y, U, ... ,U;) be random variables where X and Y are observed and
Uy, ..., U, are unobserved. X is known to occur before Y and we are inter-
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ested in the causal relationship between X and Y. The random variables’
Uy, ...,Uy are potential confounders. They are to represent all potential con:i
founders in the universe, so k might be very large. To begin, assume the vari-*
ables have a joint normal distribution. (We will drop this assumption in sec-j
tion 4, but for now it simplifies the analysis.) i

For simplicity, assume U; ~ N(0, 1),i=1, ...,k independently of each’
other and of X and Y. Furthermore, assume that :

\ _
X=Y oU+p,+0,€, )

i=l

k
Y=Y BU +0X+u,+0,¢, (2)'
i=1
where ¢, and &y are independent standard normals and © o, B, i, Uy, o, and
Oy are parameters. The model is illustrated by the directed acyclic graph in
figure 1. In the social science literature, our model would be referred to as a
linear structural equations model (SEM) with latent variables U,i=1, ...,k

Lets= (s}, ..., 5;) denote a string of 0’s and 1I’s and let
S= {s = (sl ,...,sk);si €{0,1},i= I,...,k}.

Let G, denote the subgraph which contains only those confounders such that
5; = 1. Let G be the graph G, with the arrow from X to ¥ removed. For ex-
ample, G, o o) is the graph in which the only confounder is U,. If the data
were actually generated by graph G, ,  , we say that, of the potential con-
founders (Uy, ..., Up), only U, is a (true) confounder.

Remark: Note that a graph G, having an arrow from X to Y corresponds to
6% 0 in equation (2). The graphs G," correspond to 8 = 0. Similarly, the graph
G10,..0) in which the only confounder is U, corresponds to ¢ 8; # 0 and
o;8;=0,i=2, ..., k, in the SEM model equations (1-2). This reflects the fact
that U, is a confounder for (i.e., an unmeasured common cause of) X and ¥
ifand only if ¢, 8, # 0.

Let G be all 2 possible graphs with an arrow from X to Y; let G* be all 2¢
possible graphs without an arrow from X to ¥; and let = G U G*. Finally,
let , be the parameters corresponding to a given graph G, and similarly let
Y be the parameters corresponding to a given graph G,

The prior is defined as follows. Each graph G € 9[ has prior probability
1/2k1, Let y denote the parameters in a subgraph G. We assume that the pri-
or for y is absolutely continuous with respect to Lebesque measure with den-
sity 7(y), say. (This is equivalent to putting a single prior on the big graph
which is a mixture of priors, each of which is singular and hence gives posi-
tive measure to certain confounders being absent.) Let A be the event “there
is an arrow from X to ¥ and let C; be the event “U; is a confounder.” Then, a
priori, (1) P(A) = 1/2, (2) P(C;) = 1/2 and (3) the probability
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P(Ci -0 C)
of no (unmeasured) confounders is 2'%. It is important to note that any given
.confounder has positive probability of being absent. Nonetheless, the proba-
bility that there exist no confounders is small. As discussed later, this seems
to capture precisely the way most subject matter experts would treat an ob-
servational study.

Spirtes, Glymour, and Scheines require one further property called “faith-
fulness.” This is a technical condition which asserts that, conditional on a
graph G being the true graph generating the data, the underlying distribution
possesses only those independences shared by all distributions whose densi-
ties can be factorized according to the graph. Informally, an unfaithfulness oc-
curs if variables are independent, not by the absence of an arrow in the graph,
but by a coincidental cancellation of parameter values. See Spirtes, Glymour,
and Scheines (1993, page 35) for more details. Rather than saying that
Spirtes, Glymour, and Scheines require faithfulness, a more accurate state-
ment is this: in their asymptotic analysis, they exclude unfaithful distributions.
Under any prior on the parameter space which parameterizes the set of distri-
butions over the graph and which is absolutely continuous with respect to
Lebesque measure, the unfaithful distributions are a set of measure 0. Thus,
Spirtes, Glymour, and Scheines argue, and we agree, that ignoring these dis-
tributions is harmless. Qur assumption that the priors 7(*) and n;(-) are
smooth densities with respect to Lebesque measure respect Spirtes, Glymour,
and Scheines’s faithfulness condition since, a priori, P(D) = 0 where D is the
event that unfaithfulness occurs. This follows since P(D) = Z; P(DIG)P(G)
and P(DIG) =0forall Ge A

Remark: Note that the event that the variable U; is not a common cause of
X and Y (i.e., the event oB; = 0) has positive prior probability even though
the event 8; = 0 has Lebesgue measure zero. This prior represents beliefs
implicitly held by Spirtes, Glymour, and Scheines (and with which we agree)
that, for any given variable U,, the probability that it does not cause both X
and Y is nonzero.

3. Analysis Using Faithfulness

Spirtes, Glymour, and Scheines use the faithfulness assumption to deduce the
absence of a causal relation as follows. (Pearl and Verma use a similar as-
sumption called “stability.”) Suppose that n is large and that, in this large
sample, we discover that X and Y are independent (i.e., the sample correla-
tion between X and Y is exactly zero). This observed independence is consis-
tent with the graph Gy in which there are no confounders and there is no ar-
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row from X to Y. In every other graph G € #, the only way to achieve
independence of X and Y is to violate faithfulness. Thus, under the assump- -
tion of faithfulness and the assumption that the sample is large enough to re-":
liably estimate lack of dependence between X and Y, we conclude that the
only graph consistent with the data is Gy We have deduced no causal rela-
tionship between X and Y and no confounders, simultaneously. We conclude
that were Spirtes, Glymour, and Scheines’s faithfulness analysis valid, we -
could infer no causation from no empirical association in the absence of any °
substantive subject-matter-specific background information and, indeed,
even without knowledge of the real world variables represented by X and Y,
Remark: Of course, the event that the sample correlation between X and Y
Is precisely zero is an event that has probability zero when the data have
been generated by any graph in % including G,. Therefore, in practice,
Spirtes, Glymour, and Scheines suggest that when the p-value for a test of
the hypothesis that “the population correlation is zero” is sufficiently large v
(say, greater than .5) and the sample size n is large, one concludes that X and .
Y are independent and thus, by faithfulness, that graph G, generated the data.

4. A Formal Asymptotic Analysis

The Spirtes, Glymour, and Scheines analysis assumes the sample size n is
large but says nothing about the relative size of n and the number of potential
confounders k. We will now carry out a formal Bayesian statistical analysis
which takes the relative size into account. We are interested in the Bayes fac- |
tor

_PANZ) T :
"OPAIZY) Y sm, G)

where
m, = [L(y,)x,(v,)dy,

and L(y;) is the likelihood function for G, 2" = (2, ..., Z)and Z;=(X;, Y;)
are independent, identically distributed observations from the model. Simi-
larly

m; = [L(y])m (v )dy,
Bayes factors are discussed in Jeffreys (1961, chapter 3) and Kass and
Raftery (1995). B, has the formal interpretation as the posterior odds of the

event A€ that X does not cause Y, since each graph has the same prior proba-
bility. Thus, if B, is very large, we would infer that there is no causal rela-
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tion. If B, were near zero, we would infer a causal relation.
The observables (X, Y) are bivariate normal and

T=( sX.-,Z,-XvZ:vaZ:”.-Z’Z:Xf”f)

is a five dimensional minimal sufficient statistic. Apart from G, and Gy, each
graph contains more than five parameters. Graph G, contains exactly five pa-
rameters, i.e., E(X), E(Y), var(X),var(Y), E(XY). Graph Gg contains only
four parameters, since E(XY) - E(X) E(Y) is zero.

Consider any graph except G;. Reparameterize  as (v, 7) where v = h(y)
is a five dimensional identified parameter and 7 is such that reparameteriza-
tion is smooth and 1-1. This leaves 7 unidentified. Such a reparameterization
is possible since we are dealing with an exponential family. One possible
choice of vis v = (EX), E(Y), E(X?), E(Y?), E(XY)) . Because (X, Y) is bi-
variate normal, the likelihood is a function of v, L(v, 7) = L(v). For simplici-
ty, in this section, assume that the marginal prior for v is the same in each
subgraph. A more realistic analysis which does not make this assumption is
provided in section 6. For any subgraph except Gy, we have

m=H L(v,7)n(v,7)dvdt
= ” L(v)n(v,7)dvdr
= [ Lv)m(v)av

=c,,say.

However, my will typically not equal ¢, since distributions for graph Gy have
only four free parameters . It follows from equation 3 that
c .
B, (@t +my 212C o2t B2

& @)
where B* = mg /c,. Note that B* is precisely the Bayes factor for comparing
G, versus G, i.e., for testing the presence or absence of an arrow from X to
Y under the assumption of no confounders.

Now consider the limiting behavior of B,. For this analysis we rely on
well known results about the asymptotic behavior of likelihoods and integrat-
ed likelihoods (Kass, Tiemey and Kadane 1990; Kass and Wasserman 1995;
Haughton 1988). Generally, the behavior of Bayes factors may be summa-
rized as follows; (details can be found in section 9). In comparing two mod-
els M, and M,, where M| is nested in M,, the following happens. If the true
density p is such that p € M, N M¢ then B, tends to 0 exponentially quickly
almost surely. If p € M, N M, then B, tends to infinity at rate n%2 where d is
the difference in the dimensions of the two models. The latter case is an in-
stance of Occam’s razor in which the Bayes factor chooses the simpler model
when both contain the true distribution.
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'I‘ummo to our case, and applying the above reasoning to B*, we see t_he%
following. Suppose the true model is any model other than G;. Then B*g
tends to 0 almost surely and hence B, — 1-2- -k, = 1. Thus, the posterior odds
that X causes Y converges to the prior odds and thus the causal hypothesm
cannot be decided. :f‘

If G0 were true-—and this is the important case for it corresponds to the
case in section 3—then B* tends to infinity at V(n), i.e. VB> = Op(n2), In-"“
deed, as shown in section 9, even the maximum of B* over all data conﬁgu- :
rations (which occurs when the sample correlation between X and Y is zero) i
only tends to infinity at rate V().

Now, if k were fixed and n were allowed to grow, we could vindicate the
Spirtes, Glymour, and Scheines faithfulness analysis that X does not cause -
Y since then B, would tend to infinity in probability. But, even with n large,
we might be concerned that k is large. Mathematically, we can capture this”
by allowing k = k, to grow with n. We do not mean that, literally, the num-
ber of confounders grows with sample size. Rather, we mean that in any
asymptotic analysis we must ensure that we account for the fact k and n
can simultaneously both be large. Spirtes, Glymour, and Scheines implicit-
ly assume that k, = o(log n). However, from equation 4 we see that if k, is
such that k, — (log n)/(2 log2) — o as n goes to infinity, then B, — 1 (in
probability). We have arrived at the following result.

THEOREM 1. If k, — (log n)/(2 log 2) — = as n — o then, whatever
model is true, B, — 1 in probability.

In words, if the number of confounders is large relative to the log sample
size, the data alone cannot inform us about the causal hypothesis. In the
model studied in this section, as the number of potential confounders k in-
creases, the prior probability 1/2* of no unmeasured confounders decreases.
Thus we can recast theorem 1 as saying that when the prior probability of no
unmeasured confounders is o(n~12), the data alone will not allow us to infer
that X does not cause Y. In section 6 we show, in a much more general set-
up, that magnitude of the prior probability of “no unmeasured confounders”
relative to sample size is the crucial determinant of whether one can infer
that X does not cause Y.

4.1 Spirtes, Glymour, and Scheines Faithfulness Analysis Revisited

When the prior probability of no unmeasured confounders is o(n~Y2), and X
and Y are uncorrelated in the data, the Spirtes, Glymour, and Scheines faith-
fulness analysis of section 3 leads to the inappropriate conclusion that, with
near certainty, there is no arrow from X to Y. The error committed by the
faithfulness analysis is to conclude that X and Y are truly independent if the
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sample correlation is zero and the sample size is large. To see why, it is con-
venient to first consider the case in which the prior probability of no unmea-
sured confounders is exactly zero as in Robins (1997). That is, we are certain
that graphs G, and Gy do not generate the data. The appropriate inference to
draw from the sample correlation between X and Y being zero is that, with
high posterior probability, the true correlation coefficient between X and ¥
lies in a small interval around zero. Since, by faithfulness, among all the
graphs in # only Gy is consistent with the correlation coefficient of zero, we
further conclude that the true correlation lies in a small interval around zero,
but (with posterior probability 1) is fot zero itself. Thus, a posteriori, we
would infer there exists a true nonzero correlation between X and Y. Since
this correlation can be explained by the unmeasured confounders, whether or
not there is an additional arrow from X to Y, we remain uncertain as to
whether an arrow from X to Y indeed exists.

More specifically, if we modify our linear SEM example by setting the pri-
or probability of the two graphs G, and Gy with no unmeasured confounders
equal to zero and increase the prior probability of each of the other graphs to
1/ (2% - 2), we find that the posterior probability that X causes Y is exactly
the prior probability (i.e., B, = 1) for all data realizations without resorting to
asymptotics.

Now suppose the prior probability that there are no unmeasured con-
founders is small relative to sample size, although nonzero. Then, with high
posterior probability, the true correlation between X and ¥ will now lie in a
small interval around zero that includes zero itself. However, we can infer
that X does not cause Y only if our posterior probability is nearly one for the
event that the true value of the correlation is zero and thus, by faithfulness,
that graph G is the true graph. But, since the posterior probability of a zero
true correlation is zero when, with certainty, there are no unmeasured con-
founders, this probability will not jump discontinuously to near 1 as we be-
gin to increase (from zero) our prior probability of “no unmeasured con-
founders.”

5. A More Complex Example

In the example in the previous section, Spirtes, Glymour, and Scheines’s
faithfulness analysis led to an inappropriate conclusion of the absence of a
causal relationship. We now show that the reverse case can occur. Specifical-
ly, we show Spirtes, Glymour, and Scheines’s faithfulness analysis can lead
to an inappropriate conclusion that a causal relationship exists.

Consider the following “faithfulness analysis” discussed by Pearl and Ver-
ma (1991) and Spirtes, Glymour, and Scheines (1993). Let X, ¥, and Z be
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Figure 2. Directed acyclic graph for the second example.

time ordered and, let U represent all potential confounders between ¥ and Z
and let V represent all potential confounders between X and Z; see figure 2.
For compactness of notation, in figure 2, we have not split up these potential
confounders into many different potential confounders as we did before. The
question of interest is whether Y is a direct cause of Z

Suppose we observe a very large i.i.d. sample {(X, Y, Z); i = 1,..., n}
from a trivariate normal. In the sample we find the following facts (with p-
values in parentheses):
1. X and Z are dependent (p < 10-5);

2. Y and Z are dependent (p < 10-5);
3. X and Z are independent given Y (p = 1.000).

Suppose now, following Spirtes, Glymour, and Scheines, we assume that
facts 1 to 3 are also true in the population and we impose faithfulness. Then
from fact 3 and the assumption of faithfulness, we deduce that the arrow
from X to Z can be removed. We can now prove, by contradiction, that ¥
causes Z. Specifically, we shall prove that, if there were no arrow from Y to
Z, and facts 1 to 3 held in the population, then the distribution of the data
would be unfaithful to the graph in figure 2, which is not allowed.
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Suppose then there is no arrow from Y to Z. If we remove U from the
graph but leave V, we would deduce a dependence between X and Z given Y
contradicting fact 3; thus U cannot be removed. Likewise, if we remove V
from the graph but leave U, we would deduce a dependence between X and
Z given Y contradicting fact 3. thus V cannot be removed. (These facts follow
from well known properties of the multivariate normal distribution or, more
simply, from the d-separation properties of DAGs; see Spirtes, Gtymour, and
Scheines [1993 page 36].) What happens if we leave both U and V? In that
case, fact 3 cannot hold unless the parameters of the distribution of the graph
cancel fortuitously to give fact 3. But this is precisely a violation of faithful-
ness and is not allowed. Hence, we mrust remove U and V from the graph.
But with U and V removed, Y and Z are independent, violating fact 2. Thus,
following Pearl and Verma (1991) and Spirtes, Glymour, and Scheines, we
conclude that there must be an arrow from Y to Z (and furthermore, by faith-
fulness, that V and W are absent). We have deduced a causal relationship be-
tween Y and Z. Note that the logic leading to the deduction of a causal rela-
tionship between Y and Z continues to hold unchanged even if the sample
correlation p between Y and Z is only 104

If we now expand U and V to show that each explicitly represents many po-
tential confounders, then the Bayesian reasoning of section 4 can be used here
too to show that (1) the analysis is undecidable (in the sense that the posterior
odds that Y causes Z do not converge to zero or to infinity as n — ) if the
number of potential confounders is allowed to be large relative to n and thus
the prior probability of “no unmeasured confounders” is small relative to sam-
ple size, but (2) if the number of potential confounders is small relative to n,
then the Spirtes, Glymour, and Scheines faithful analysis is vindicated and we
could conclude that Y causes Z even if the sample correlation p was but 104
Again, when the prior probability of “no unmeasured confounders” is small
relative to sample size, the error committed by the faithfulness analysis is to
conclude that facts 1 to 3 hold in the population solely because they hold in
the sample and the sample size is large.

6. Robustness to the Assumptions

In section 4, we have shown that, when the probability of there being “no un-
measured confounders” is small relative to sample size, the Spirtes, Gly-
mour, and Scheines faithful analysis can lead to the unwarranted conclusion
that X does not cause Y under our model. However, our model relied on three
simplifying assumptions. These assumptions were (1) normality, (2) the
same prior was used for the parameters v in each graph and (3) each sub-
graph was given equal prior probability; none of them are substantively en-
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tirely plausible. (As an example, suppose one believes that if X caused ¥ (6
0), then most likely 6 > 0. In that case, one might expect that, in violation of
(2), the prior probability that cov(X, ¥) > 0 would be greater under model G,
with 6# 0 than under model G with 8 = 0.) We will now show that dropping
assumptions 1 to 3 does not materially change our conclusions.

Consider any fixed subgraph G. Let U denote all the unobserved random
variables in this graph. Write the joint density as

Fooyu)= £ ) () %, y)

We can think of the densities fy and f, themselves as parameters; this in-
cludes parametric and nonparametric approaches simultaneously. The pair
(f1» £) lie in a space of densities ¥ equipped with an appropriate o-field B
Let 1€ be the prior on this space. Now 1€ induces a prior %€ on f,. Our pre-
vious assumption was that %6 did not depend on G. Instead. we shall make a
weaker assumption. Recall that G is the set of all subgraphs in which there is
an arrow from X to Y and G* is the set of all subgraphs in which there is not
an arrow from X to Y. For convenience, let y denote the prior for f, in the
graph G,,.

Assumption. With the possible exception of the prior for the graph G, the
priors € are mutually absolutely continuous with respect to each other.
Moreover, there exist constants, 0 < b < B < oo, independent of k, such that
foreach G e 5~ { Gj}

. 7°(f ar®(f;
b <essinf, dj/(f,)) <esssup, W((g <B

&)
where the essential infimum and supremum are with respect to .

The assumption merely asserts that the prior for f, over the various sub-
graphs cannot vary wildly. The reason for excluding Gyis that this graph im-
poses an independence not found in the other graphs and we can imagine us-
ing, therefore, a prior on a lower dimensional submanifold.

Another assumption we made was that each subgraph had equal prior
probability. Instead, let each graph have nonzero prior probability p; and let
py denote the prior probability of Gy Let P(A) =3 « gPc be the prior proba-
bility of an arrow from X to Y.

Now the posterior odds that X does not cause Y is

B, = Zoes P :
z Geg PG (6)
For any graph except G we have
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By the assumption, it follows that bc, < m < Bc,, where ¢, is m for the
graph G,. Using similar calculations as in section 4, we have the following
result.

THEOREM 2. Under the given assumptions we have

¢+¢,B <B <C+C,B

where
_bP(a)-m;) . _ B(P(a%)-p;)
TRy T eR(a)
o =P 23

bP(A)’ BP(A)
and B* is the Bayes factor for G0 versus Gy,

Without being more specific about the priors it is difficult to make precise
statements about the asymptotic behavior of B*. However, for every smooth
parametric model, the best one can hope for is that B* will increase at rate n"
for some r (usually r = 1/2); similar or slower behavior would be typical of a
nonparametric model. Thus, as long as p; is small relative to sample size (it
was 27 in section 4), we are led again to the conclusion that B, is asymptoti-
cally bounded away from 0 and infinity.

Specifically, we have the following result. Let N be the event that “there
are no unmeasured confounders.”

THEOREM 3. The posterior odds B, that X does not cause Y is always
bounded away from 0. Furthermore, if B* = Op(n") and if P(N) = o(n’"),
then B, — v in probability, where 0 < ¥ < e and y depends on the pri-
or odds that X does not cause Y.

We believe that our assumptions can be weakened further though we do not
pursue the details here.

Remark: Theorem 2 notwithstanding, for certain priors, the data can
greatly increase one’s belief that X causes Y. For example, suppose (1)
there was a moderately strong empirical correlation between X and Y, say
p = .3, (2) the sample size n was very large, (3) the SEM model of equa-
tions (1)-(2) was true, and (4) one believed, based on substantive back-
ground knowledge, that (a) the prior probability that X caused Y was .5, (b)
the net magnitude of confounding by the unmeasured factors U was small
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so that, if X did not cause Y (6 = 0), the prior probability that the covari-
ance p between X and Y exceeded .1 was quite small, and (c) there was a
nonnegligible prior probability that the absolute value of G-was sufficiently
large for p to exceed .3 even in the absence of unmeasured confounders.
Then the posterior odds B, that X does not cause ¥ would be small (al-
though greater than ¢1), and thus the data would have been quite informa-
tive as to the hypothesis that X causes Y.

7. Prior Beliefs

The authors and every other epidemiologist and statistician we know believe
that, given any two variables X and Y, there almost always exist unmeasured
confounders (i.e., common causes) linking the two variables. For example,
early in their first epidemiology course, students are taught that no matter
how extreme the p-value for a test of association, observational epidemiolo-
gy is unable to either reliably rule in or rule out small causal effects. Only
randomized trials can reliably detect such effects. These teachings imply that
the subjective beliefs of epidemiologists hold that the prior probability that
there are no unmeasured confounders is extremely small, if not zero (Robins,
1997, section 11). Otherwise, if sample size n were very large, then (a) as
noted in the setting of section 4, when X and Y are uncorrelated in the data,
we could reliably conclude that X does not cause Y and thus rule out even
small causal effects, and (b) as noted in the setting of section 5, if (1) tests of
the hypotheses that Z and Y and X and Z were independent, were rejected
with extreme p-values (say, p < 1075), (2) the sample partial correlation
between X and Z given Y was zero, and (3) the magnitude of the empirical
correlation between Z and Y was small (say, p = 10-#), we could reliably con-
clude that Y has a small causal effect on Z. :

It is our guess that these subjective beliefs of epidemiologists derive
chiefly from two facts, one empirical and one philosophical. Empirically, in
studies with large sample sizes, one typically observes highly statistically
significant associations between variables which are firmly believed, on bio-
logical grounds, not to be causally associated. Philosophically, the universe
contains so many unmeasured potential common causes that it is a priori
highly unlikely that not a single one is an actual common cause.

In discussions with a number of economists and social scientists, it is our
impression that they too believe that the probability that there are no unmea-
sured confounders is small if not precisely zero.
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8. Practical and Philosophical Implications

We have shown that the Spirtes, Glymour, and Scheines faithful analysis can
lead to inappropriate causal conclusions when the prior probability of there
being “no unmeasured confounders” is small relative to sample size. There-
fore, we would caution against relying on computer programs such as
Spirtes, Glymour, and Scheines’s Tetrad that use the “faithfulness” analysis
of section 3 as a tool for searching epidemiologic data bases for causal asso-
ciations. However, our argument against the use of the Spirtes, Glymour, and
Scheines “faithfulness analysis” in analyzing epidemiologic data is not an ar-
gument against using a “faithfulness” analysis in analyzing data in simple
stereotyped environments where the number of unmeasured potential con-
founders is known to be small. Thus in artificial intelligence programs de-
signed to allow robots to learn from data obtained in a rather stereotyped en-
vironment, the use of a “faithfulness” analysis and thus of a Tetradlike
program might be extremely useful. Furthermore, our argument is not incon-
sistent with Pearl and Verma’s speculation that children might naturally em-
ploy an informal version of the faithfulness analysis of section 5 to leam
simple causal relationships in settings where the number of alternative expla-
nations entertained is not large. Rather, our argument against the use of a
“faithfulness analysis” pertains to observational studies with moderate ex-
pected effect sizes and large numbers of potential confounding factors (such
as studies of the effect of preschool Head Start programs on later high school
performance or of alcohol consumption on coronary artery disease) that re-
quire large investments in study design, data collection, quality control, and
data analysis (including investment in the graduate training of epidemiolo-
gists, statisticians, economists and sociologists).

We are not claiming that inferring causal relationships empirically is im-
possible. Randomized studies with complete compliance are a well-known
example where reliable causal inference is possible. Indeed, well-supported
causal inferences based on observational data are sometimes possible by (1)
adjusting for or matching on measured confounders (Rubin 1974); (2) using
subject matter knowledge based on experience and biology to argue, as in the
remark of section 6, that the magnitude of confounding due to unmeasured
factors is likely small relative to the size of the observed association; and (3)
combining information from data obtained on different populations and from
different types of studies, including laboratory and animat studies. The infer-
ence that cigarette smoking causes lung cancer is perhaps the best known
such example. However, observational studies cannot reliably rule in or rule
out small causal effects.
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9. Asymptotic Behavior of Bayes Factors

We now examine the asymptotic behavior of B, in the case in section 4. By
Laplace’s method,

¢, = LO)n(v)(2m)"* {det(0)} *n"* (14 0, (n ™))

my = LV )5 )(2m)** {det(o”)}  n (14 0,(n))

where ¢ is the Fisher information (for a single observation) in G, ¢* is the
Fisher information (for a single observation) in G, ¥ is the maximum likeli-
hood estimate in G, and #" is the maximum likelihood estimate in G The
term my/ ¢, tends to infinity at rate Op(n!?2) if A is false and tends to O expo-
nentially quickly if A is true. Since L(5*) is less than or equal to L(#) with
equality if and only if the sample correlation is zero, my/ ¢, is maximized for
data sets with zero sample correlation. Even for such data sets, my/ ¢, tends
to infinity only at rate Op(n!’?) .
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