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41 LQWURGXFWLRQ

Vwuxfwxudo qhvwhg idloxuh wlph prghov +VQIWPv, duh fdxvdo prghov iru wkh h>hfw ri d wlph0

ghshqghqw wuhdwphqw ru h{srvxuh rq d vxuylydo wlph rxwfrph lq wkh suhvhqfh ri wlph0ghshqghqw

frqirxqglqj fryduldwhv +Urelqv/ 4<;</ 4<<5/ 4<<6/ 4<<8 4<<:> Urelqv hw do1/ 4<<5> Zlwwhpdq hw

do1/ 4<<:> Urelqv hw do1/ 4<<7> Urelqv dqg Juhhqodqg/ 4<<7> Pdun dqg Urelqv/ 4<<6de,1 Wkh

vlpsohvw VQIWPv pds d vxemhfw*v revhuyhg idloxuh wlph W / revhuyhg wuhdwphqw dqg frqirxqghu

klvwru|/ dqg dq xqnqrzq sdudphwhu #f lqwr wkh wlph X wkdw wkh vxemhfw zrxog kdyh idlohg li/

srvvleo| frqwudu| wr idfw/ wuhdwphqw kdg ehhq zlwkkhog1 Wkh fdxvdo sdudphwhu #f lv lghqwl?hg

li/ dv lq d vhtxhqwldo udqgrpl}hg h{shulphqw/ wkh wuhdwphqw dw wlph w lv udqgrpo| dvvljqhg +l1h1/

ljqrudeoh, frqglwlrqdo rq sdvw wuhdwphqw dqg frqirxqghu klvwru|1 Wkh phwkrg ri j0hvwlpdwlrq

surylghv frpsxwdwlrqdoo| frqyhqlhqw dqg urexvw vhplsdudphwulf hvwlpdwruv ri #f zkhq #f lv

lghqwl?hg +Urelqv/ 4<<5> Urelqv hw do1/ 4<<5,1

Wkh xvxdo dssurdfk wr wkh hvwlpdwlrq ri wkh h>hfw ri d wlph0ydu|lqj wuhdwphqw rq vxuylydo

kdv ehhq wr prgho wkh kd}dug ri idloxuh dw w dv d ixqfwlrq ri sdvw wuhdwphqw klvwru| xvlqj d wlph0

ghshqghqw sursruwlrqdo kd}dugv prgho1 Lq Vhfwlrq 5/ zh vkrz wkdw wkh xvxdo dssurdfk pd| eh

eldvhg/ zkhwkhu ru qrw rqh ixuwkhu dgmxvwv iru sdvw frqirxqghu klvwru| lq wkh dqdo|vlv/ zkhq

+d, wkhuh h{lvwv d wlph0ghshqghqw ulvn idfwru iru/ ru suhglfwru ri/ wkh hyhqw ri lqwhuhvw wkdw dovr

suhglfwv vxevhtxhqw wuhdwphqw/ dqg +e, sdvw wuhdwphqw klvwru| suhglfwv vxevhtxhqw ulvn idfwru

ohyho1 Wkh iroorzlqj wzr h{dpsohv ghprqvwudwh frqglwlrqv +d, dqg +e, zloo eh wuxh lq vwxglhv

lq zklfk hlwkhu wkhuh lv +l, wuhdwphqw e| 3lqglfdwlrq4 dqg2ru +ll, d wlph0ghshqghqw fryduldwh

wkdw lv vlpxowdqhrxvo| d frqirxqghu dqg dq lqwhuphgldwh yduldeoh rq wkh fdxvdo sdwkzd| iurp

wuhdwphqw wr idloxuh1

Wkh guxj D]W xvhg lq wkh wuhdwphqw ri DLGV lv d gluhfw uhg0eorrg fhoo wr{lq wkdw lv riwhq

zlwkkhog lq dqdhplf vxemhfwv/ vlqfh wkh wr{lf h>hfwv ri D]W fdq zruvhq wkh dqdhpld1 Ixuwkhu/

dqdhplf sdwlhqwv duh dw lqfuhdvhg ulvn ri ghdwk1 Wkxv lq d vwxg| ri wkh h>hfw ri D]W rq vxuylydo

ri sdwlhqwv zlwk DLGV/ wkh wlph0ghshqghqw fryduldwh dqdhpld lv erwk d ulvn idfwru iru ghdwk dqg

d suhglfwru ri vxevhtxhqw wuhdwphqw zlwk D]W1 Ixuwkhu/ dv d uhg0eorrg0fhoo wr{lq/ sdvw D]W

wuhdwphqw lv d ulvn idfwru iru wkh ghyhorsphqw ri dqdhpld1 Lq rffxsdwlrqdo pruwdolw| vwxglhv/

xqkhdowk| zrunhuv zkr whuplqdwh hpsor|phqw hduo| duh dw dq lqfuhdvhg ulvn ri ghdwk frpsduhg

wr rwkhu zrunhuv dqg uhfhlyh qr ixuwkhu h{srvxuh wr wkh fkhplfdo djhqw xqghu vwxg|1 Wkhuhiruh/

wkh wlph0ghshqghqw fryduldwh/ hpsor|phqw vwdwxv dw wlph w/ lv dq lqghshqghqw ulvn idfwru iru

ghdwk dqg d suhglfwru ri ixwxuh h{srvxuh wr wkh vwxg| djhqw1 Lq dgglwlrq/ suhylrxv h{srvxuh wr

wkh vwxg| djhqw pd| ohdg wr hduo| whuplqdwlrq ri hpsor|phqw li wkh djhqw fdxvhv d glvdeolqj

looqhvv1 Hslghplrorjlvwv uhihu wr fryduldwhv vxfk dv dqdhpld ru hpsor|phqw vwdwxv lq wkh deryh

h{dpsohv dv wlph0ghshqghqw frqirxqghuv1

Wkh fkdswhu lv rujdql}hg dv iroorzv1 Zh ?uvw ghvfuleh wkh ixqgdphqwdo dvvxpswlrq ri qr

xqphdvxuhg frqirxqghuv wkdw/ li wuxh/ doorzv xv wr whvw iru dqg hvwlpdwh fdxvdo h>hfwv iurp

orqjlwxglqdo gdwd1 Lq Vhfwlrq 516/ zh ghvfuleh d ydolg ò0ohyho whvw/ wkh j0whvw/ ri wkh qxoo k|srwkhvlv

ri qr fdxvdo h>hfw ri wuhdwphqw rq vxuylydo1 Lq Vhfwlrq 517 0 518/ zh ghvfuleh wkh srwhqwldo iru
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eldv dqg odfn ri urexvwqhvv ri dowhuqdwlyh whvwlqj surfhgxuhv1 Lq Vhfwlrq 6/ zh lqwurgxfh wkh

vlpsohvw VQIWPv 9 wkh ghwhuplqlvwlf VQIWPv1 Lq Vhfwlrq 7/ zh vkrz wkdw j0hvwlpdwlrq ri

ghwhuplqlvwlf VQIWPv surylghv d xql?hg dssurdfk wr hvwlpdwlrq ri dqg whvwlqj iru wkh h>hfw

ri d wlph0ghshqghqw wuhdwphqw1 Lq Vhfwlrq 8/ zh ghvfuleh krz wkh frqvhtxhqfhv ri ylrodwlrqv ri

rxu dvvxpswlrq ri qr xqphdvxuhg frqirxqghuv fdq eh h{soruhg wkurxjk d vhqvlwlylw| dqdo|vlv1

Lq Vhfwlrqv 5 0 8/ zh dvvxph fhqvrulqj lv devhqw1 Lq Vhfwlrq 9/ zh h{whqg rxu phwkrgv wr

doorz iru fhqvrulqj e| hqg0ri0iroorz0xs/ orvv0wr0iroorz0xs/ dqg frpshwlqj ulvnv1 Lq Vhfwlrq :/

zh vkrz wkdw lw lv gl!fxow wr lqfrusrudwh d sulrul elrorjlfdo nqrzohgjh dv uhvwulfwlrqv rq wkh

ixqfwlrqdo irup ri rxu ghwhuplqlvwlf VQIWPv1 Krzhyhu/ lw lv vwudljkwiruzdug wr lqfrusrudwh

elrorjlfdo nqrzohgjh li zh dgrsw d pruh jhqhudo fodvv ri fdxvdo prghov/ wkh lqvwdqwdqhrxv0udwh

udqn0suhvhuylqj vwuxfwxudo qhvwhg idloxuh wlph prghov +USVQIWPv,/ zklfk prgho wkh h>hfw ri

d ?qdo lqvwdqwdqhrxv eols ri wuhdwphqw rq vxuylydo1 Wkh sdudphwhuv ri d lqvwdqwdqhrxv0udwh

USVQIWP fdq eh frqvlvwhqwo| hvwlpdwhg xvlqj j0hvwlpdwlrq1 Lqvwdqwdqhrxv0udwh USVQIWPv

doorz wkh pdjqlwxgh ri wkh wuhdwphqw h>hfw wr ghshqg rq wkh phdvxuhg idfwruv exw qrw rq

xqphdvxuhg idfwruv1 Wklv uhvwulfwlrq lv riwhq elrorjlfdoo| lpsodxvleoh1 Zh wkhuhiruh lqwurgxfh/

lq Vhfwlrq ;/ wkh fodvv ri lqvwdqwdqhrxv0udwh VQIWPv zklfk +l, doorz wkh pdjqlwxgh ri wkh

wuhdwphqw h>hfw wr ghshqg rq erwk phdvxuhg dqg xqphdvxuhg idfwruv dqg +ll, lqfoxgh wkh

lqvwdqwdqhrxv0udwh USVQIWPv dv d vshfldo fdvh1 Lw lv ri vflhqwl?f dqg sxeolf khdowk lqwhuhvw wr

hvwlpdwh wkh vxuylydo fxuyhv wkdw zrxog eh h{shfwhg xqghu ydulrxv wuhdwphqw uhjlphv lq rughu wr

ghwhuplqh wkh rswlpdo uhjlph zlwk zklfk wr wuhdw ixwxuh sdwlhqwv1 Khqfh/ zh frqvlghu hvwlpdwlrq

ri uhjlph0vshfl?f vxuylydo fxuyhv1 Ilqdoo| zh eulh | ghvfuleh dq dowhuqdwlyh qrq0qhvwhg vwuxfwxudo

idloxuh wlph prgho wkdw pd| vrphwlphv kdyh dgydqwdjhv lq vxuylydo fxuyh hvwlpdwlrq1

Vwuxfwxudo qhvwhg prghov iru uhshdwhg phdvxuh dqg rwkhu qrq0idloxuh wlph rxwfrphv duh

frqvlghuhg lq Urelqv +4<;</ 4<<6/ 4<<7/ 4<<:/ 4<<;,> wkh| duh qrw frqvlghuhg lq wklv fkdswhu1

51 FDXVDO LQIHUHQFH iurp REVHUYDWLRQDO GDWD

5141 Wkh Gdwd

Iru shgdjrjlf sxusrvhv/ zh vkdoo frqvlghu d vwxg| ri wkh h>hfw ri D]W wuhdwphqw rq wkh vxuylydo

ri DLGV sdwlhqwv1 Ohw Wð eh d frqwlqxrxv yduldeoh uhfruglqj wkh vxuylydo wlph iru wkh lwk vwxg|

vxemhfw/ l @ 4> = = = > q/ zlwk wlph phdvxuhg iurp vwxg| hquroophqw1 Ohw Dð +w, uhfrug vxemhfw l*v

D]W grvdjh udwh dw w dqg Oð +w, uhfrug wkh ydoxh dw w ri d yhfwru ri ydulrxv wlph0ghshqghqw dqg

wlph0lqghshqghqw fryduldwhv vxfk dv FG70o|pskrf|wh frxqw/ suhvhqfh ri dqdhpld/ dqg jhqghu1

Iru dq| wlph0ghshqghqw udqgrp yduldeoh ]ð +w,/ ohw ]ð +w3, @ i]ð +x, > 3 é x ? wj eh wkh klvwru|
ri wkh ]0surfhvv xs wr exw qrw lqfoxglqj wlph w dqg ohw ]ð +w, eh wkh klvwru| ri wkh surfhvv

wkurxjk w1 Qrwh wkdw ]ð +w, lv gh?qhg rqo| iru w é Wð1 Xqwlo Vhfwlrq 9/ zh dvvxph wkhuh lv qr

fhqvrulqj1 Lq wkh devhqfh ri fhqvrulqj/ wkh revhuydeoh yduldeohv duh wkhq
q
Wð> Dð +Wð, > Oð +Wð,

r
/

zklfk zh dvvxph duh lqghshqghqw dqg lghqwlfdoo| glvwulexwhg/ dqg khqfhiruwk vxssuhvv wkh l

vxevfulsw ghqrwlqj vxemhfw1 Iroorzlqj Fr{ dqg Rdnhv +4<;7,/ Urelqv +4<;9/ 4<;:,/ dqg Uxelq
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+4<:;,/ zh vkdoo dovr dvvxph wkhuh h{lvwv d odwhqw +srvvleo| frxqwhuidfwxdo, cedvholqh* idloxuh wlph

udqgrp yduldeoh X uhsuhvhqwlqj d vxemhfw*v vxuylydo wlph kdg/ srvvleo| frqwudu| wr idfw/ D]W

dozd|v ehhq zlwkkhog1

5151 Wkh ixqgdphqwdo dvvxpswlrq ri qr xqphdvxuhg frqirxqghuv

Rxu ixqgdphqwdo dvvxpswlrq ri qr xqphdvxuhg frqirxqghuv lv

X
J
D +w, m O ýw3ü > D ýw3ü > W è w/ +514,

zkhuh D
I
E m F phdqv D lv lqghshqghqw ri E jlyhq F +Gdzlg/ 4<:<,1 Zh zloo dovr uhihu wr

dvvxpswlrq +514, dv wkh dvvxpswlrq wkdw wuhdwphqw D +w, lv vhtxhqwldoo| ljqrudeoh ru udqgrpl}hg

jlyhq wkh sdvw1 Dvvxpswlrq +514, vwdwhv wkdw/ frqglwlrqdo rq D]W klvwru| dqg wkh klvwru| ri

doo uhfrughg fryduldwhv sulru wr w/ lqfuhphqwv lq D]W grvdjh udwh dw w duh lqghshqghqw ri wkh

edvholqh idloxuh wlph udqgrp yduldeoh X 1 Wklv dvvxpswlrq zloo eh wuxh li doo ulvn idfwruv iru/ l1h1/

suhglfwruv ri/ wkh edvholqh idloxuh wlph X wkdw duh xvhg e| sdwlhqwv dqg sk|vlfldqv wr ghwhuplqh

wkh grvdjh ri D]W dw w duh uhfrughg lq O +w3, dqg D +w3,1 Iru h{dpsoh/ vlqfh sk|vlfldqv whqg

wr zlwkkrog D]W iurp dqdhplf vxemhfwv/ dqg lq xqwuhdwhg vxemhfwv/ dqdhpld lv d suhglfwru

ri vxuylydo/ dvvxpswlrq +514, zrxog eh idovh li O +w3, grhv qrw frqwdlq dqdhpld klvwru|1 Lw lv

wkh sulpdu| jrdo ri wkh hslghplrorjlvwv frqgxfwlqj dq revhuydwlrqdo vwxg| wr froohfw gdwd rq d

vx!flhqw qxpehu ri fryduldwhv wr hqvxuh wkdw rxu dvvxpswlrq +514, zloo eh dw ohdvw dssur{lpdwho|

wuxh1

Dvvxpswlrq +514, lv wkh ixqgdphqwdo frqglwlrq wkdw zloo doorz xv wr gudz fdxvdo lqihuhqfhv

iurp revhuydwlrqdo gdwd1 Lw lv suhflvho| ehfdxvh +514, fdqqrw eh jxdudqwhhg wr krog lq dq re0

vhuydwlrqdo vwxg| dqg lv qrw hpslulfdoo| whvwdeoh wkdw lw lv vr yhu| kd}dugrxv wr gudz fdxvdo

lqihuhqfhv iurp revhuydwlrqdo gdwd1 Qrwh wkdw li/ dv lq d vhtxhqwldoo| udqgrpl}hg wuldo/ dw hdfk

wlph w/ wkh grvh ri D]W zdv fkrvhq dw udqgrp e| wkh  ls ri d frlq/ wkhq +514, zrxog eh wuxh

hyhq li wkh suredelolw| wkdw wkh frlq odqghg khdgv ghshqghg rq sdvw fryduldwh dqg D]W0klvwru|1

Lw lv ehfdxvh sk|vlfdo udqgrpl}dwlrq jxdudqwhhv +514, wkdw prvw shrsoh dffhsw wkdw ydolg fdxvdo

lqihuhqfhv fdq eh rewdlqhg iurp d udqgrpl}hg wuldo1 Vhh Uxelq +4<:;,/ Urelqv +4<;9, dqg Kro0

odqg +4<;9, iru ixuwkhu glvfxvvlrq1 Lq Vhfwlrq 8/ zh ghvfuleh krz wkh frqvhtxhqfhv ri ylrodwlrqv

ri +514, fdq eh h{soruhg wkurxjk vhqvlwlylw| dqdo|vlv1

Iru frqyhqlhqfh/ xqwlo Vhfwlrq :/ zh vkdoo dvvxph wkdw wkh wuhdwphqw D +w, uhfhlyhg dw wlph w

lv glfkrwrprxv/ l1h1/ D +w, @ 4 li rq wuhdwphqw dw w dqg }hur rwkhuzlvh1 Urelqv +4<<5, dqg Urelqv

hw do1 +4<<5, frqvlghu qrq0glfkrwrprxv wuhdwphqwv1 Iru D +w, glfkrwrprxv/ dvvxpswlrq +514,

fdq eh zulwwhq

èø
í
w m D ýw3ü > O ýw3ü > Xì @ èíw m D ýw3ü > O ýw3üì +515,

zkhuh/ li D +w, lv d lqvwdqwdqhrxv0udwh surfhvv/ èø
í
w m D +w3, > î

ì
@

olp
B|<f

su
k
D +w. ïw, 9@ D +w3, m D +w3, > W è w> î

l
@ïw lv wkh kd}dug ri wkh wuhdwphqw surfhvv mxpslqj
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lq wkh lq?qlwhvlpdo lqwhuydo ^w> w. ïw, jlyhq D +w3, dqg î1 Rq wkh rwkhu kdqg/ èø
í
w m D +w3, > î

ì
@

su
q
D +w, 9@ D +w3, m D +w3, > W è w> î

r
lv d glvfuhwh kd}dug li D +w, fdq rqo| mxps dw qrq0udqgrp

glvfuhwh wlphv w�> w2> = = =/ dv zrxog eh wkh fdvh li wkh D +w&, uhfrughg zkhwkhu d vxemhfw zdv rq D]W

dw zhhno| folqlf ylvlwv1 Gxh wr phdvxuh wkhruhwlf vxewohwlhv/ +5, exw qrw +4, lv d pdwkhpdwlfdoo|

suhflvh vwdwhphqw ri rxu dvvxpswlrq ri qr xqphdvxuhg frqirxqghuv1

5161 D j0whvw ri wkh fdxvdo qxoo k|srwkhvlv

Wkh vkdus fdxvdo qxoo k|srwkhvlv ri qr wuhdwphqw h>hfw rq vxuylydo lv wkdw hdfk vxemhfw*v revhuyhg

dqg edvholqh olihwlphv duh wkh vdph1 Wkdw lv/

X @ W z1s14 +516d,

zkhuh z1s14 vwdqgv iru zlwk suredelolw| 41 Jlyhq rxu dvvxpswlrq +515,/ wkh uhvwulfwlrq rq wkh

glvwulexwlrq ri wkh revhuydeohv lpsolhg e| +516d, lv wkdw wkh kd}dug ri wuhdwphqw mxpsv dw w grhv

qrw ghshqg rq wkh vxuylydo wlph W jlyhq sdvw wuhdwphqw dqg fryduldwh klvwru|1 Wkdw lv/

èø
í
w m D ýw3ü > O ýw3ü > Wì @ èø íw m D ýw3ü > O ýw3üì 1 +516e,

Khqfh/ li wkh D surfhvv lv d lqvwdqwdqhrxv0udwh surfhvv/ zh fdq whvw +516e, e| vshfli|lqj d

wlph0ghshqghqw Fr{ sursruwlrqdo kd}dugv prgho

èf +w, h{s
û
òâZ +w,

ú
+517,

iru èø
í
w m D +w3, > O +w3,

ì
/ zkhuh Z +w, lv d nqrzq yhfwru ydoxhg ixqfwlrq ri

í
D +w3, > O +w3,

ì
/

ò lv dq xqnqrzq sdudphwhu yhfwru/ dqg èf +w, lv dq xqvshfl?hg edvholqh kd}dug ixqfwlrq1 Li

wkh D surfhvv mxpsv rqo| dw ?{hg glvfuhwh wlphv/ zh lqwhusuhw +517, dv d prgho iru wkh rggv

èø
í
w m D +w3, > O +w3,

ì
@
q
4ý èø

í
w m D +w3, > O +w3,

ìr
1 Li prgho +517, lv fruuhfwo| vshfl?hg/ dq

dv|pswrwlf ò0ohyho Fr{ sduwldo olnholkrrg vfruh/ Zdog/ ru olnholkrrg udwlr whvw ri wkh k|srwkhvlv

ë @ 3 lq wkh h{whqghg prgho wkdw dggv d whup ëW wr òâZ +w, lq +517, lv dq dv|pswrwlfdoo|

ò0ohyho whvw ri wkh vkdus qxoo k|srwkhvlv +516d, xqghu wkh dvvxpswlrq +515, ri qr xqphdvxuhg

frqirxqghuv1 Urelqv +4<<5, uhihuv wr vxfk d whvw dv d j0whvw1 Qrwh d j0whvw ?uvw prghov +l, wkh

kd}dug ri wkh wuhdwphqw surfhvv dv d ixqfwlrq ri wkh vxuylydo wlph W dqg sdvw wuhdwphqw dqg

fryduldwh klvwru| dqg +ll, wkhq whvwv zkhwkhu wkh frh!flhqw ë ri W lv vljql?fdqw1 Lq idfw/ zh

rewdlq dq ò0ohyho whvw ri +516e, e| whvwlqj ë @ 3 lq wkh h{whqghg prgho wkdw dggv wkh whup

ëT +w, wr òâZ +w, lq +517, zkhuh T +w, @ t
í
w>D +w3, > O +w3, > W

ì
lv d ixqfwlrq fkrvhq e| wkh gdwd

dqdo|vw1 Wkh fkrlfh ri T +w, h>hfwv wkh srzhu exw qrw wkh ohyho ri wkh j0whvw1 Wkh j0whvw lv d

jhqhudol}dwlrq wr wlph0ghshqghqw wuhdwphqwv dqg frqirxqghuv ri Urvhqedxp*v +4<;7, whvw iru

wkh h>hfw ri d vlqjoh wlph0lqghshqghqw wuhdwphqw1

hqf|uhyg1wh{ 7 Dxjxvw 4:/ 4<<<



5171 Eldv ri vwdqgdug phwkrgv

Wr xqghuvwdqg zk| vwdqgdug dssurdfkhv wkdw xvh Fr{ uhjuhvvlrq wr prgho wkh kd}dug ri idloxuh

dv d ixqfwlrq ri sdvw wuhdwphqw klvwru| duh eldvhg zkhwkhu ru qrw rqh dgmxvwv iru sdvw frqirxqghu

klvwru|/ zh frqvlghu d jurxs ri DLGV sdwlhqwv zkr duh dolyh dw 43 prqwkv/ glfkrwrpl}hg lqwr

wkrvh zkr ghyhorshg dqdhpld e| ; prqwkv dqg wkrvh zkr uhpdlq iuhh ri dqdhpld dw ; prqwkv1 D

Fr{ uhjuhvvlrq dqdo|vlv wkdw hvwlpdwhv wkh udwh udwlr dw 43 prqwkv dwwulexwdeoh wr D]W h{srvxuh

lq wkh lqwhuydo ;ý 43 prqwkv zlwkrxw dgmxvwlqj iru ru vwudwli|lqj rq dqdhpld vwdwxv fdq pdnh

D]W dsshdu idovho| ehqh?fldo/ vlqfh dqdhplf vxemhfwv duh dw d kljkhu ulvn ri g|lqj dw 43 prqwkv

dqg duh ohvv olnho| wr uhfhlyh D]W wkhuds| lq prqwkv ;ý431 Wkdw lv/ dqdhpld vwdwxv dw ; prqwkv
lv d frqirxqghu iru wkh fdxvdo h>hfw ri D]W wuhdwphqw uhfhlyhg lq wkh lqwhuydo iurp ; wr 43

prqwkv

Krzhyhu/ ehfdxvh D]W fdxvhv dqdhpld/ hyhq li erwk D]W dqg dqdhpld kdyh qr fdxvdo h>hfw

rq wkh vxuylydo ri dq| vxemhfw/ wkh deryh Fr{ uhjuhvvlrq dqdo|vlv pd| frqwlqxh wr idovho| vxjjhvw

wkdw D]W lv ehqh?fldo hyhq zkhq zh dgmxvw iru dqdhpld dw ; prqwkv1 Wr vhh zk|/ iru vlpsolflw|/

vxssrvh qrz wkdw 633 vxemhfwv uhfhlyh D]W e| 7 prqwkv/ dqg 633 vxemhfwv qhyhu uhfhlyh D]W1

Lq erwk jurxsv ri 633/ vxssrvh wkdw/ uhjdugohvv ri D]W wuhdwphqw ru wuhdwphqw iru dqdhpld/ 433

lqglylgxdov duh srru surjqrvlv vxemhfwv zkr duh ghvwlqhg wr glh dw 43 prqwkv/ 433 duh prghudwh

surjqrvlv vxemhfwv ghvwlqhg wr glh dw 53 prqwkv/ dqg 433 duh jrrg surjqrvlv vxemhfwv ghvwlqhg

wr glh dw 63 prqwkv1 Vxssrvh D]W fdxvhv dqdhpld lq prghudwh surjqrvlv sdwlhqwv1 Vshfl?fdoo|/

doo prghudwh surjqrvlv sdwlhqwv zrxog ghyhors dqdhpld dw ; prqwkv li jlyhq D]W/ zkhuhdv qrqh

zrxog ghyhors dqdhpld zlwkrxw D]W1 Doo srru surjqrvlv dqg qr jrrg surjqrvlv sdwlhqwv ghyhors

dqdhpld uhjdugohvv ri D]W wkhuds|1 Xqghu wkhvh dvvxpswlrqv/ wkh gdwd zrxog eh vkrzq dv lq

Wdeoh 41 Lqvshfwlqj Wdeoh 4 / zh revhuyh wkdw/ zlwklq wkh vwudwxp gh?qhg e| wkh suhvhqfh ri

dqdhpld dw ; prqwkv/ wkh pruwdolw| udwh dw 43 prqwkv lv ohvv lq wkrvh zkr uhfhlyhg D]W wkdq lq

wkrvh zkr glg qrw1 Vlploduo|/ lq wkh vwudwxp gh?qhg e| wkh devhqfh ri dqdhpld/ wkh pruwdolw|

udwh dw 53 prqwkv lv ohvv lq wkrvh zkr uhfhlyhg D]W wkdq lq wkrvh zkr glg qrw1 Wkxv/ d Fr{

dqdo|vlv wkdw dgmxvwv iru +ru vwudwl?hv rq, sdvw dqdhpld klvwru| zrxog idovho| vxjjhvw wkdw D]W

kdv d ehqh?fldo h>hfw rq vxuylydo1 Wklv eldv lv dwwulexwdeoh wr wkh idfw wkdw lq Wdeoh 4 +d, D]W

e| 7 prqwkv lv d ulvn idfwru iru vxevhtxhqw dqdhpld/ dqg +e, dqdhpld lv d qrq0fdxvdo ulvn idfwru

iru ghdwk/ vlqfh +4, wkh ghdwk udwh dw 43 prqwkv lv juhdwhu lq wkrvh zlwk dqdhpld wkdq lq wkrvh

zlwkrxw dqdhpld dprqj vxemhfwv zlwkrxw D]W/ dqg +5, wkh ghdwk udwh dw erwk 43 dqg 53 prqwkv

lv juhdwhu lq wkrvh zlwk dqdhpld wkdq lq wkrvh zlwkrxw dqdhpld dprqj vxemhfwv zlwk D]W1 Qrwh/

e| frqvwuxfwlrq ri rxu h{dpsoh/ dqdhpld lv qrw d fdxvdo ulvn idfwru iru ghdwk> udwkhu/ lw lv d sur{|

iru wkh xqphdvxuhg surjqrvlv yduldeoh1 Ixuwkhupruh/ dqdhpld lv qrw dq lqwhuphgldwh yduldeoh

rq wkh fdxvdo sdwkzd| iurp D]W wuhdwphqw wr ghdwk vlqfh/ e| frqvwuxfwlrq/ wkhuh lv qr vxfk

fdxvdo sdwkzd|1
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Wdeoh 41 D K|srwkhwlfdo Vwxg|

Dqdhpld e| ; Prqwkv Qr Dqdhpld

Wlph wr Ghdwk +Prqwkv, Wlph wr Ghdwk +Prqwkv,

43 53 63 43 53 63

Qr D]W 433W 3 3 Qr D]W 3 433_ 433h

D]W e| 7 prqwkv 433W 433_ 3 D]W e| 7 prqwkv 3 3 433h

W Srru surjqrvlv sdwlhqwv1
_ Prghudwh surjqrvlv vxemhfwv1
h Jrrg surjqrvlv vxemhfwv1

Lw iroorzv wkdw zh pxvw frqwuro iru wkh frqirxqghu 3dqdhpld vwdwxv dw prqwk ;4 wr hvwlpdwh

wkh fdxvdo h>hfw ri D]W lq wkh lqwhuydo +;> 43,1 Rq wkh rwkhu kdqg/ zh pxvw qrw frqwuro iru

wkh yduldeoh 3dqdhpld vwdwxv dw prqwk ;4 wr hvwlpdwh wkh fdxvdo h>hfw ri D]W wkhuds| lq wkh

lqwhuydo +3> ;, rq vxuylydo1 Li/ krzhyhu/ zh vxppdul}h D]W klvwru| ryhu wkh lqwhuydo +3> 43,

lq whupv ri fxpxodwlyh grvdjh/ dyhudjh grvh lqwhqvlw|/ ru wkh wlph vlqfh wkh lqlwldwlrq ri D]W

wkhuds|/ wkhvh uhtxluhphqwv fdqqrw eh phw/ vlqfh zh orvh wkh delolw| wr vhsdudwh rxw D]W lq wkh

lqwhuydo +3> ;, iurp D]W lq wkh lqwhuydo +;> 43,1 Krzhyhu/ wkh j0whvw ri Vhfwlrq 516 lv vshfl?fdoo|

ghvljqhg wr frqwuro iru frqirxqglqj e| yduldeohv d>hfwhg e| hduolhu wuhdwphqw e| qhyhu oxpslqj

wuhdwphqw uhfhlyhg dw gl>huhqw wlphv1 Vshfl?fdoo|/ wkh j0whvw fkhfnv/ dw hdfk wlph w/ iru dvvrfldwlrq

ehwzhhq wuhdwphqw D +w, uhfhlyhg dw w dqg wkh idloxuh wlph W +d, diwhu dgmxvwlqj iru frqirxqghu

dqg wuhdwphqw klvwru| ehiruh w/ exw +e, zlwkrxw dgmxvwlqj iru wkh 3srvw0wuhdwphqw4 yduldeohv

3fryduldwh dqg wuhdwphqw klvwru| vxevhtxhqw wr w14 Lw lv hvvhqwldo wr wkh ydolglw| ri wkh j0whvw

wkdw wuhdwphqw klvwru| D +w3, ehiruh w eh dgmxvwhg iru dv d srwhqwldo frqirxqglqj idfwru iru wkh

h>hfw ri wkh wuhdwphqw D +w, uhfhlyhg dw w1

Irupdoo|/ uhvxowv lq wklv vhfwlrq uh hfw wkh idfw wkdw wkh qxoo k|srwkhvlv +516e, grhv qrw lpso|

hlwkhu wkdw

èA
í
w m D ýw3üì @ èA +w, +518,

ru

èA
í
w m D ýw3ü > O ýw3üì @ èA íw m O ýw3üì +519,

zkhuh èA +w m î, lv wkh kd}dug ri idloxuh dw w jlyhq î1 Krzhyhu/ Urelqv +4<;9, suryhv wkdw +516e,
grhv lpso| +518, li hlwkhu ri wkh iroorzlqj duh wuxh=

èA
í
w m D ýw3ü > O ýw3üì @ èA íw m D ýw3üì +51:,
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ru

èø
í
w m D ýw3ü > O ýw3üì @ èø kw m D ýw3ül 1 +51;,

Li +51:, krogv/ zh vd| O +w, lv qrw dq lqghshqghqw suhglfwru ri idloxuh1 Li +51;, krogv/ zh vd| O +w,

lv qrw dq lqghshqghqw suhglfwru ri vxevhtxhqw wuhdwphqw1 Li hlwkhu +51:, ru +51;, krogv/ zh vd|

wkdw wkh O +w, surfhvv lv qrw d frqirxqghu iru wkh h>hfw ri D +w, rq vxuylydo1 Lq wkdw fdvh/ zh

fdq whvw wkh vkdus qxoo k|srwkhvlv +516d, xqghu Dvvxpswlrq +515, e| ljqrulqj gdwd rq O +w, dqg

whvwlqj +518, xvlqj d wlph0ghshqghqw Fr{ prgho iru idloxuh1

5181 Frpsxwdwlrqdo frpsoh{lw| dqg qrq0urexvwqhvv ri whvwv edvhg rq wkh j0frpsxwdwlrq

dojrulwkp

Lq wklv Vxevhfwlrq/ wr dyrlg wkh qhhg iru surgxfw lqwhjudo qrwdwlrq/ zh dvvxph wkh fryduldwh

klvwru| O +W , fdq mxps rqo| dw ?{hg wlphv n @ 3> 4> 5> = = =1 Wklv lv qr sudfwlfdo olplwdwlrq/ vlqfh/

iru h{dpsoh/ zh frxog wdnh wkh wlph lqwhuydo ehwzhhq wkh mxps wlphv n dqg n.4 wr eh rqh vhfrqg1

Wkh j0frpsxwdwlrq dojrulwkp irupxod u
í
w> d> c +p3,

ì
ri Urelqv +4<;9/ 4<;:, iru wkh h>hfw ri d

wuhdwphqw uhjlph d @ id +x, > 3 é x ?4j rq vxuylydo wr wlph w frqglwlrqdo rq O +p3, @ c +p3,

dqg D +p3, @ d +p3, lv

u
í
w> d> c

ý
p3

üì
@
]
ü ü ü
]
h{s

ã
ý
] |

f
èA
í
x m c ýx3ü > d ýx3üìâ ð?|E | ä\

&'6

gI
k
c +n, m c ýn3ü > d ýn3ül

+51<,

zkhuh lqw +w, lv wkh juhdwhvw lqwhjhu ohvv wkdq w/ dqg èA +x m î, lv wkh frqglwlrqdo kd}dug ri idloxuh

dw x jlyhq î1 Urelqv +4<;9/ 4<;:, vkrzhg wkdw xqghu d vhtxhqwldo udqgrpl}dwlrq dvvxpswlrq/

u
í
w> d> c +33,

ì
lv wkh suredelolw| ri vxuylydo wr w kdg/ frqwudu| wr idfw/ doo vxemhfwv iroorzhg

wuhdwphqw uhjlph d xqwlo idloxuh1 Uhvhdufkhuv vwxg|lqj fdxvdo prghov edvhg rq gluhfwhg df|folf

judskv +Vsluwhv/ Jo|prxu/ dqg Vfkhlqhv/ 4<<6> Shduo/ 4<<8, kdyh uhfhqwo| uhglvfryhuhg wkdw j0

frpsxwdwlrq dojrulwkp irupxod1 Lq dgglwlrq/ Dumdv dqg Hhurod +4<<6, dqg Nohlq hw do1 +4<<7,

kdyh dovr frqvlghuhg hvwlpdwlrq ri fdxvdo h>hfwv xvlqj wklv irupxod1

Wkh j0qxoo wkhruhp ri Urelqv +4<;9, vwdwhv wkdw +516e, lv wuxh li dqg rqo| li/ iru doo
í
w> d> c +p3,

ì
/

u
í
w> d> c +p3,

ì
ghshqgv rq d rqo| wkurxjk d +p3,1 Lw iroorzv wkdw rqh fdq/ lq sulqflsoh/ whvw

wkh qxoo k|srwkhvlv +516d, xqghu wkh dvvxpswlrq +515, ri qr xqphdvxuhg frqirxqghuv e| +l,

?wwlqj d Fr{ sursruwlrqdo kd}dugv prgho iru èA
í
x m d +x, > c +x3,

ì
ghshqglqj rq sdudphwhuv ë

dqg d sdudphwulf ru vhplsdudphwulf prgho iru i
í
c +n, m c +n3, > d +n3,

ì
ghshqglqj rq sdudph0

whuv ì/ +ll, xvlqj wkh ?wwhg prgho wr frqvwuxfw dq hvwlpdwru eu íw> d> c +p3,ì ri u íw> d> c +p3,ì iru
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ydulrxv fkrlfhv ri w> d> c +p3, e| hydoxdwlqj wkh U1K1V1 ri +51<,/ +lll, ghulylqj hvwlpdwhv ri wkh

vwdqgdug huuruv ri wkh eu íw> d> c +p3,ì/ dqg ?qdoo| +ly, frqvwuxfwlqj d whvw ri wkh k|srwkhvlv wkdw
u
í
w> d> c +p3,

ì
rqo| ghshqgv rq d wkurxjk d +p3, xvlqj wkh hvwlpdwhv eu íw> d> c +p3,ì dqg wkhlu

hvwlpdwhg vwdqgdug huuruv1

Wkh gl!fxow| zlwk wklv surfhgxuh lv wzr0irog1 Iluvw/ lw lv frpsxwdwlrqdoo| h{wuhpho| ghpdqg0

lqj vlqfh +d, wkh lqwhjudo rq wkh U1K1V1 ri +51<, fdq qrw lq jhqhudo eh hydoxdwhg dqdo|wlfdoo|>

d prqwh Fduor dssur{lpdwlrq pxvw eh xvhg> dqg +e, lw lv gl!fxow wr frpsxwh ghowd0phwkrg

hvwlpdwruv iru wkh vwdqgdug huuru ri eu íw> d> c +p3,ì dqg errwvwuds vwdqgdug huuruv pd| eh frp0

sxwdwlrqdoo| wrr ghpdqglqj ehfdxvh ri +d,1 Vhfrqgo|/ wkhuh zloo lq jhqhudo eh qr vlpsoh ixqfwlrq

# ri wkh sdudphwhuv +ë> ì, wkdw wdnhv d ?{hg ydoxh +vd| }hur, li dqg rqo| li u
í
w> d> c +p3,

ì
rqo|

ghshqgv rq d +p3,1 Dv glvfxvvhg lq Urelqv +4<<:,/ wklv idfw lpsolhv wkdw wkh whvwv edvhg rq wkh

eu íw> d> c +p3,ì zloo eh h{txlvlwho| vhqvlwlyh wr lqhylwdeoh prgho plvvshfl?fdwlrq1 Lq vxppdu|/

zh vxjjhvw wkh j0whvw ri Vhfwlrq 516 eh xvhg wr whvw wkh qxoo k|srwkhvlv +516e,1

61 GHWHUPLQLVWLF VWUXFWXUDO QHVWHG IDLOXUH WLPH PRGHOV

Wkh j0whvw ri wkh k|srwkhvlv ë @ 3 lq wkh h{whqvlrq ri prgho +517, lv dq dv|pswrwlf ò0ohyho whvw ri

wkh vkdus qxoo k|srwkhvlv +516d, li +l, prgho +517, lv fruuhfwo| vshfl?hg/ dqg +ll, wkh dvvxpswlrq

+515, ri qr xqphdvxuhg frqirxqghuv lv wuxh1 Krzhyhu/ zh dovr zlvk wr hvwlpdwh wkh vl}h ri wkh

wuhdwphqw h>hfw zkhq wkh fdxvdo qxoo lv idovh1 Wr gr vr/ zh lqwurgxfh j0hvwlpdwlrq ri vwuxfwxudo

qhvwhg idloxuh wlph prghov zklfk zloo surylgh d xql?hg dssurdfk wr hvwlpdwlrq ri dqg whvwlqj

iru wkh h>hfw ri d wlph0ghshqghqw wuhdwphqw1

Wkh vlpsohvw VQIWP lv d ghwhuplqlvwlf wudqvirupdwlrq prgho zklfk dvvxphv wkh frxqwhu0

idfwxdo idloxuh wlph X lv d nqrzq ixqfwlrq k
í
W>D +W , > O +W , > #f

ì
ri wkh vxemhfwv revhuyhg gdwdí

W>D +W , > O +W ,
ì
dqg dq xqnqrzq sdudphwhu #f> wkdw lv/

X @ K +#f, / +614d,

zkhuh

K +#, ì k
í
W>D +W , > O +W , > #

ì
1 +614e,

D vshfl?f h{dpsoh ri dq ghwhuplqlvwlf VQIWP lv wkh vwurqj yhuvlrq ri wkh dffhohudwhg idloxuh
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wlph prgho ri Fr{ dqg Rdnhv +4<;7, zklfk dvvxphv

k
í
W>D +W , > O +W , > #

ì
@
] A

f
h{s i#D +w,j gw 1 +615,

Dq| ghwhuplqlvwlf VQIWP +615, vdwlv?hv wkh iroorzlqj1

Li D +W , ì 3/ wkhq X @ W > +616d,

W ì X z1 s1 4 li dqg rqo| li #f @ 3 > +616e,

Ht1 +616d, lv d qdwxudo frqvlvwhqf| dvvxpswlrq vwdwlqj wkdw li d vxemhfw lv/ lq idfw/ xqwuhdwhg/

wkhq wkh revhuyhg idloxuh wlph W htxdov wkh idloxuh wlph X zkhq wuhdwphqw lv zlwkkhog1 Ht1

+616e, lpsolhv wkh qxoo k|srwkhvlv #f @ 3 fruuhvsrqgv wr wkh fdxvdo qxoo k|srwkhvlv +516d, wkdw

wuhdwphqw kdv qr h>hfw1 Wr xqghuvwdqg wkh lpsolfdwlrqv ri +615, zkhq #f 9@ 3/ frqvlghu d vxemhfw
zkr lv frqwlqxrxvo| wuhdwhg1 Wkhq/ e| +614,0+615,/ X @ húfW vr W @ h3úfX 1 Wkdw lv/ d vxemhfw*v

xqwuhdwhg vxuylydo wlph X lv h{sdqghg ru frqwudfwhg e| wkh idfwru h3úf e| frqvwdqw wuhdwphqw1

Khqfh/ li #f A 3/ wuhdwphqw lv kdupixo dqg ohvvhqv vxuylydo> li #f ? 3/ wuhdwphqw lv ehqh?fldo dqg

lqfuhdvhv vxuylydo1 Urelqv hw do1 +4<<5, uhihuuhg wr ghwhuplqlvwlf VQIWPv dv udqn suhvhuylqj

vwuxfwxudo idloxuh wlph prghov1

71 j0HVWLPDWLRQ ri úf

Zh qrz ghvfuleh krz wr rewdlq frqvlvwhqw dv|pswrwlfdoo| qrupdo srlqw dqg lqwhuydo hvwlpdwhv

ri wkh sdudphwhu #f frqvlvwhqw zlwk wkh j0whvwv ri Vhfwlrq 516 lq wkh vhqvh wkdw <8( frq?ghqfh

lqwhuydov iru #f zloo idlo wr lqfoxgh }hur li dqg rqo| li wkh fruuhvsrqglqj =38 ohyho j0whvw uhmhfwv1 Dv

d vlpsoh h{dpsoh/ frqvlghu wkh ghwhuplqlvwlf VQIWP +615, zlwk # 40glphqvlrqdo1 Zh hvwlpdwh #

e| d 3julg vhdufk14 Iluvw/ zh qrwh wkdw iru hdfk ydoxh ri #/ K +#, fdq eh frpsxwhg e| +615, iurp

wkh revhuyhg gdwd1 Khqfh/ xqghu wkh uhdvrqdeoh elrorjlfdo dvvxpswlrq wkdw m#fm ? 6/ vhsdudwho|/
iru hdfk ri wkh 94 ydoxhv ri # lq wkh vhw iý6>ý5=<> = = = > 3> = = = > 5=<> 6j/ zh shuirup d Fr{ sduwldo

olnholkrrg vfruh whvw +j0whvw, ri wkh k|srwkhvlv ë @ 3 lq wkh h{whqghg prgho wkdw dggv d whup

ëT +w> #, wr òâZ +w, lq +517, zlwk T +w> #, @ t
í
w>D +w

b
, > O +w

b
, > K +#,

ì
d ixqfwlrq fkrvhq e| wkh

gdwd dqdo|vw1 D ydolg <8( odujh vdpsoh frq?ghqfh lqwhuydo iru #f lv wkh vhw ri # iru zklfk wkh

vfruh whvw idlov wr uhmhfw dw wkh =38 ohyho surylghg rxu qr0frqirxqglqj dvvxpswlrq +515,/ rxu Fr{

prgho +517,/ dqg rxu ghwhuplqlvwlf VQIWP +614,0+615, duh fruuhfw1 Ixuwkhupruh/ wkh j0hvwlpdwhe# lv d frqvlvwhqw dv|pswrwlfdoo| qrupdo hvwlpdwru ri #f/ zkhuh e# lv gh?qhg wr eh wkh ydoxh ri #
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iru zklfk wkh sduwldo olnholkrrg vfruh whvw ri ë @ 3 lv suhflvho| }hur1 Wkh sdudphwhu # lv wuhdwhg

dv d ?{hg frqvwdqw zkhq fdofxodwlqj wkh vfruh whvw1 Wkh fkrlfh ri wkh ixqfwlrq t +, d>hfwv wkh

ohqjwk exw qrw wkh fryhudjh udwh ri wkh lqwhuydo1 Wkh rswlpdo fkrlfh ri wkh ixqfwlrq tW +, lv jlyhq

lq Urelqv +4<<5,1 Wkh phwkrg ri j0hvwlpdwlrq fdq eh h{whqghg wr hvwlpdwh wkh sdudphwhu/ vd|/

# @ +#�> #2,
â ri d pxowl0sdudphwhu ghwhuplqlvwlf VQIWP vxfk dv

K +#, @

] A

f
h{si#�D +w, . #2OW +w,D +w,jgw 1 +714,

Lq prgho +714,/ OW +w, uhsuhvhqwv d nqrzq ixqfwlrq ri wkh fryduldwh klvwru| O +w3,1 Li wkh wuxh

ydoxh #2f ri #2 lv qrq0}hur/ wkhuh lv d wuhdwphqw0fryduldwh lqwhudfwlrq lq wkh vhqvh wkdw wkh

pdjqlwxgh ri wkh h>hfw ri wkh wlph0ghshqghqw wuhdwphqw D +w, ghshqgv rq d vxemhfw*v wlph0

ghshqghqw fryduldwh klvwru| O +w3, wkurxjk wkh ixqfwlrq OW +w,1 D j0hvwlpdwh ri wkh sdudphwhu

yhfwru # ri +714, lv rewdlqhg e| fkrrvlqj T +w> #, wr eh d nqrzq yhfwru0ydoxhg ixqfwlrq ri glp#

fkrvhq e| wkh gdwd dqdo|vw dqg ë wr eh d glp# ydoxhg sdudphwhu zlwk glp# wkh glphqvlrq ri

wkh yhfwru #1

7141 Hvwlpdwlrq zlwk lqvwuxphqwdo yduldeohv

Vxssrvh D +w, @ +D� +w, > D2 +w,, zlwk D� +w, uhfruglqj d sk|vlfldq*v suhvfulehg wuhdwphqw dqg

D2 +w, uhfruglqj wkh dfwxdo wuhdwphqw dw wlph w1 Rqh wkhq pljkw vxssrvh wkdw

D� +w,
d
X m O ýw3ü > D ýw3ü > W A w +715,

lv wuxh exw +514, lv idovh li rqh eholhyhg wkdw d suhglfwru ri erwk X dqg dfwxdo wuhdwphqw D2 +w, kdg

qrw ehhq lqfoxghg lq O +w3,1 Xqghu Dvvxpswlrq +715,/ j0hvwlpdwlrq ri wkh sdudphwhu #f ri wkh

ghwhuplqlvwlf VQIWP +614, fdq surfhhg dv ehiruh/ h{fhsw zh ylhz wkh prgho +517, dv d prgho iru

wkh fdxvh0vshfl?f kd}dug èø�
í
w m D +w3, > O +w3,

ì
iru mxpsv lq wkh D� +w, surfhvv/ wkxv ljqrulqj

mxpsv lq wkh dfwxdo wuhdwphqw D2 +w, surfhvv lq rxu hvwlpdwlrq surfhgxuh1 Lq wklv vhwwlqj/ D� +w,

lv riwhq uhihuuhg wr dv dq lqvwuxphqwdo yduldeoh surfhvv/ hvshfldoo| zkhq suhvfulehg wuhdwphqw

D� +w, kdv qr gluhfw fdxvdo h>hfw rq vxuylydo h{fhsw wkurxjk wkh dfwxdo wuhdwphqw surfhvv D2 +w,1

D idploldu h{dpsoh ri dq lqvwuxphqwdo yduldeoh lv zkhq D� +3, lv wkh udqgrpl}dwlrq lqglfdwru

iru dvvljqphqw wr wuhdwphqw dup lq d udqgrpl}hg folqlfdo wuldo lq zklfk wkhuh lv srvvleo| qrq0

udqgrp qrq0frpsoldqfh dqg D2 +w, lv wkh dfwxdo wuhdwphqw grvh1 +Lq vxfk d vhwwlqj/ D� +w, fdq

eh gh?qhg wr eh }hur e| frqyhqwlrq iru wlphv w 9@ 31, Wkhq wkh j0hvwlpdwlrq phwkrg ghvfulehg
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deryh lv wkh phwkrg iru dgmxvwlqj iru qrq0udqgrp qrq0frpsoldqfh lq udqgrpl}hg folqlfdo wuldov

ghvfulehg e| Urelqv +4<<6/ Dsshqgl{ 4,1 Iru dowhuqdwlyh udqn hvwlpdwlrq surfhgxuhv/ vhh Pdun

dqg Urelqv +4<<6e, dqg Urelqv dqg Wvldwlv +4<<4,1

81 VHQVLWLYLW\ DQDO\VLV

Lq revhuydwlrqdo vwxglhv/ rxu ixqgdphqwdo dvvxpswlrq +515, ri qr xqphdvxuhg frqirxqghuv fdqqrw

eh hpslulfdoo| whvwhg iurp wkh gdwd1 Khqfh/ lw lv lpsruwdqw wr frqgxfw vhqvlwlylw| dqdo|vhv

wr ghwhuplqh krz srlqw dqg lqwhuydo hvwlpdwhv iru #f zrxog fkdqjh xqghu lqfuhdvlqjo| vhyhuh

ylrodwlrqv ri +515,1 Ohw ì eh d vhqvlwlylw| sdudphwhu wkdw zh zloo ydu| +exw qrw hvwlpdwh, lq rxu

vhqvlwlylw| dqdo|vlv dqg frqvlghu wkh prgho

èø
í
w m D ýw3ü > O ýw3ü > Xì @ èf +w, h{s ûòâZ +w, . ìX

ú
1 +814,

Zkhq ì @ 3/ erwk wkh dvvxpswlrq +515, ri qr xqphdvxuhg frqirxqghuv dqg rxu Fr{ prgho +517,

duh wuxh1 Dv mìm lqfuhdvlqjo| ghyldwhv iurp }hur/ +515, lv lqfuhdvlqjo| ylrodwhg1 Rxu jrdo/ lq d

vhqvlwlylw| dqdo|vlv/ lv wr rewdlq ydolg srlqw dqg lqwhuydo hvwlpdwhv iru wkh fdxvdo sdudphwhu #f

ri rxu ghwhuplqlvwlf VQIWP xqghu wkh dvvxpswlrq wkdw +814, lv fruuhfwo| vshfl?hg zlwk ò dq

xqnqrzq sdudphwhu wr eh hvwlpdwhg exw zlwk ì nqrzq1 Vshfl?fdoo|/ d <8( frq?ghqfh lqwhuydo iru

#f xqghu wkhvh dvvxpswlrqv lv rewdlqhg dv wkh vhw ri # iru zklfk wkh vfruh whvw ri wkh k|srwkhvlv

ë @ 3 idlov wr uhmhfw dw wkh =38 ohyho lq prgho

èø
í
w m D ýw3ü > O ýw3ü >K +#,ì @ èf +w, h{s ûòâZ +w, . ìK +#, . ëT +w> #,

ú
+815,

zkhq ì dqg # duh wuhdwhg dv ?{hg dqg nqrzq zkhq pd{lpl}lqj wkh sduwldo olnholkrrg ryhu ò1

Wkh gdwd dqdo|vw vkrxog wkhq glvsod| srlqw dqg lqwhuydo hvwlpdwhv iru # iru d prghudwho| odujh

qxpehu ri fkrlfhv iru wkh vhqvlwlylw| sdudphwhu ì1

91 FHQVRULQJ

Lq wklv vhfwlrq/ zh h{whqg rxu uhvxowv wr doorz iru uljkw0fhqvrulqj1 Zh kdqgoh fhqvrulqj e|

dgplqlvwudwlyh hqg0ri0iroorz0xs gl>huhqwo| iurp fhqvrulqj e| frpshwlqj ulvnv ru e| orvv0wr0iroorz0

xs1
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9141 Fhqvrulqj e| hqg0ri0iroorz0xs

Zh dvvxph wkdw wkhuh lv d ?{hg nqrzq fdohqgdu gdwh dw zklfk wkh iroorz0xs ri doo vxemhfwv zloo

hqg1 Zh wkhq gh?qh wkh srwhqwldo fhqvrulqj wlph F iru d vxemhfw wr eh wkh gl>huhqfh ehwzhhq wklv

hqg0ri0iroorz0xs gdwh dqg wkh gdwh dw zklfk wkh vxemhfw hqwhuhg iroorz0xs1 Khqfh/ wkh srwhqwldo

fhqvrulqj wlph F lv nqrzq iru doo vxemhfwv/ hyhq wkrvh zkr idlo sulru wr wkh hqg0ri0iroorz0xs gdwh1

Ehfdxvh wkh srwhqwldo fhqvrulqj wlph F lv nqrzq dw vwduw ri iroorz0xs +w @ 3,/ zh fdq dqg gr

uhjdug F dv d wlph0lqghshqghqw 3suh0wuhdwphqw4 fryduldwh wkdw lv frqwdlqhg lq O +w3, iru hdfk

wlph w è 31 Li/ dv zh dvvxph lq wklv Vhfwlrq/ wkh rqo| fdxvh ri fhqvrulqj lv e| hqg0ri0iroorz0xs/

wkh gdwd dydlodeoh iru gdwd dqdo|vlv iru hdfk vxemhfw duh
q
[ @ plq +W>F, > D +[, > O +[,

r
1

Vlqfh K +#, fdq rqo| eh frpsxwhg iru xqfhqvruhg lqglylgxdov/ lw pljkw vhhp qdwxudo zkhq

fdofxodwlqj j0hvwlpdwhv ri #f wr uhsodfh wkh qrz sduwldoo| xqrevhuydeohK +#, e| wkh qhz udqgrp

yduldeoh [W +#, rewdlqhg e| uhsodflqj W e| [ lq +614e,1 Xqiruwxqdwho|/ wklv dssurdfk idlov vlqfh/

li #f 9@ 3/ wkhq [W +#f, lv qrw lqghshqghqw ri D +w, jlyhq
í
D +w3, > O +w3, >[ è w

ì
hyhq xqghu wkh

dvvxpswlrq +515, ri qr xqphdvxuhg frqirxqghuv1 Wkxv/ dq dowhuqdwlyh dssurdfk lv qhfhvvdu|1

Wkh nh| wr rxu dssurdfk lv wr gh?qh qhz yduldeohv +[ +w> #, >ü+w> #,, wkdw +d, lq frqwudvw wr

erwk W dqg K +#,/ exw olnh [W +#,/ duh revhuyhg iru doo vxemhfwv/ lqfoxglqj wkrvh fhqvruhg/ dqg

+e, olnh K +#f,/ exw xqolnh [
W +#f,/ vdwlvi|/ iru w ? F/

èø
k
w m D ýw3ü > O ýw3ü >[ +w> #f, >ü+w> #f,l @ èø kw m D ýw3ü > O ýw3ül +914,

xqghu dvvxpswlrq +515, dqg prgho +614,1 Zh fdq wkhq hvwlpdwh #f e| j0hvwlpdwlrq dv ehiruh/

h{fhsw zlwk T +w> #, qrz d ixqfwlrq t
í
w> O +w3, > D +w3, >[ +w> #, >ü+w> #,

ì
1 Ehorz/ zh gh?qh

[ +w> #, dqg ü+w> #, rqo| iru wkh ghwhuplqlvwlf VQIWP +615,1 Urelqv +4<<6/ Dsshqgl{ 7, jlyhv

wkh dssursuldwh gh?qlwlrqv iru duelwudu| VQIWPv1 Ohw

[ +w> #, @ plq iK +#, > F +w> #,j >ü+w> #, @ L i[ +w> #, ? F +w> #,j

zkhuh F +w> #, ì Fý w.U |f h{si#D +w,j gw li # è 3 dqg F +w> #, @ U |
f h{s i#D +w,j gw.+F ý w, hú

li # ? 31 Ht1 +914, lv vdwlv?hg vlqfh [ +w> #f, dqg ü+w> #f, duh rqo| ixqfwlrqv ri D +w3, >K +#f,

dqg F1 Dovr [ +w> #, dqg ü+w> #, duh revhuydeohv/ vlqfh rqh fdq fdofxodwh wkdw [ +w> #, lv wkh

plqlpxp ri wkh wzr revhuydeohv [W +#, dqg F +w> #,1 Zkhq ü+w> #, @ 3/ zh vd| dq lqglylgxdo lv

#ýfhqvruhg1 Qrwh wkdw zkhq # 9@ 3/ vrph idloxuhv zloo eh #ýfhqvruhg1 Lq sudfwlfh/ li h!flhqf|

lv qrw ri ryhuulglqj frqfhuq/ lw lv frqyhqlhqw wr xvh d yhu| vlpsoh ixqfwlrq T +w> #, wkdw surgxfhv
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uhdvrqdeo| h!flhqw hvwlpdwruv ri #f1 Wkh lqglfdwru ixqfwlrq ü+w> #, kdv ehhq irxqg riwhq wr

vdwlvi| wklv fulwhulrq lq d qxpehu ri h{dpsohv +Zlwwhpdq hw do1/ 4<<:,1 Wkh h!flhqw fkrlfh ri

T +w> #, lv jlyhq lq Urelqv +4<<6/ Dsshqgl{ 7,1 Wkh vlpsoh vhqvlwlylw| dqdo|vlv phwkrgrorj|

ri Vhfwlrq 8 fdq eh h{whqghg wr wkh fhqvruhg gdwd vhwwlqj e| uhsodflqj ìX e| ì[ +#, lq +815,>

krzhyhu/ ehwwhu phwkrgrorj| vkrxog eh ghyhorshg1

9151 Fhqvrulqj e| frpshwlqj ulvnv

Lq wklv vhfwlrq/ zh dvvxph wkdw lq dgglwlrq wr fhqvrulqj e| hqg0ri0iroorz0xs F/ wkhuh lv dgglwlrqdo

fhqvrulqj e| orvv0wr0iroorz0xs dqg2ru frpshwlqj ulvnv1 Ohw T eh wkh plqlpxp ri wlph wr orvv0

wr0iroorz0xs ru wr d frpshwlqj ulvn hyhqw1 Iru hdvh ri h{srvlwlrq/ zh qr orqjhu glvwlqjxlvk

fhqvrulqj e| orvv0wr0iroorz0xs iurp fhqvrulqj e| frpshwlqj ulvnv dqg vlpso| uhihu wr T dv wlph

wr fhqvrulqj e| frpshwlqj ulvnv1 Wkh gdwd dydlodeoh duh [W @ plq +W>F>T, @ plq +[>T, > á @

L +[W 9@ T, > D +[W, > O +[W, vr wkdw á @ 4 li dqg rqo| li d vxemhfw zdv hlwkhu revhuyhg wr idlo ru wr

uhdfk hqg ri iroorz0xs zlwkrxw vx>hulqj d frpshwlqj ulvn1 Wr dgmxvw iru fhqvrulqj e| frpshwlqj

ulvnv/ zh dvvxph wkdw zh kdyh uhfrughg gdwd rq d vx!flhqw qxpehu ri srwhqwldo frqirxqglqj

idfwruv lq O +w3, vr wkdw wkhuh duh qr xqphdvxuhg frqirxqghuv iru fhqvrulqj gxh wr frpshwlqj

ulvn1 Wkdw lv/

è'
k
w m D ýw3ü > O ýw3ü >[ A w>[

l
@ è'

k
w m D ýw3ü > O ýw3ü >[ A w

l
+915,

lq zklfk fdvh zh vkdoo dovr vd| wkdw fhqvrulqj e| T lv ljqrudeoh jlyhq wkh sdvw1 Khuh/ è' +w m î,
lv wkh kd}dug iru wkh udqgrp yduldeoh T jlyhq î1

Jlyhq wkh ljqrudeoh fhqvrulqj dvvxpswlrq +915,/ rxu qh{w wdvn lv wr hvwlpdwh wkh suredelolw|

N +[, ri d vxemhfw vxuylylqj wr [ @ plq +W>F, zlwkrxw vx>hulqj d frpshwlqj ulvn zklfk zloo

eh xvhg dv dq lqyhuvh zhljkw lq wkh zhljkwhg j0hvwlpdwlrq surfhgxuh ghvfulehg ehorz1 Wr gr vr/

zh ?w wkh Fr{ sursruwlrqdo kd}dug prgho

èf' +w, h{s
õ
òWâZ W +w,

ô
+916,

iru wkh kd}dug è'
í
w m D +w3, > O +w3, >[ A w

ì
zkhuh Z W +w, lv d nqrzq yhfwru ydoxhg ixqfwlrq ri

D +w3, dqg O +w3,/ òW lv wkh yhfwru ri xqnqrzq sdudphwhuv/ dqg èf' +w, lv dq xqvshfl?hg edvholqh

kd}dug1 Zh wkhq hvwlpdwh N +[, e| pxowlso|lqj wrjhwkhu wkh hvwlpdwhg frqglwlrqdo suredelolwlhv

ri qrw vx>hulqj d frpshwlqj ulvn sulru wr [ xvlqj wkh wlph0ghshqghqw Fr{0prgho yhuvlrq ri wkh
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Ndsodq0Phlhu hvwlpdwru1 Vshfl?fdoo|/ dw hdfk wlph Tæ zkhuh dq| vxemhfw m vx>huhg d frpshwlqj

ulvn/ zh frpsxwh wkh Fr{ edvholqh kd}dug hvwlpdwru

eè' +Tæ, @ 4@ ?[
ð'�

õ
h{s

ûeòWâZ W
ð +Tæ,

ú
L +[W

ð è Tæ,
ô

ri èf' +Tæ,1 Zh wkhq hvwlpdwh d vxemhfw*v N +[, e| wkh Fr{ prgho yhuvlrq ri wkh Ndsodq0Phlhu

hvwlpdwru fN +[, @ T
tæ('æ$fcôæ'få

q
4ý eè' +Tæ, h{s ûeòWâZ W +Tæ,

úr
zklfk lv wkh surgxfw/ ryhu wkh frpshwlqj ulvn wlphv Tæ ? [/ ri wkh vxemhfw*v hvwlpdwhg frqgl0

wlrqdo suredelolwlhv ri qrw vx>hulqj d frpshwlqj ulvn1 Qrwh wkdw d vxemhfw*v hvwlpdwhg suredelolw|fN +[, ghshqgv rq klv2khu wuhdwphqw dqg fryduldwh klvwru| wkurxjk wkh fryduldwh Z W +w,1

Kdylqj hvwlpdwhg fN +[, iru hdfk vxemhfw zlwk [ @ plq +W>F, revhuyhg/ zh wkhq hvwlpdwh

#f e| uhsodflqj/ lq rxu j0hvwlpdwlrq surfhgxuh ri Vhfwlrq 914/ wkh ixqfwlrq T +w> #, e| T
W +w> #, ì

T +w> #, @fN +[, iru hdfk shuvrq zkr glg qrw vx>hu d frpshwlqj ulvn +á @ 4, dqg e| TW +w> #, @ 3

iru hdfk shuvrq zkr glg +á @ 3,1 Iru h{dpsoh/ li zh xvh wkh vlpsoh ixqfwlrq T +w> #, @ ü+w> #,/

wkhq TW +w> #, @ áü+w> #, @fN +[,1
Zh qrz jlyh dq lqwxlwlyh h{sodqdwlrq ri zk| wkh j0hvwlpdwh e# rewdlqhg e| wklv phwkrg vkrxog

eh frqvlvwhqw iru #f1 Jlyhq wkh fruuhfwqhvv ri rxu Fr{ prgho +916, dqg ri rxu dvvxpswlrq ri

ljqrudeoh fhqvrulqj e| frpshwlqj ulvnv +915,/ wkh iroorzlqj zloo eh wuxh= iru hdfk shuvrq zlwk

[ revhuyhg +á @ 4, dqg dq hvwlpdwhg fxpxodwlyh suredelolw| ri/ vd|/ fN +[, @ =58 ri dyrlglqj
fhqvrulqj e| frpshwlqj ulvnv/ wkhuh zrxog/ rq dyhudjh/ kdyh ehhq wkuhh rwkhu shuvrqv +l1h1/

jkrvwv, zkr +l, zhuh fhqvruhg e| frpshwlqj ulvnv ehiruh [ +á @ 3,/ dqg +ll, zrxog kdyh kdg

d vlplodu ydoxh ri [ dqg d vlplodu fryduldwh dqg wuhdwphqw klvwru| xs wr [/ kdg fhqvrulqj e|

frpshwlqj ulvnv ehhq suhyhqwhg1 Zh wkhuhiruh dvvljq wklv shuvrq zlwk á @ 4 dqg fN +[, @ =58 d
zhljkw ri 7 lq wkh j0hvwlpdwlrq surfhgxuh e| pxowlso|lqj khu fryduldwh ü+w> #, e| wkh idfwru 7>

vkh qhhgv wr frxqw qrw rqo| iru khuvhoi exw dovr iru wkh wkuhh rwkhu vlplodu vxemhfwv iru zkrp [

frxog qrw eh revhuyhg gxh wr fhqvrulqj e| frpshwlqj ulvnv dqg wkxv kdg TW +w> #, vhw wr }hur1

Wklv dujxphqw fdq eh irupdol}hg wr suryh wkdw wkh 3frpshwlqj ulvn4 j0hvwlpdwru e# lv d FDQ

hvwlpdwru ri #f1 Krzhyhu/ wkh suhylrxv phwkrg ri rewdlqlqj frq?ghqfh lqwhuydov dqg s0ydoxhv

lv qr orqjhu ydolg ehfdxvh wkh frqwulexwlrqv wr wkh Fr{ sduwldo olnholkrrg vfruh ri wkh h{whqghg

Fr{ prgho +517, iru wkh wuhdwphqw surfhvv duh qr orqjhu xqfruuhodwhg iru wzr glvwlqfw uhdvrqv1

Iluvw/ N +[, dqg/ wkhuhiruh/ wkh wlph0ghshqghqw fryduldwh áT +w> #, @N +[, dw wlph w ghshqg
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rq d vxemhfw*v wuhdwphqw dqg fryduldwh klvwru| eh|rqg w/ glvuxswlqj wkh 3pduwlqjdoh4 vwuxfwxuh

ri wkh Fr{ sduwldo olnholkrrg vfruh1 Vhfrqgo|/ wkh suredelolw| N +[, ri dyrlglqj d frpshwlqj

ulvn lv uhsodfhg e| wkh hvwlpdwh fN +[, zklfk ghshqgv rq doo wkh gdwd1 Krzhyhu/ li zh ?w wkh

h{whqghg prgho +517, xvlqj d Fr{ sursruwlrqdo kd}dugv surjudp wkdw frpsxwhv wkh vr0fdoohg

3urexvw yduldqfh4 +Zhl hw do1/ 4<<7,/ wkh uhvxowlqj j0lqwhuydov dqg whvwv duh jxdudqwhhg wr eh

frqvhuydwlyh/ l1h1/ lq odujh vdpsohv/ qrplqdo <8( frq?ghqfh lqwhuydov duh jxdudqwhhg wr fryhu #f

dw ohdvw <8( ri wkh wlph dqg =38 ohyho j0whvwv duh jxdudqwhhg wr uhmhfw wkh qxoo k|srwkhvlv #f @ 3

zkhq wuxh qr pruh wkdq 8( ri wkh wlph1 Li wkh frqvhuydwlyh 3urexvw yduldqfh4 j0lqwhuydov duh

wrr orqj wr glvwlqjxlvk lpsruwdqw vxevwdqwlyh dowhuqdwlyhv/ qduurzhu lqwhuydov wkdw fryhu #f <8(

ri wkh wlph lq odujh vdpsohv fdq eh rewdlqhg xvlqj wkh irupxodh surylghg lq Dsshqgl{ 41

Uhpdun= Riwhq lw lv uhdvrqdeoh wr dvvxph wkdw fhqvrulqj e| hqg0wr0iroorz0xs F lv dovr

ljqrudeoh1 Wr lqfrusrudwh wklv dvvxpswlrq/ zh uhgh?qh T wr eh wkh plqlpxp ri wlph wr orvv0wr0

iroorz0xs/ frpshwlqj ulvnv/ ru hqg0wr0iroorz0xs dqg uhsodfh F e| d frqvwdqw fW zklfk lv voljkwo|

ohvv wkdq wkh pd{lpdo iroorz0xs wlph pd{ iFð> l @ 4> = = = > qj vr wkdwN +fW, lv erxqghg dzd| iurp
}hur z1s141 Wkhq j0hvwlpdwlrq dqg whvwlqj fdq surfhhg dv deryh1

9161 Hvwlpdwlrq ri gluhfw h>hfwv

Vxssrvh qrz zh zlvk wr hvwlpdwh wkh gluhfw h>hfw ri D]W D +w, rq vxuylydo zkhq dqrwkhu

wuhdwphqw/ vd| dhurvrol}hg shqwdplglqh +DS,/ lv qrw wdnhq1 Li d uhdvrqdeo| odujh iudfwlrq ri wkh

vwxg| srsxodwlrq/ vd| dw ohdvw 63(/ zhuh xqwuhdwhg zlwk DS xqwlo idloxuh ru fhqvrulqj/ d txlwh

urexvw dssurdfk lv wr +l, uhjdug d vxemhfw dv fhqvruhg dw wkh ?uvw wlph wkh vxemhfw lv rq DS

wkhuds|/ +ll, uhgh?qh T wr eh wkh plqlpxp ri wlph wr fhqvrulqj e| frpshwlqj ulvnv/ wlph wr

orvv0wr0iroorz0xs/ dqg wlph wr ehlqj rq DS wkhuds|/ dqg +lll, hvwlpdwh #f xvlqj wkh phwkrgv ri

Vhfwlrq 9151

Li rqo| d vpdoo iudfwlrq ri wkh vwxg| srsxodwlrq dyrlghg DS wkhuds|/ wkhq rqh fdq uhgh?qh

D +w, wr eh wkh mrlqw wuhdwphqw dhurvrol}hg shqwdplglqh dqg D]W wdnhq dw wlph w dqg vshfli|

d ghwhuplqlvwlf VQIWP +614, wkdw kdv vhsdudwh sdudphwhuv iru wkh D]W h>hfw dqg iru wkh DS

h>hfw dv ghvfulehg lq Urelqv hw do1 +4<<5/ Vhf1 D5145,1 Dq dowhuqdwlyh/ dqg suhihuuhg dssurdfk/ lv

wr vshfli| d gluhfw h>hfw vwuxfwxudo qhvwhg prgho dv ghvfulehg lq Urelqv dqg Zdvvhupdq +4<<:,1

Glvfxvvlrq ri wkhvh odwwhu prghov lv eh|rqg wkh vfrsh ri wklv fkdswhu1
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:1 LQIHUHQFH EDVHG rq LQVWDQWDQHRXV UDWH USVQIWPv

:141 Gl!fxowlhv lqfrusrudwlqj d sulrul elrorjlfdo nqrzohgjh zlwk ghwhuplqlvwlf VQIWPv

Lq rxu vlpsoh ghwhuplqlvwlf VQIWP +615,/ wkh vflhqwl?f phdqlqj ri wkh sdudphwhu #f zdv uho0

dwlyho| vwudljkwiruzdug> h{s +ý#f, zdv wkh idfwru e| zklfk frqwlqxrxv wuhdwphqw h{whqghg olih1

Pruh vshfl?fdoo|/ Fr{ dqg Rdnhv +4<;7, vxjjhvw lqwhusuhwlqj vlqfh CW@CK +#f, @ h{s iý#fD +W ,j
h{siý#fD +w,j dv wkh uhodwlyh udwh dw zklfk uhdo wlph lv ehlqj xvhg xs frpsduhg wr edvholqh

wlph dw uhdo wlph w1 Wkxv/ li dq lqglylgxdo kdv X |hduv ri edvholqh wlph wr eh xvhg xs li wuhdwphqw

lv zlwkkhog/ wkhq wkh dfwxdo wlph W dw zklfk wkh X |hduv ri edvholqh wlph zloo kdyh ehhq xvhg lv

ghwhuplqhg e| Htxdwlrq +615,1 Rqh pljkw krsh wkdw wkh sk|vlfdo lqwhusuhwdwlrq ri CW@CK +#f,

dv wkh uhodwlyh udwh dw zklfk uhdo wlph lv ehlqj xvhg xs frpsduhg wr edvholqh wlph zrxog vhuyh

lq pruh frpsoh{ vhwwlqjv wr doorz xv wr hdvlo| lqfrusrudwh sulru elrorjlfdo nqrzohgjh dv vsh0

fl?f ixqfwlrqdo irup uhvwulfwlrqv rq rxu ghwhuplqlvwlf VQIWP prghov1 Krzhyhu/ wkh iroorzlqj

h{dpsoh vxjjhvwv wkdw wklv lv qrw wkh fdvh1

Vxssrvh/ edvhg rq d sulrul elrorjlfdo xqghuvwdqglqj/ lw lv nqrzq wkdw dq| wuhdwphqw uh0

fhlyhg dw wlph w zrxog kdyh qr h>hfw rq vxuylydo xqohvv wkh vxemhfw lv ghvwlqhg wr idlo zlwklq

wkh qh{w ?yh zhhnv zlwkrxw dgglwlrqdo wuhdwphqw1 Dq h{dpsoh zrxog eh d vhwwlqj lq zklfk

+l, idloxuh lv ghdwk iurp dq lqihfwlrxv glvhdvh/ +ll, li ghdwk rffxuv/ lw dozd|v rffxuv zlwklq ?yh

zhhnv iurp wkh wlph ri lqlwldo xquhfrughg vxefolqlfdo lqihfwlrq/ dqg +lll, D +w, lv d suhyhqwlyh

dqwlelrwlf wuhdwphqw dw w zklfk lv ri qr ehqh?w xqohvv wkh vwxg| vxemhfw lv douhdg| lqihfwhg e|

w1 Wkh fkdoohqjh wkhq lv krz wr lqfrusrudwh vxfk elrorjlfdo nqrzohgjh lqwr wkh ixqfwlrqdo irup

ri d ghwhuplqlvwlf VQIWP +614,1 Zh zloo vhh wkdw lw lv gl!fxow wr vxffhhg dw wklv fkdoohqjh

li zh wu| wr lqfrusrudwh wkh elrorjlfdo nqrzohgjh gluhfwo| lqwr d ghwhuplqlvwlf VQIWP1 Krz0

hyhu/ lqfrusrudwlqj vxfk elrorjlfdo nqrzohgjh lv vwudljkwiruzdug lq d pruh jhqhudo fodvv ri fdxvdo

prghov/ wkh lqvwdqwdqhrxv0udwh +orfdoo|, udqn suhvhuylqj vwuxfwxudo qhvwhg idloxuh wlph prghov

+lqvwdqwdqhrxv0udwh USVQIWPv, zklfk prgho wkh h>hfw ri d ?qdo lqvwdqwdqhrxv eols ri wuhdw0

phqw rq vxuylydo1 Vlqfh hdfk lqvwdqwdqhrxv0udwh USVQIWP pdwkhpdwlfdoo| hqwdlov d xqltxh

ghwhuplqlvwlf VQIWP +614, dv d vroxwlrq wr d sduwlfxodu gl>huhqwldo htxdwlrq/ lw iroorzv wkdw e|

vroylqj wklv gl>huhqwldo htxdwlrq/ zh fdq ghwhuplqh wkh uhvwulfwlrqv rq wkh ixqfwlrqdo irup ri rxu

ghwhuplqlvwlf VQIWP +614, lpsolhg e| wkh uhvwulfwlrq wkdw rqo| wuhdwphqw uhfhlyhg zlwklq ?yh

zhhnv ri idloxuh fdq d>hfw idloxuh1
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:151 Lqvwdqwdqhrxv0Udwh USVQIWPv

Wr ghvfuleh lqvwdqwdqhrxv0udwh USVQIWPv/ zh vkdoo uhtxluh d qxpehu ri dgglwlrqdo gh?qlwlrqv1

Gh?qlwlrq= D wuhdwphqw uhjlph ru sodq d ì d +î, ì id +w, > 3 é w ?4j lv d FDGODJ +frq0

wlqxrxv iurp wkh uljkw zlwk ohiw kdqg olplwv, ixqfwlrq rq ^3>4, wkdw lv hyhu|zkhuh frqwlqxrxvo|
gl>huhqwldeoh h{fhsw srvvleo| rq d frxqwdeoh vhw ri glvfrqwlqxlw| srlqwv/ rqo| ?qlwho| pdq| ri

zklfk duh frqwdlqhg lq dq| erxqghg lqwhuydo1

Uhpdun= Li +l, D +W , lv jhqhudwhg e| d pdunhg srlqw surfhvv zlwk kd}dug èø
í
w m D +w3, > O +w3,

ì
/

dqg +ll, zh gh?qh D +w, ì 3 li w A W / wkhq zlwk suredelolw| 4/ vdpsoh sdwkv ri wkh vwrfkdvwlf

surfhvv D +w, duh wuhdwphqw uhjlphv zlwk glvfrqwlqxlw| vhw wkh ?{hg ru udqgrp mxps wlphv iru wkh

surfhvv ghshqglqj rq zkhwkhu wkh surfhvv fdq mxps rqo| dw ?{hg glvfuhwh wlphv ru lq frqwlqxrxv

wlph1

Zh vkdoo dvvxph wkdw O +W , dv zhoo dv D +W , kdyh FDGODJ vdpsoh sdwkv z1s141 Zh gh?qh

wkh vhw Glv wr eh wkh srvvleo| udqgrp vhw ri wlphv dw zklfk O +W , ru D +W , duh glvfrqwlqxrxv1

Gh?qlwlrq= Jlyhq d/ ohw X@ eh wkh +srvvleo|, frxqwhuidfwxdo vxuylydo wlph wkdw zrxog eh

revhuyhg li vxemhfwv iroorzhg wuhdwphqw uhjlph d xqwlo idloxuh1

Qrwh wkdw wkh edvholqh idloxuh wlph X lv X@ iru wkh ixqfwlrq d wkdw lv hyhu|zkhuh }hur1

Gh?qlwlrq= Jlyhq d ì d +î,/ ohw +d +w, > 3, eh wkh uhjlph wkdw djuhhv zlwk d iru x é w dqg lv

}hur iru x A w1 X@E|äcf lv wkh vxuylydo wlph kdg uhjlph d ehhq iroorzhg wkurxjk w dqg wuhdwphqw

zlwkkhog diwhu w1

Zh dvvxph X@ reh|v wkh iroorzlqj qdwxudo frqvlvwhqf| dvvxpswlrqv wkdw hvvhqwldoo| dvvhuw

wkdw wkh ixwxuh fdqqrw d>hfw wkh sdvw1

Frqvlvwhqf| Dvvxpswlrq +D,= Jlyhq d dqg w A x/ wkh iroorzlqj duh htxlydohqw= X@Eüäcf A

x/ X@ A x/ X@E|äcf A x1

Frqvlvwhqf| Dvvxpswlrq +E,= Jlyhq d dqg dW vxfk wkdw d +x, @ dW +x,/ X@Eüäcf @ X@WEüäcf1

Wkh iroorzlqj frqvlvwhqf| dvvxpswlrq olqnv wkh frxqwhuidfwxdo yduldeohv X@ wr wkh revhuydeoh

yduldeohv
í
W>D +W ,

ì
1

Frqvlvwhqf| Dvvxpswlrq +F,=

W @ XøEA äcf z1s141 +:14,

Wkh lqvwdqwdqhrxv0udwh USVQIWP vwxglhg lq wklv vhfwlrq uhtxluhv wkh dvvxpswlrq ri orfdo

udqn suhvhuydwlrq1 Lq wkh iroorzlqj gh?qlwlrq/ sduwv +l, dqg +ll, duh wkh vxevwdqwlyh sduwv1 Sduw

+lll, frqwdlqv whfkqlfdo dvvxpswlrqv xvhg odwhu1
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Gh?qlwlrq ri Orfdo Udqn Suhvhuydwlrq= Wkhuh lv orfdo udqn suhvhuydwlrq z1 s1 4 li=

+l, X@E|äcf lv frqwlqxrxv lq w z1s14 dqg

olp
{ |òf

q
XøE|n{ |äcf ý XøE|äcf

r
@üw @ G

í
XøE|äcf> w

ì
zkhqhyhu XøE|äcf A w +:15,

zkhuh

G +x> w, ì g
q
x> w> O +w, > D +w,

r
+ll, g

í
x> w> O +w, > D +w,

ì
@ 3 li d +w, @ 3>

+lll, iru w @5 Glv rq zklfk D +W , ru O +W , lv glvfrqwlqxrxv/ G +x> w, lv erxqghg dqg lwv sduwldo

ghulydwlyhv zlwk uhvshfw wr x dqg w duh erxqghg dqg xqlirupo| frqwlqxrxv1

Ht1 +:15, vwdwhv wkdw li XøE|äcf A w wkhq/ iru lq?qlwhvlpdo srvlwlyh ü w/

XøE|n{ |äcf ý XøE|äcf @ G
í
XøE|äcf> w

ì
ü w 1 +:16,

Qrz uhfdoo wkdw e| D +w, FDGODJ z1s14/ D +w, lv frqvwdqw lq ^w> w.ü w, iru ü w vx!flhqwo|

vpdoo1 Wkh O1K1V1 ri +:16, lv wkh dgglwlyh lqfuhphqw lq vxuylydo wlph dwwulexwdeoh wr d ?qdo

eols ri wuhdwphqw D +w,üw lq wkh lqwhuydo ^w> w.ü w, dgplqlvwhuhg dw grvh udwh D +w,1 Wkxv +:16,

vwdwhv wkdw wkh dgglwlrqdo lqfuhphqw G
í
XøE|äcf> w

ì
ü w lv ghwhuplqlvwlf ixqfwlrq ri O +w, > D +w, dqg

XøE|äcf1 Khqfh zh zloo uhihu wr G +x> w, dv wkh lqvwdqwdqhrxv eols ixqfwlrq1

Wr khos xqghuvwdqg wkh phdqlqj ri wkh lqvwdqwdqhrxv eols ixqfwlrq G +x> w,/ frqvlghu wkh

lqihfwlrxv glvhdvh h{dpsoh ri Vhfwlrq :14> lw iroorzv iurp +:16, wkdw wkh uhvwulfwlrq rq wkh lqvwdq0

wdqhrxv eols ixqfwlrq G +x> w, lpsolhg e| wkh elrorjlfdo nqrzohgjh wkdw wkh wuhdwphqw uhfhlyhg

D +w, dw wlph w lv rqo| kdupixo ru ehqh?fldo wr wkrvh ghvwlqhg wr idlo e| w. 8 li wkh| uhfhlyh qr

ixuwkhu wuhdwphqw +l1h1/ wr wkrvh zlwk XøE|äcf ý w ? 8, lv wkdw

G +x> w, @ 3 li xý w A 8 1 +:17,

Zh qrz gh?qh d lqvwdqwdqhrxv0udwh USVQIW prgho xqghu wkh dvvxpswlrq ri orfdo udqn suhvhu0

ydwlrq1

Gh?qlwlrq= Li wkh dvvxpswlrq ri orfdo udqn suhvhuydwlrq krogv/ zh vd| wkh gdwd iroorzv d

lqvwdqwdqhrxv0udwh USVQIW G +x> w> #, li G +x> w, @ G +x> w> #f, zkhuh #f lv dq xqnqrzq sdudp0

hwhu dqg G +x> w> #, ì g
í
x> w> O +w, > D +w, > #

ì
lv d nqrzq frqwlqxrxvo| gl>huhqwldeoh ixqfwlrq ri

# vdwlvi|lqj +l, G +x> w> 3, @ 3/ +ll, G +x> w> #, @ 3 li D +w, @ 3/ dqg +lll, iru hdfk ?{hg ydoxh ri

hqf|uhyg1wh{ 4; Dxjxvw 4:/ 4<<<



#/ Dvvxpswlrq +lll, lq wkh gh?qlwlrq ri orfdo udqn suhvhuydwlrq krogv1

Zh zloo qrz vkrz wkdw dq| lqvwdqwdqhrxv0udwh USVQIWP lpsolhv d xqltxh ghwhuplqlvwlf

VQIWP +614,1 Zh ?uvw vkrz wkdw wkh lqvwdqwdqhrxv0udwh USVQIWP

G +x> w> #, @ 4ý h{s i#D +w,j +:18,

lpsolhv wkh ghwhuplqlvwlf VQIWP +615,1 Prgho +:18, vwdwhv wkdw wkh h>hfw ri d ?qdo lqvwdqwd0

qhrxv eulhi elw ri wuhdwphqw D +w,üw lv wr dgg ru vxewudfw ^4ý h{s i#fD +w,j` üw wr d vxemhfw*v

olihwlph/ vr wkdw #f @ 3 lpsolhv qr h>hfw ri wuhdwphqw rq vxuylydo1 Wkh uhjxodulw| frqglwlrqv

lq Dvvxpswlrq +lll, ri wkh gh?qlwlrq ri Orfdo Udqn Suhvhuydwlrq dqg Wkhruhp +516, ri Vhfwlrq

9 ri Orrplv dqg Vwhuqehuj +4<9;, rq wkh h{lvwhqfh dqg xqltxhqhvv ri vroxwlrqv wr gl>huhqwldo

htxdwlrqv jxdudqwhh wkdw z1s14 wkhuh h{lvwv d xqltxh frqwlqxrxv vroxwlrq X +w, ì XøE|äcf wr wkh

gl>huhqwldo htxdwlrq

gX +w, @gw @ G iX +w, > wj +:19,

vdwlvi|lqj frqvlvwhqf| dvvxpswlrq F wkdw X +W , ì W 1
Zh qrz vroyh wkh gl>huhqwldo htxdwlrqv +:19, fruuhvsrqglqj wr prgho +:18,1 Lqwhjudwlqj

gX +w, @gw @ 4 ý h{si#fD +w,j/ zh rewdlq X +w, @ w ý U |
f h{s i#fD +x,j gx . f1 Lpsrvlqj wkh

lqlwldo frqglwlrqv X +W , @ W ri frqvlvwhqf| dvvxpswlrq F/ zh rewdlq f @
U A
f h{si#fD +x,j gx

vr X +w, @ w.
U A
| h{s i#fD +x,jgx1 Khqfh X ì X +3, @

U A
f h{s i#fD +x,j gx uhsurgxflqj prgho

+614, 0 +615, dv surplvhg1 Lw lv lqwhuhvwlqj wr qrwh wkdw wkh dgglwlyh h>hfw i4ý h{s ^#fD +w,`jüw ri
wkh wuhdwphqw D +w,üw lpsolhv/ e| prgho +615,/ d pxowlsolfdwlyh h>hfw ri frqvwdqw xqlw wuhdwphqw/

l1h1/ X@ó� @ h{s +ý#f,X zkhuh d ì 4 lv wkh uhjlph wkdw dozd|v jlyhv xqlw wuhdwphqw1 Wkh uhdvrq
iru wklv lv d 3frpsrxqg lqwhuhvw h>hfw4 ri frqwlqxrxv wuhdwphqw= dq| dgglwlrqdo lqfuhphqw ri

vxuylydo wlph gxh wr wuhdwphqw uhfhlyhg dw w lv lwvhoi odwhu vxemhfwhg wr wuhdwphqw/ dgglqj d

ixuwkhu lqfuhphqw wr vxuylydo wlph/ hwf1 Vxpplqj wkh uhvxowlqj 3lq?qlwh vhulhv4 surgxfhv wkh

pxowlsolfdwlyh h>hfw rq vxuylydo wlph ri frqvwdqw wuhdwphqw1

Pruh jhqhudoo|/ iru dq| lqvwdqwdqhrxv0udwh USVQIWP G +x> w> #,/ wkhuh h{lvwv d xqltxh vr0

oxwlrq K +w> #, wr wkh gl>huhqwldo htxdwlrq

CK +w> #, @Cw @ G +K +w> #, > w> #, +:1:,

vdwlvi|lqj wkh lqlwldo frqglwlrq K +W>#, @ W 1 K +w> #, lv d ixqfwlrq k
í
w> W> D +W , > O +W , > #

ì
ri

# dqg wkh gdwd1 Li wkh USVQIWP lv fruuhfwo| vshfl?hg zlwk wuxh ydoxh #f/ zh kdyh e| wkh
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xqltxhqhvv ri wkh vroxwlrqv wr +:19, dqg +:1:, wkdw K +w> #f, @ X +w, ì XøE|äcf1 Lq sduwlfxodu/

deeuhyldwlqj K +3> #f, wr K +#f, dqg k
í
3> W> D +W , >O +W , > #f

ì
wr k

í
W>D +W , > O +W , > #f

ì
/ zh

rewdlq wkh xqltxh ghwhuplqlvwlf VQIWP X @ K +#f, ri Ht1 +614,1

Lw iroorzv wkdw d FDQ j0hvwlpdwru e# ri wkh sdudphwhu #f ri wkh lqvwdqwdqhrxv0udwh USVQIWP

fdq eh rewdlqhg e| j0hvwlpdwlrq xqghu wkh dvvxpswlrqv ghvfulehg lq Vhfwlrq 508 +lqfoxglqj wkh

dvvxpswlrq 514 ri qr xqphdvxuhg frqirxqghuv,1

Frqvlghu qh{w wkh lqvwdqwdqhrxv0udwh USVQIWP

G +x> w> #, @ L +xý w ? 8, i4ý h{si#D +w,jj +:1;,

zklfk vdwlv?hv wkh dvvxpswlrq +:17, wkdw wuhdwphqw dw w rqo| d>hfwv wkrvh ghvwlqhg wr idlo e|

w . 8 lq wkh devhqfh ri ixuwkhu wuhdwphqw1 Lqwhjudwlqj +:19, zlwk G +x> w, @ G +x> w> #f, dqg

lpsrvlqj wkh lqlwldo frqglwlrq X +W , @ W / zh rewdlq X +w, @ w.
U A
| h{s i#fD +x,j gx iru X +w,ý

w é 81 Iru X +w, ý w A 8/ X +w, vroyhv X +w, @ iX +w,ý 8j . U A
LE|ä3D h{si#fD +x,j gx/ l1h1/U A

LE|ä3D h{si#fD +x,jgx @ 81 Lw iroorzv wkdw X ì X +3, @ U A
f h{s i#fD +x,jgx iru X ? 8 dqg

X vdwlv?hv
U A
L3D h{si#fD +x,jgx @ 8 zkhq X A 81 Wklv lpsolhv wkdw CX@CW @ h{s i#fD +W ,j

zkhq X ? 8 dqg CX@CW @ h{s ^#f iD +W ,ýD +X ý 8,j` zkhq X è 81 Lw iroorzv wkdw zkhq D +x,
ydulhv zlwk wlph x/ zh gr qrw kdyh d forvhg irup h{suhvvlrq iru X ru iru CX@CW 1 Khqfh/ iru

wkh fruuhvsrqglqj ghwhuplqlvwlf VQIWP +614,/ zh zloo qrw kdyh d forvhg irup h{suhvvlrq iru wkh

ixqfwlrq K +#, @ k
í
W>D +W , > O +W , > #

ì
ru lwv ghulydwlyh CK +#, @CW / dowkrxjk K +#, lv hdvlo|

hydoxdwhg e| qxphulfdo phdqv1 Wklv 3qrq0reylrxv4 irup ri CK +#f, @CW @ CX@CW mxvwl?hv wkh

uhpdunv ri Vhfwlrq :141

;1 LQVWDQWDQHRXV0UDWH VQIWPv

;141 Elrorjlfdo lpsodxvlelolw| ri orfdo udqn suhvhuydwlrq

Frqvlghu wzr vxemhfwv/ vd| l dqg m/ zkr kdyh lghqwlfdo vxuylydo wlphv dqg fryduldwh dqg wuhdwphqw

klvwrulhv
í
W>D +W , > O +w,

ì
1 Lw iroorzv iurp wkh xqltxhqhvv ri wkh vroxwlrq wr wkh gl>huhqwldo

htxdwlrq +:19, wkdw/ xqghu wkh dvvxpswlrq ri orfdo udqn suhvhuydwlrq/ wkh wzr vxemhfwv zrxog

kdyh lghqwlfdo vxuylydo wlphv X li wuhdwphqw kdg ehhq zlwkkhog1 Wklv dvvxpswlrq lv elrorjlfdoo|

lpsodxvleoh1 Wr vhh zk|/ djdlq frqvlghu wkh lqihfwlrxv glvhdvh h{dpsoh ri Vhfwlrq :141 Vxssrvh

D +w, lv wkh grvh ri wuhdwphqw wdnhq dw w/ wuhdwphqw kdv d ehqh?fldo elrorjlfdo d>hfw/ vxemhfw l

dqg m duh erwk lqihfwhg dw wlph w vxemhfw l idlov wr devrue klv2khu grvh gxh wr jdvwurlqwhvwlqdo
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gl!fxowlhv/ zkloh vxemhfw m vxffhvvixoo| devruev klv2khu grvh1 Wkhq zh zrxog h{shfw Xð @ Wð @

Wæ A Xæ vlqfh vxemhfw m exw qrw vxemhfw l h{shulhqfhv wkh ehqh?w ri wuhdwphqw1 Ghshqghqfh ri

wkh pdjqlwxgh ri wkh wuhdwphqw d>hfw rq xqphdvxuhg idfwruv vxfk dv elrdevruswlrq dqg jhqhwlf

hqgrzphqw lv wkh uxoh1 Lq wklv vhfwlrq/ zh ghvfuleh wkh jhqhudo fodvv ri lqvwdqwdqhrxv0udwh

VQIW prghov zklfk doorz wkh pdjqlwxgh ri wkh wuhdwphqw d>hfw wr ghshqg rq xqphdvxuhg

idfwruv1 Vshfl?fdoo|/ wkh fodvv ri lqvwdqwdqhrxv0udwh VQIWPv/ +l, grhv qrw uhtxluh wkdw X eh d

ghwhuplqlvwlf ixqfwlrq ri
q
W>D +W , > O +W ,

r
/ dqg +ll, frqwdlqv wkh lqvwdqwdqhrxv0udwh USVQIWPv

dv d vxefodvv1 Ixuwkhupruh/ wkh sdudphwhu # ri d lqvwdqwdqhrxv0udwh VQIWP fdq eh frqvlvwhqwo|

hvwlpdwhg xvlqj wkh j0hvwlpdwlrq surfhgxuhv ghvfulehg suhylrxvo|1

Zh qrz gh?qh d qhz ixqfwlrq wkdw zloo doorz xv wr uhod{ wkh dvvxpswlrq ri orfdo udqn suhvhu0

ydwlrq1 Jlyhq frqwlqxrxvo| glvwulexwhg idloxuh wlph yduldwhv W� dqg W2 zlwk vxuylyru ixqfwlrqv

V� +x, dqg V2 +x,/ uhfdoo wkdw wkh txdqwloh0txdqwloh ixqfwlrq y +x, @ V3�� iV2 +x,j lv wkh xqltxh
ixqfwlrq y +x, vxfk wkdw y +W2, kdv wkh vdph glvwulexwlrq V� +x, dv W�1 Zh qrz ohw XøE|äcf dqg

XøE|nûäcf sod| wkh urohv ri W� dqg W2 zkhuh/ e| frqyhqwlrq/ D +x, ì 3 li x A W 1 Vshfl?fdoo|/
ohw Y +x> w> k, ì y

í
x> w> k> O +w, > D +w,

ì
eh wkh xqltxh ixqfwlrq vxfk wkdw XøE|nûäcf dqg Y

í
XøE|äcf> w> k

ì
kdyh wkh vdph frqglwlrqdo glvwulexwlrq jlyhq O +w, > D +w, > W A w1 Wkdw lv/

su
k
XøE|nûäcf A Y +x> w> k, m O +w, > D +w, > W A w

l
@ su

k
XøE|äcf A x m O +w, > D +w, > W A w

l
1

Qrwh Y +x> w> 3, @ x1 Zh qrz pdnh d vprrwkqhvv +gl>huhqwldelolw|, dvvxpswlrq1

Dvvxpswlrq +-,= Zh dvvxph wkdw +d, G +x> w, ìolp
ûòf

iY +x> w> k,ý Y +x> w> 3,j @k h{lvwv dqg lv
erxqghg iru doo +x> w, z1s14 zkhuh wkh ixqfwlrqG +x> w, ì g

í
x> w> O +w, > D +w,

ì
vdwlv?hv dvvxpswlrq

+lll, lq wkh gh?qlwlrq ri orfdo udqn suhvhuydwlrq/ dqg +e, iru w A {/

su
k
XøE|äcf A x m O +{, > D +{,

l
lv frqwlqxrxv lq w 1 +;14,

Zh kdyh uhxvhg wkh qrwdwlrq G +x> w, lq dvvxpswlrq +-, ehfdxvh/ xqghu orfdo udqn suhvhuyd0

wlrq/ G +x> w, dv mxvw gh?qhg lv htxdo wr G +x> w, dv gh?qhg suhylrxvo|1 Hyhq zlwkrxw orfdo udqn

suhvhuydwlrq xqghu Dvvxpswlrq +-,/ zh fdq uhjdug G +x> w,üw dv wkh h>hfw ri d odvw eols ri re0

vhuyhg wuhdwphqw D +w, dw w vxvwdlqhg iru dq lqvwdqwdqhrxv wlph üw rq txdqwlohv ri XøE|äcf1 Wkdw

lv/ iru lq?qlwhvlpdo srvlwlyh üw/ li/ frqglwlrqdo rq O +w, > D +w,/ x lv/ vd|/ wkh }|û txdqwloh ri XøE|äcf/

wkhq x.G +x> w,üw lv wkh }|û txdqwloh ri XøE|n{|äcf1 Dv ehiruh/ G +x> w, pd| eh glvfrqwlqxrxv

iru w 5 Glv1
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Uhpdun= Lw lv lpsruwdqw wr qrwh wkdw zh qr orqjhu dvvxph XøE|äcf lv frqwlqxrxv lq w1 Wklv lv

vflhqwl?fdoo| lpsruwdqw vlqfh XøE|äcf zloo eh glvfrqwlqxrxv dw w li D +î, lv h{srvxuh wr fljduhwwh

vprnh dqg d vlqjoh prohfxoh ri ehq}s|uhqh lqkdohg dw wlph w lqlwldwhv oxqj fdqfhu1 Krzhyhu/

Ht1 +;14, uhpdlqv uhdvrqdeoh vlqfh wkh suredelolw| ri oxqj fdqfhu ehlqj lqlwldwhg lq ^w> w.üw,

lv vpdoo1 Krzhyhu/ Ht1 +;14, dqg wkxv Dvvxpswlrq +-, zrxog eh lqdssursuldwh li D +w, uhfrughg

zkhwkhu d vxemhfw uhfhlyhg d pdpprjudp ru dq| rwkhu wuxo| 3srlqw0vrxufh4 h{srvxuh dw wlph

w zkhuh/ D +w, lv d srlqw0vrxufh li h{srvxuh ri iw>D +w, 9@ 3j lv d ?qlwh vhw z1s141 Prghov iru wkh

h>hfw ri srlqw0vrxufh h{srvxuhv/ vxfk dv pdpprjudsk|/ zloo qrw eh ixuwkhu glvfxvvhg lq wklv

fkdswhu> wkh VQIWPv glvfxvvhg lq Urelqv hw do1 +4<<5/ Dsshqgl{ 5, duh dssursuldwh1

Lw wkhq iroorzv iurp Wkhruhp +516, ri Vhf1 9 ri Orrplv dqg Vwhuqehuj +4<9;, wkdw +l, wkhuh

h{lvwv d xqltxh frqwlqxrxv vroxwlrq K +w, ì k
í
w> W> O +W , > D +W ,

ì
wr wkh gl>huhqwldo htxdwlrq

gK +w, @gw @ G +K +w, > w, vdwlvi|lqj K +W , @ W 1
Xqghu orfdo udqn suhvhuydwlrq/ zh kdyh vhhq wkdw wklv xqltxh vroxwlrq K +w, lv suhflvho|

X +w, ì XøE|äcf1 Wklv zloo qrw eh wuxh lq wkh devhqfh ri orfdo udqn suhvhuydwlrq/ vlqfh X +w, zloo

qr orqjhu vdwlvi| +:19,1 Krzhyhu/ rxu pdlq uhvxow lv wkh iroorzlqj wkhruhp zklfk vwdwhv wkdw

K +w, dqg X +w, frqwlqxh wr kdyh wkh vdph frqglwlrqdo glvwulexwlrqv1
Wkhruhp ;14= K +w, dqg XøE|3äcf kdyh wkh vdph frqglwlrqdo glvwulexwlrq jlyhq

í
O +w, > D +w, > W A w

ì
1

Lq sduwlfxodu/ K ì K +3, dqg X kdyh wkh vdph pdujlqdo glvwulexwlrqv1

Dv |hw/ Wkhruhp +;14, kdv rqo| ehhq suryhg lq wkh vshfldo fdvh zkhuh wkh mxps wlphv ri

wkh D +w, dqg O +w, surfhvvhv duh ?{hg udwkhu wkdq udqgrp +Urelqv/ 4<<;,/ dowkrxjk lw lv doprvw

fhuwdlq wkdw Wkhruhp +;14, krogv lq jhqhudo1 Wkh olplwdwlrq wr qrq0udqgrp mxps wlphv iru wkh

phdvxuhg O dqg D surfhvvhv lv qr olplwdwlrq lq sudfwlfh/ vlqfh zh fdq vxssrvh wkhp wr kdyh

ehhq phdvxuhg/ vd|/ hyhu| vhfrqg udwkhu wkdq frqwlqxrxvo|/ dqg wkhq wkh wkhruhp lv wuxh1

Zh vd| wkh gdwd iroorz d lqvwdqwdqhrxv0udwh VQGP li wkhuh lv d ixqfwlrq G +x> w> #, vdwlvi|lqj

G +x> w, @ G +x> w> #f, zlwk G +x> w> #, vdwlvi|lqj wkh frqglwlrqv suhylrxvo| ghvfulehg xqghu wkh

gh?qlwlrq ri d lqvwdqwdqhrxv0udwh USVQIWPv1

Djdlq ohwwlqj K +w> #, ì k
í
w> W>D +W , > O +W , > #

ì
eh wkh vroxwlrq wr wkh gl>huhqwldo htxdwlrq

+:1:, dqg vhwwlqj K +#, ì K +3> #,/ lw lpphgldwho| iroorzv e| xqltxhqhvv wkdw K @ K +#f,1

Khqfh/ d FDQ hvwlpdwru e# ri wkh fdxvdo sdudphwhu #f ri d lqvwdqwdqhrxv0udwh VQIWP fdq eh

rewdlqhg e| j0hvwlpdwlrq xqghu wkh dvvxpswlrqv ghvfulehg lq Vhfwlrqv 5081
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<1 HVWLPDWLQJ wkh GLVWULEXWLRQ ri L@

Jlyhq d lqvwdqwdqhrxv0udwh VQIWP G +x> w> #,/ zh kdyh vkrzq krz wr rewdlq d FDQ hvwlpdwrue# ri #f xqghu wkh dvvxpswlrqv ri Vhfwlrqv 5081 Krzhyhu/ zh riwhq zlvk wr hvwlpdwh wkh vxuylydo

fxuyhv VL@ +w, ri X@ iru ydulrxv wuhdwphqw uhjlphv d1 Vxssrvh fhqvrulqj lv devhqw1 Wkhq
eVL +w, @

q3�
S
ð L
q
Kð
íe#ì A wr lv d FDQ hvwlpdwru ri VL +w,1 Wkh pdlq wrro zh vkdoo xvh wr hvwlpdwh

rwkhu VL@ +w, lv wkh eols0xs ixqfwlrq E +x> w, ì e
í
x> w> O +w, > D +w,

ì
gh?qhg wr eh wkh xqltxh

frqwlqxrxv vroxwlrq wr gE +w, @gw @ G +E +w, > w, wkurxjk +3> x,1

H{dpsoh= Iru prgho +:18, zlwk G +x> w, @ 4 ý h{s iôfD +w,j/ zh rewdlq xsrq lqwhjudwlqj

wkdw E +w, @ wý U |f h{si#fD +x,jgx. f1 E| wkh lqlwldo frqglwlrq E +3, @ x/ zh rewdlq f @ x/ vr
E +x> w, ì E +w, @ x. wý

] |

f
h{s i#fD +x,j gx 1 +<14,

Lq jhqhudo/ E +x> w, lv uhodwhg wr wkh eols0grzq ixqfwlrq K +w, e| E +K> w, @ K +w, zkhuh
K ì K +3,1 Iru dq| fryduldwh dqg wuhdwphqw klvwrulhv c dqg d gh?qhg rq ^3>4,/ gh?qh eW

í
x> c> d

ì
wr eh wkh vroxwlrq wW wr wW @ e

í
x> wW> c +wW, > d +wW,

ì
li rqh h{lvwv dqg eW

í
x> c> d

ì
ì 4 rwkhuzlvh1

Qrwh eW
í
K> O>D

ì
@ W / vlqfh W @ E +K> W , zkhuh O +x, ì D +x, ì 3 li x A W 1

H{dpsoh= Zlwk E +x> w, jlyhq e| +<14,/ eW
í
x> c> d

ì
@ eW +x> d, lv wkh xqltxh vroxwlrq wr

x @
U KWEüc@ä
f h{si#fd +x,jgx1

Li +l,/ dv lq prgho +:18,/ g
í
x> w> c +w, > d +w,

ì
ì g +x> w> d +w,, grhv qrw ghshqg rq c +w, ^l1h1/ wkhuh

lv qr wuhdwphqw0fryduldwh lqwhudfwlrq` vr eW
í
x> c> d

ì
@ eW +x> d,/ dqg +ll, wkhuh duh qr xqphdvxuhg

frqirxqghuv iru hdfk X@/ l1h1/

X@
c
D +w, m O ýw3ü > D ýw3ü > W A w 1 +<15,

Wkhq

VL@ +w, @ su ieW +X> d, A wj 1 +<16,

E| Wkhruhp ;14/ X fdq eh uhsodfhg e| K lq +<16,1 Urelqv +4<<6/ Dsshqgl{ 4, glvfxvvhv frqgl0

wlrqv zhdnhu wkdq +<15, zklfk lpso| +<16,1 Lw qrz iroorzv wkdw jlyhq d FDQ j0hvwlpdwru e# ri

#f/ q
3�S

ð L
q
eW
í
Kð
íe#ì > d> e#ì A wr lv d FDQ hvwlpdwru ri VL@ +w, zkhuh e

W +x> d> #, lv eW +x> d,

xqghu # @ #f1

Prghov iru Fxuh=

Wkh idfw wkdw eW +x> d, fdq eh lq?qlwh uh hfwv wkh srvvlelolw| ri 3fxuh14 Dv dq h{dpsoh/
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vxssrvh X uhsuhvhqwv wkh wlph iurp gldjqrvlv wr ghdwk iurp sdqfuhdwlf fdqfhu lq wkh devhqfh

ri wuhdwphqw1 Vxssrvh xqwuhdwhg sdqfuhdwlf fdqfhu lv xqlirupo| idwdo vr wkdw X lv ?qlwh z1s141

Vxssrvh/ krzhyhu/ wkdw su ieW +X> d, @4j @ s 9@ 31 Wkhq d iudfwlrq s ri wkh srsxodwlrq zloo eh

fxuhg xqghu wuhdwphqw uhjlph d1

Dv dq h{dpsoh/ frqvlghu wkh pxowlsolfdwlyh eols prgho

G +x> w> #, @ +xý w,#D +w, 1 +<17,

Wkhq/ e| wkh irupxod iru vroxwlrqv wr olqhdu ?uvw0rughu gl>huhqwldo htxdwlrqv +Orrplv dqg

Vwhuqehuj/ Fkdswhu 9,

e +x> w> d +w,, @ h{s

é] |

f
#fd +{, g{

èã
xý

] |

f
{#fd +{, h{s

é
ý
] %

f
#fd +y,gy

è
g{

â

zklfk vlpsol?hv/ zkhq d lv wkh frqvwdqw grvh uhjlph dW/ wr h{s +#fdWw,
k
xý +#fdW,3�

l
. w .

+#fd
W,3�1 Khqfh/ eW +x> d, @ cq

q
ý +#fdW,3� @

k
xý +#fdW,3�

lr
@ i#fdWj li x ? +#fd

W,3� dqg

eW +x> d, @ 4 li x A +#fd
W,3�1 Wkxv/ wkh suredelolw| ri fxuh xqghu d lv wkh suredelolw|

wkdw X h{fhhgv 4@ i#fdWj1 Wkh lqwxlwlrq ehklqg wklv uhvxow lv wkdw/ dffruglqj wr prgho +<17,/

g +x> w> d +w, > #f, h{fhhgv 4 dw w @ 3 li dqg rqo| li x#fd
W A 41 Li g +x> w> d +w, > #f, A 4/ wkhq d eols

ri wuhdwphqw dW dw w vxvwdlqhg iru gxudwlrq üw dggv pruh wkdq üw |hduv wr d vxemhfw*v vxuylydo

wlph1 Li/ dv lq rxu prgho zkhq x A +#fd
W,3�/ wkh lqvwdqwdqhrxv eols ixqfwlrq h{fhhgv 4 iru hdfk

wlph w/ wkhq wkh vxemhfw lv fxuhg1

Li wkh idloxuh wlph yduldeoh lv ghdwk iurp doo fdxvhv/ zh zrxog zdqw eW
í
x> c> d

ì
wr eh ?qlwh

iru doo x/ c/ dqg d zklfk lv jxdudqwhhg e| kdylqj g
í
x> w> c +w, > d +w,

ì
? 4 ý â/ â A 3 iru doo

x> w> d +w, > c +w,1 D qdwxudo sdudphwhul}dwlrq ri d lqvwdqwdqhrxv0udwh VQIWP wkdw hvvhqwldoo|

dffrpsolvkhv wklv lv G +x> w>#, @ 4ý h{s
q
u
í
x> w> O +w, > D +w, > #

ìr
iru vrph ixqfwlrq u +î, dv lq

prghov +:18, dqg +:1;,1

Fryduldwh0Wuhdwphqw Lqwhudfwlrq=

Li g
í
x> w> c +w, > d +w,

ì
ghshqgv rq c +w,/ zh fdq rewdlq lqghshqghqw gudzv iurp wkh glvwulexwlrq

ri X@ xqghu Dvvxpswlrq +<15, zkhq wkh fryduldwh surfhvv O +w, rqo| mxpsv dw qrq0udqgrp wlphv/

vd| 3> 4> 5> = = = dv iroorzv1

Vwhs 4= Gudz X iurp lwv pdujlqdo glvwulexwlrq1

Vwhs 5= Gudz O +3, iurp i ic +3, m X @ xj1
Vwhs 6= Vhw p @ 41
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Vwhs 7= Li e
k
X>pý 4> O +pý 4, > d +pý 4,

l
é p/ vhw X@ wr eW

í
X>O> d

ì
zkhuh O +w, @ 3

iru w A p dqg djuhhv zlwk wkh gudzq O +p3, xs wr wlph p1 Rwkhuzlvh/ gudz O +p, iurp

i
k
O +p, m O +p3, > d +p3, > X> W A p

l
/ lqfuhphqw p e| 4/ dqg uhwxuq wr wkh vwduw ri wklv vwhs1

Wr fduu| rxw wklv dojrulwkp lq sudfwlfh/ zh ?uvw rewdlq d j0hvwlpdwh e# ri wkh sdudph0

whu #f ri dq lqvwdqwdqhrxv0udwh VQIWP> gudz X iurp wkh hpslulfdo glvwulexwlrq eVL +w, @
q3�

S
ð L
í
Kð
íe#ì A wì> uhsodfh wkh ixqfwlrqv e +î, dqg eW +î, e| e

í
î> e#ì dqg eW

í
î> e#ì> dqg

hvwlpdwh wkh ghqvlw| i
k
c +p, m c +p3, > d +p3, > X> W A p

l
e| vshfli|lqj d sdudphwulf prgho

i
k
c +p, m c +p3, > d +p3, > X> W A p> ì

l
dqg hydoxdwlqj lw dw eì zklfk pd{lpl}hv

?T
ð'�

ð?|EAðäT
6'f

i
k
Oð +p, m Oð +p3, > Dð +p3, > Kð

íe#ì > Wð A p> ìl1
D khxulvwlf h{sodqdwlrq ri wkh deryh dojrulwkp lv dv iroorzv1 Li d vlpxodwhg vxemhfw zlwk

edvholqh wlph X pdqdjhv wr vxuylyh wr wlph p xqghu uhjlph d/ zh udqgrpo| gudz O +p, dqg

wkhq xvh wkh eols0xs ixqfwlrq e
í
x> w> c +w, > d +w,

ì
wr ghwhuplqh zkhwkhu wkh vxemhfw kdv vxuylyhg wr

wlph p.4 ru zkhwkhu wkh vxemhfw kdv glhg dw d wlph X@/ ghwhuplqhg e| wkh ixqfwlrq eW
í
x> c> d

ì
lq wkh lqwhuydo +p>p. 4`1 Wklv h{sodqdwlrq lv khxulvwlf lq wkdw lw lpsolflwo| exw xqqhfhvvdulo|

dvvxphv orfdo udqn suhvhuydwlrq1 Urelqv hw do1 +4<<5/ Dsshqgl{ 5, glvfxvvhv krz wr jhqhudol}h wkh

uhvxowv ri wklv vhfwlrq wr doorz iru fhqvrulqj1 D gudzedfn ri VQIWPv lv wkdw lq wkh suhvhqfh ri d

fryduldwh0wuhdwphqw lqwhudfwlrq VL@ +w, fdqqrw eh fdofxodwhg zlwkrxw prghoolqj wkh odz ri O +p,

jlyhq
q
O +p3, > D +p3, > X> W A p

r
1 Hvwlpdwlrq ri wkh qrq0qhvwhg vwuxfwxudo Fr{ sursruwlrqdo

kd}dug prghov iru X@ ghvfulehg lq Dsshqgl{ 5 fdq reyldwh wklv sureohp1

Dsshqgl{ 4= Fdofxodwlrq ri wkh yduldqfh ri wkh j0whvw vwdwlvwlf qxphudwru=

Zh vkdoo uhtxluh vrph qrwdwlrq1 Jlyhq d vwrfkdvwlf surfhvv J +î,/ ohw Xø iJ +î,j @Uf
f gPø +x,

q
J +x,ýH

k
hk

â` EüäJ +x,
l
@H

k
hk

â` Eüä
lr

zkhuh òâZ +x, lv iurpprgho +517,/ gPø +x, @

gQø +x,ýèf +x, hkâ` Eüägx dqg Qø +x, frxqwv wkh qxpehu ri mxpsv lq wkh D +x, surfhvv wkurxjk

wlph x1

Qrz gh?qh X� ì Xø iáT +î> #f, @N +[,j dqg X2 ì Xø iZ +î,j1 Wkhq gh?qh

Y� ì H
%ã
X� ýH ^X�X â2`H

k
X÷22

l3�
X2

â÷2&
1 Y� lv wkh 3urexvw yduldqfh4 ri wkh j0whvw qxphudwru

+l1h1/ Fr{ sduwldo olnholkrrg vfruh whvw qxphudwru, ri wkh k|srwkhvlv wkdw ë @ 3 lq wkh h{whqghg

Fr{ prgho +517, zkhq wkh wuxh N +[, lv xvhg1

Qrz gh?qh Y ì Y�ýYSJoo zkhuh YSJoo lv wkh fruuhfwlrq wr wkh yduldqfh Y� uhtxluhg zkhq zh

uhsodfh N +[, e| lwv hvwlpdwru fN +[,1 Vshfl?fdoo|/ YSJoo @ Y2 . Yô zkhuh
Y2 @ H

éU"
f gQ' +x,

q
O' +x> M +x,,

r÷2è
/ Q' +x, @ L ^T é x> á @ 3`/ M +x, ì

Uf
f gPø +w,T +w> #f, @

N +x, dqg/ iru dq| J +x,/ O' ix>J +x,j ì H
k
N +x, iN +[,j3� áJ +x, L +[W A x, hkWâ`WEüä

l
@
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H
k
L +[W A x, hkWâ` WEüä

l
zlwk òWâZ W +x, iurp prgho +916,1

Yô @ Yô� iYô2j3� Y âô�/ Yô� @ H
kU
gQ' +x,

q
O' ix> M +x,Z W +x,j ý O' +x> M +x,,O' +x>Z W +x,,

rl
dqg Yô2 lv wkh h{shfwhg sduwldo lqirupdwlrq pdwul{ iru òW iurp Fr{ prgho +916,1 Vlqfh YSJoo lv

qrq0qhjdwlyh gh?qlwh/ wkh urexvw yduldqfh Y� lv juhdwhu wkdq ru htxdo wr wkh wuxh yduldqfh Y lq

wkh qrq0qhjdwlyh gh?qlwh vhqvh1 D frqvlvwhqw hvwlpdwru eY ri Y lv rewdlqhg e| vxevwlwxwlrq lqwr

wkh deryh irupxodh dffruglqj wr wkh iroorzlqj vl{ vwhsv1

+l, Uhsodfh dq| h{shfwdwlrq e| d vdpsoh dyhudjh ryhu wkh q vwxg| vxemhfwv1

+ll, Uhsodfh ò dqg òW e| wkhlu sduwldo pd{lpxp olnholkrrg hvwlpdwhv1

+lll, Uhsodfh #f e| wkh ydoxh ri # ehlqj whvwhg lq wkh j0whvw1

+ly, Uhsodfh N +î, e| fN +î,1
+y, Uhsodfh gPø +x, e| gQø +x, ý geúf +x, hekâ` Eüä zkhuh eúf +x, lv wkh Fr{ fxpxodwlyh kd}dug

hvwlpdwh iurp wkh prgho +517,1

+yl, Hvwlpdwh Yô2 e| wkh revhuyhg sduwldo lqirupdwlrq pdwul{ iurp wkh ?w ri prgho +916,1

Qrz ohw eX� +#, eh X� zlwk wkh vxevwlwxwlrqv ghvfulehg lq vwhsv +l, 0 +yl, deryh1 Wkh j0

vwdwlvwlf qxphudwru lv suhflvho|
S?
ð'�

eX�ð +#,1 Zh wkhq kdyh wkh iroorzlqj wkhruhp rq zklfk rxu

lqihuhqfhv duh edvhg1

Wkhruhp= Jlyhq wkdw Dvvxpswlrqv +515, dqg +915, dqg prghov +517,/ +614,/ dqg +916, duh

fruuhfw/ wkhq/ zkhq # @ #f/ q
3 �
2
S
ð
eX�ð +#, lv dv|pswrwlfdoo| qrupdo zlwk phdq }hur dqg

dv|pswrwlf yduldqfh Y wkdw fdq eh frqvlvwhqwo| hvwlpdwhg e| eY 1
Wkh surri lv dqdorjrxv wr wkdw jlyhq rq sdjh 5;705;8 ri Urelqv +4<<6, xvlqj wkh phwkrgv

ghyhorshg lq Urelqv dqg Urwqlw}n| +4<<5,1

Dsshqgl{ 5= D +qrq0qhvwhg, vwuxfwxudo Fr{ sursruwlrqdo kd}dug prgho vshfl?hv

èL@ +w, @ è +w, h{s
û
u
õ
w> d

ý
w3
ü
> ñf

ôú
+66,

zkhuh u +ü, lv d nqrzq ixqfwlrq dqg è +w, dq xqvshfl?hg edvholqh kd}dug1 Iru vlpsolflw|/ dvvxph

D +w, lv glfkrwrprxv1 Wkhq d frqvlvwhqw dv|pswrwlfdoo| qrupdo hvwlpdwru eñ ri ñf xqghu dvvxps0

wlrqv +4;,/ +63, dqg prghov +7,/ +4<,/ dqg +66, lv wkh vroxwlrq wr wkh zhljkwhg Fr{ vfruh htxdwlrq

iru W

3 @
[
ð

] "

f

q
gQAð +x, @eóð +x,rqSð +x> ñ,ý eH ^S +x> ñ, > ñ` @ eH ^4 +x, > ñ`r

zkhuh +l, QA +x, @ L ^[W é x>[W @ W `/ +ll, S +x> ñ, @ s
k
x>D +x3, > ñ

l
lv d yhfwru ixqfwlrq

ri glpñ fkrvhq e| wkh dqdo|vw vxfk dv Cu
í
x>D +x3, > ñ

ì
@Cñ/ +lll, 4 +x, @ 4 lv wkh lghq0
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wlw|/ +ly, eH ^M +x> ñ, > ñ` @ S
ð L +[

W
ð A x, h{s

k
u
q
x>D +x3, > ñ

rl
Mð +x> ñ, @eóð +x,/ +y, eóð +x, @fNð +x,fNøð +x, >fN +x, dv gh?qhg lq wkh wh{w/ +yl, fNø +x, @

h{s
k
ý U üf eèø kw m O +w3, > D +w3,lgwl T

t|(|÷> dqg øE|äõ'øE|3äå
eèø íw m O +w3, > D +w3,ì zkhuh

eèø kw m O +w3, > D +w3,l @ eèf +x, h{s keòâZ +x,
l
dqg eèf +x, lv qrz d nhuqho vprrwkhg yhuvlrq ri wkh

Fr{ hvwlpdwh ri èf +w, ri prgho 7 dv lq Uhi1591 eñ frpelqhg zlwk wkh hvwlpdwh eè +w, @S
ð gQAð +w, @qeóð +w, eH k4 +w, > eñlr ri è +w, surgxfhv dq hvwlpdwh ri èL@ +w, dqg wkxv ri VL@ +w,1 Lq wkh deryh/

zh kdyh dvvxphg wkdw T lv wkh plqlpxp ri wlph wr orvv wr iroorz0xs/ frpshwlqj ulvn/ dqg hqg

wr iroorz0xs dv glvfxvvhg lq wkh uhpdun lq wkh vhfwlrq 3Fhqvrulqj e| Frpshwlqj Ulvnv14 QrwhfNø +x, lv d frqvlvwhqw hvwlpdwh ri suredelolw| wkdw d vxemhfw zrxog kdyh klv revhuyhg klvwru|

D +x, wkurxjk wlph x1

Eleolrjudsk|

41 Dumdv/ H1 +4<;<,1 Vxuylydo prghov dqg pduwlqjdoh g|qdplfv +zlwk glvfxvvlrq,1 Vfdqglqd0
yldq Mrxuqdo ri Vwdwlvwlfv/ 48=4::05581

51 Dumdv/ H1 dqg Hhurod/ P1 +4<<6,1 Rq suhglfwlyh fdxvdolw| lq orqjlwxglqdo vwxglhv1 Mrxuqdo
ri Vwdwlvwlfdo Sodqqlqj dqg Lqihuhqfh/ 67=69406;71

61 Gdzlg/ D1S1 +4<:<,1 Frqglwlrqdo Lqghshqghqfh lq Vwdwlvwlfdo Wkhru| +zlwk glvfxvvlrq,1
Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhu1 E/ 74=40641

71 Kroodqg S1Z1 +4<;9,1 Vwdwlvwlfv dqg fdxvdo lqihuhqfh1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo
Dvvrfldwlrq/ ;4=<780<931

81 Nohlq/ M1S1/ Nhlglqj/ Q1/ dqg Frshodq/ H1 +4<<7,1 Sorwwlqj vxppdu| suhglfwlrqv lq pxowl0
vwdwh vxuylydo prghov= Suredelolwlhv ri uhodsvh lq ghdwk dqg uhplvvlrq iru erqh pduurz
wudqvsodqwdwlrq sdwlhqwv1 Vwdwlvwlfv lq Phglflqh/ 46=5648056651

91 Orrplv/ E1/ dqg Vwhuqehuj/ V1 +4<9;,1 Dgydqfhg Fdofxoxv1 Dgglvlrq Zhvoh|1

:1 Pdun V1G1/ dqg Urelqv/ M1P1 +4<<6d,1 Hvwlpdwlqj wkh fdxvdo h>hfw ri vprnlqj fhvvdwlrq lq
wkh suhvhqfh ri frqirxqglqj idfwruv xvlqj d udqn suhvhuylqj vwuxfwxudo idloxuh wlph prgho1
Vwdwlvwlfv lq Phglflqh/ 45=49380495;1

;1 Pdun V1G1/ dqg Urelqv/ M1P1 +4<<6e,1 D phwkrg iru wkh dqdo|vlv ri udqgrpl}hg wuldov zlwk
frpsoldqfh lqirupdwlrq= Dq dssolfdwlrq wr wkh pxowlsoh ulvn idfwru lqwhuyhqwlrq wuldo1 Lq=
Frqwuroohg Folqlfdo Wuldov1 47=:<0<:1 Qhz \run= Hovhylhu1

<1 Shduo/ M1 +4<<8,1 Fdxvdo gldjudpv iru hpslulfdo uhvhdufk1 Elrphwulnd/ ;5=99<09<31

431 Urelqv/ M1P1 +4<;9,1 D Qhz Dssurdfk wr Fdxvdo Lqihuhqfh lq Pruwdolw| Vwxglhv zlwk
Vxvwdlqhg H{srvxuh Shulrgv 8 Dssolfdwlrq wr Frqwuro ri wkh Khdowk| Zrunhu Vxuylyru
H>hfw1 Pdwkhpdwlfdo Prghoolqj/ :=46<6048451

441 Urelqv/ M1P1 +4<;:,1 Dgghqgxp wr 3D Qhz Dssurdfk wr Fdxvdo Lqihuhqfh lq Pruwdolw|
Vwxglhv zlwk Vxvwdlqhg H{srvxuh Shulrgv 8 Dssolfdwlrq wr Frqwuro ri wkh Khdowk| Zrunhu
Vxuylyru H>hfw14 Frpsxwhuv dqg Pdwkhpdwlfv zlwk Dssolfdwlrqv/ 47=<560<781
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451 Urelqv/ M1P1 +4<;<,1 Wkh dqdo|vlv ri udqgrpl}hg dqg qrq0udqgrpl}hg DLGV wuhdwphqw
wuldov xvlqj d qhz dssurdfk wr fdxvdo lqihuhqfh lq orqjlwxglqdo vwxglhv1 Lq= Khdowk Vhuylfh
Uhvhdufk Phwkrgrorj|= D Irfxv rq DLGV1 QFKVU/ X1V1 Sxeolf Khdowk Vhuylfh1
Hgv= Vhfkuhvw/ O1/ Iuhhpdq/ K1/ Pxooh|/ D1 ss1 446048<1

461 Urelqv/ M1P1/ Wvldwlv/ D1 +4<<4,1 Fruuhfwlqj iru qrq0frpsoldqfh lq udqgrpl}hg wuldov xvlqj
udqn0suhvhuylqj vwuxfwxudo idloxuh wlph prghov1 Frppxqlfdwlrqv lq Vwdwlvwlfv/ 53=593<0
59641

471 Urelqv/ M1P1 +4<<5,1 Hvwlpdwlrq ri wkh wlph0ghshqghqw dffhohudwhg idloxuh wlph prgho lq
wkh suhvhqfh ri frqirxqglqj idfwruv1 Elrphwulnd/ :<=6540671

481 Urelqv/ M1P1/ Eohylqv/ G1/ Ulwwhu/ J/ dqgZxoivrkq/ P1 +4<<5,1 J0hvwlpdwlrq ri wkh h>hfw ri
sursk|od{lv wkhuds| iru sqhxprf|vwlv fdulqll sqhxprqld rq wkh vxuylydo ri DLGV sdwlhqwv1
Hslghplrorj| 6=64<06691

491 Urelqv/ M1P1/ dqg Urwqlw}n|/ D1 +4<<5,1 Uhfryhu| ri lqirupdwlrq dqg dgmxvwphqw iru
ghshqghqw fhqvrulqj xvlqj vxuurjdwh pdunhuv1 Lq= DLGV Hslghplrorj| 0 Phwkrg0
rorjlfdo Lvvxhv1 Hgv= Mhzhoo/ Q1/ Glhw}/ N1/ Iduhzhoo/ Y1 Ervwrq/ PD= Elunkçxvhu1 ss1
5<:06641

4:1 Urelqv/ M1P1 +4<<6,1 Dqdo|wlf phwkrgv iru hvwlpdwlqj KLY wuhdwphqw dqg fridfwru h>hfwv1
Lq= Phwkrgrorjlfdo Lvvxhv ri DLGV Phqwdo Khdowk Uhvhdufk1 Hgv= Rvwurz/ G1J1/
Nhvvohu/ U1 Qhz \run= Sohqxp Sxeolvklqj1 ss1 54605<31

4;1 Urelqv/ M1P1/ dqg Juhhqodqg V1 +4<<7,1 Dgmxvwlqj iru gl>huhqwldo udwhv ri SFS sursk|od{lv
lq kljk0 yhuvxv orz0grvh D]W wuhdwphqw dupv lq dq DLGV udqgrpl}hg wuldo1 Mrxuqdo ri
wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;<=:6:0:7<1

4<1 Urelqv/ M1P1 +4<<7,1 Fruuhfwlqj iru qrq0frpsoldqfh lq udqgrpl}hg wuldov xvlqj vwuxfwxudo
qhvwhg phdq prghov1 Frppxqlfdwlrqv lq Vwdwlvwlfv/ 56=56:<057451

531 Urelqv/ M1P1 +4<<8,1 Hvwlpdwlqj wkh Fdxvdo H>hfw ri d Wlph0ydu|lqj Wuhdwphqw rq Vxu0
ylydo xvlqj Vwuxfwxudo Qhvwhg Idloxuh Wlph Prghov1 +Wr dsshdu/ Vwdwlvwlfd Qhhghuodqglfd,1

541 Urelqv/ M1P1 +4<<:,1 Fdxvdo lqihuhqfh iurp frpsoh{ orqjlwxglqdo gdwd1 Lq= Odwhqw Ydul0
deoh Prgholqj dqg Dssolfdwlrqv wr Fdxvdolw|1 Ohfwxuh Qrwhv lq Vwdwlvwlfv +453,/
P1 Ehundqh/ Hglwru1 Q\= Vsulqjhu Yhuodj/ 9<044:1

551 Urelqv/ M1P1 +4<<:,1 Hvwlpdwlrq dqg whvwlqj ri gluhfw h>hfwv e| uhsdudphwhul}lqj gl0
uhfwhg df|folf judskv1 Fdxvdwlrq dqg Frpsxwdwlrq/ hg1 J1 Frrshu dqg F1 Jo|prxu/
PLW2DDDL Suhvv/ 4<<; +wr dsshdu,1

561 Urelqv/ M1P1 +4<<;,1 Fruuhfwlrq iru qrq0frpsoldqfh lq elrhtxlydohqfh wuldov1 Vwdwlvwlfv lq
Phglflqh +Wr dsshdu,1

571 Ydq ghu Oddq/ P1M1 dqg Kxeedug/ D1 +4<<:,1 Hvwlpdwlrq zlwk lqwhuydo0fhqvruhg gdwd dqg
fryduldwhv1 Olihwlph Gdwd Dqdo|vlv 6=::0<41

581 Urvhqedxp/ S1U1 +4<;7,1 Frqglwlrqdo shupxwdwlrq whvwv dqg wkh surshqvlw| vfruh lq re0
vhuydwlrqdo vwxglhv1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ :</ 89808:71

591 Urvhqedxp/ S1U1 +4<;7,1 Wkh frqvhtxhqfhv ri dgmxvwphqw iru d frqfrplwdqw yduldeoh wkdw
kdv ehhq dgyhuvho| d>hfwhg e| wuhdwphqw1 Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw| D/ 47:/
98909991
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5:1 Uxelq/ G1E1 +4<:;,1 Ed|hvldq Lqihuhqfh iru Fdxvdo H>hfwv= Wkh Uroh ri Udqgrpl}dwlrq1
Wkh Dqqdov ri Vwdwlvwlfv/ 9=6708;1

5;1 Vsluwhv/ S1/ Jo|prxu/ F1/ dqg Vfkhlqhv/ U1 +4<<6,1 Fdxvdwlrq/ Suhglfwlrq/ dqg Vhdufk1
Qhz \run= Vsulqjhu Yhuodj1

5<1 Olq G\/ Zhl OM1 +4<;<,1 Wkh urexvw lqihuhqfh iru wkh Fr{ sursruwlrqdo kd}dug prgho1
Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq ;7=43:7043:;1

631 Zlwwhpdq/ M1F1P1/ G*Djrjrvwlqr/ U1E1/ Vwlmqhq/ W1/ Ndqqho/ Z1E1/ Free/ M1F1/ gh Ulgghu/
P1D1M1/ Kripdq/ D1/ dqg Urelqv/ M1P1 +4<<9,1 J0hvwlpdwlrq ri fdxvdo h>hfwv= Lvrodwhg
v|vwrolf k|shuwhqvlrq dqg fduglrydvfxodu ghdwk lq wkh Iudplqjkdp Vwxg|1 +Vxeplwwhg wr
wkh Dphulfdq Mrxuqdo ri Hslghplrorj|1,
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