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ABSTRACT

In a randomized' trial designed 0 study the effect of a treatment of inserest on the evolution
of the mean of a time-dependent outcome variable. subjects are assigned to a treatment regime,
or. equivalently, 3 treament protocol. Unforrunately, subjects often fail to comply with their
assigoed regime. From a public bealth point of view, the causal parameter of interest will
often be a function of the reatment differences that would have been observed had. contrary (o
fact, all subjects remained oo protocol. This paper considers the identificadon and estimation
of these treatment differences based on a new class of structural models, the multivariate
structural pested mean models. when reliable estimates of each subject’s actual treamment are
available. Estimates of “acrual treacment” might, for example, be obmined by measuring the
amount of “active drug” in the subject’s blood or urine at each follow-up visit or by pill
counting techniques. In addition, we discuss a natural extension of our methods o
vbservational studies.

1. INTRODUCTION

In this paper we shall be concerned with randomized trials designed 10 study the effect of 2
(ceacment of ipterest on the evolution of the mean of a time-dependent ouwcome variable. For
concreteness. we shall consider a randomized trial studying the effect of AZT treamment on the
evolution of T4-lymphocyte count history among subjects with newly diagnosed infection with
the human immunodeficiency virus (HIV). In such 2 randomized trial, subjects are assigned to

an AZT treatment regime. or. equivalently, a treatment protocol. Thereafter. at regular inter-
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vals, e.g.. monthly. subjects rerum o clinic 10 have their T4-count measured. Unforwunacely,
subjects ofwen fail w comply with their assigned regime. As discussed in Robins (1989).
Robins and Tsiatis (1991). and Mark and Robins (1993b). the causal parameter of interest will
aften be a function of the differences in T4-count evolution that would have been observed
had. conrrary (o tact, all subjects remained on protwcol. that is under complete compliance.

This paper considers methods for the estimation of differences in the evolution of AZT
treaument-regime-specific mean T4-count had there been complete compliance, when reliable
estimates of each subject’s actual AZT treamment are available. In general, the differences in
regime-specific mean T4-count that would have been observed at any occasion had all subjects
remained on protocol will not be identifiable without making various assumptions that are
themselves non-identifiable. The simplest, but least plausible assumption, is that subjects who
comply with their assigned treaament protocol are exchangeable with (i.e.. comparable t0)
those who fil to comply. In this paper we shall develop assumptions that, when true, are
sufficient to identify differences in regime-specific mean T4-counts that would have been
observed had all subjects remained on protocol and yet are more plausible than a simple
exchangeabilicy assumption. Specifically, in Section 4. we show that we can identify these
;maunem differeaces if the following two conditions are met. First, there is no-current-treat-
ment-interaction as defined in Section 3. Informally, there is no current-treatment-interaction
if. at cach follow-up time t, the investigator has dat available on the history of all covariates
(e.8.. hemarocrit, weight, presence of fever) that, conditional on AZT treatmens history up to
t. predict both (2) increments in AZT dosage at t and (b) the magnitude of the differences in
subsequent AZT regime-specific mean T4-counts. Second, the population follows a
multivariate sructural nested mean_model (SNMM) introduced in Robins (1989). SNMMs are
parametric models for the effect of an incremental “blip” of AZT treatment at time ¢ on the
- subsequent evolution of mean T4-count, We have adopted terminology used.in the social
'science and cconomerric literature and have called our models *structural models” because they
directly model the regime-specific mén T4-coust history that would have been observed had.
contrary (o fact. all subjects followed treatment with a prescribed regime (Rubin, 1978).

lu Section 3c, we show that the approach presented in this paper for estimating the treat-
ment differences that would have been observed had all subjects remained on protocol is con-
sistent with the standard intention to treat analysis of a randomized trial in regards to whether
the null hypothesis of no treaunent effect on the evolution of mean Td-count is rejected. Thus
our approach is an extension of and does not conflict with the sandard analytical approach.

In Sections 4 and 5. we extend our results 1o observational studies and consider G-estima-

tion of the parameters of our strucrural nested mean models. We also show that the asympto-
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tic variance of the optimal estimator in our class atnins the semiparametric efficiency bound
for our model. This section extends w SNMM the G-estimation of structural nested failure
{ime models discussed in Robins (1992. 1993ab). Robins et al. (1992). Robins and Greenland
(1994), Mark and Robins (1993b) and of structural nested distribution models for repeated
measure outcomes discussed in Robins et al. (1992 Appendix 2), and Robins (1993a). We also
discuss the connection betwesn our modet and models proposed by Chamberlain (1992, 1993).
ln Sections 6 and 7, we extend our results to allow for missing data and for multiplicative
effects of exposure on the mean of the response. In Section 4, Remark !, we describe why it
is preferable to estimate the effect of 2 time-dependent treatment using G-estimators of
structural pested mean models rather than the G-computation algorithm estimator of Robins
(1989, Secs. 5, 13).

Holland (1988), Efron and Feldman (1991), Heckman and Robb (1985), Angrist and
Imbens (1992), Angrist, Imbens, and Rubin (1993), and Robins (1986. 1989, 1993a), Robins
and Romizky (1992, 1993). Robins and Greenland (1992), Mark and Robins (1993). Robins,
Rotnitzky, and Zhao (}993). and Robins and Greenland (1994) have previously considered the
problem of correcting for non-compliance in randomized trials. The Appendix o Robins
(1993a) covers for failure time outcomes the same ground as this paper. In Section 3¢,
Holland's approach is a special case of the morc general approach adopted in this paper.

Mark and Robins (1993b) show that Efron’s and Feldman's approach has little in common
with the approach adopted here. The relationship between our methods and those of Heckman
and Robb (1985) is considered in Robins (1989, Section 14). ’

2. A FORMALIZATION OF OUR PROBLEM
2a. The Observed Data

For pedagogic purposes we shall consider throughout a multi-axmeﬂ double-blind random-
ized trial of the effect of AZT treatment on T4-count history conducted on asymptomatic
subjects with newly diagnosed HIV infection. We shall assume that the study subjects are
assigned to one of J treatment prowocols. Uil the discussion section. we assume there is 0o
missing daa.

Let (r;.a;.;;) denote the daa collecied on each study subject where ie{1.---.n} indexes the n
sudy subjects entered in the trial. r; is a treamment indicator that akes the value j if subject i
was assigned to the j* protocol: ; records subject i's AZT dosage history: and Z records data
on subject i’s T4-count history and on other pretreatment and post-treaouent variables.

Formally, suppose that data on T4-count and other time-dependent covariates (¢.g., hema-
wocrit. weight. and temperature) were obtained at and only at prespecified times (t,,***.t)

where , is time of randomization and ty is end of follow-up. Data on additional pretreatment
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variables such as race, sex, and age at eatry are also collected at t,. Let y,; be T4-count
recorded at t,, Ge(ty, -~ ,t). Let £, ; be the vector consisting of y,; and all other time-dependent
covariates measurements obtained on subject i at t, except £y also includes data on pretreat-
ment variables such as race and sex. Further, we suppose that at each t,, we obtain accurate
measurements of the average AZT dosage rate in (t,.,,%]. We make the simplifying assump-
tion that, for each subject, the AZT dosage rate in (t,,,t,) is constant. Let a,,; be subject i’s
AZT dosage rate in (t,,,t ). Thus a,,; is the AZT dosage rate subsequent to measuring ¢, ;
but prior to measuring ¢, ;. For nomtional convenience we define a, =0,

We shall use overbars to denote histories of time-dependent covariates or treatments.

Thus. for example, 3,; = (a;,-.3y). Note I; is subject s AZT history through t,,,. Any
history that is not subscripted by a particular value of k will denote a history through end of
tollow-up. Therefore z; = 3z, ; and ;i = F,u. [n this notation the dara obmined on each
subject is (ri.z;.;-‘). Both k and m will index times of observation (i.e. clinic visits) while the
subscripe i will be reserved for study subjects. Thus ¢, is subject i's ¢-history through t,, ¢, is
subject i's £-history through t,, and ;, is some particular ¢-history through t,.

We adopt the convention that if two covariate or treatment histories, say, 7, and 7_, are
used in the sa;ne expression or definition with ¢, <t , then 7_ is the initial segment of;.
through t,. Furthermore, we shall use superscripted integers in parentheses when we wish 0
represent possibly distinct covariate histories. For example, if £.", 7", and 1 were used in
the same expression, £." would be the initial segment of £{? but not necessarily of 7{". We
suppose a; and £,; lic in ses F, and &£, of feasible a, and ¢, values. Let.;',andg.bethcset
of all vectors (a,3,,"-*.a,) and (£,.0,.+-f) with a, ¢ F,, 1. e £, O<msk

b, The Set of Feasible Treament Regimes

A subject assigned to given regime may fail to comply and actually follow an AZT
treatment history consistent with some other regime that may differ from any of the J assigned
regimes. We shall restrict consideration 0 a set G of feasible treament regimes. members of
which will be denoted by G. The set of feasible regimes is formally defined below. First we
provide an informal discussion.

The teasible reamment regimes will be classified into dynamic and non-dynamic regimes.
A non-dyramic regime is. by definition, any regime that can be characérimd by a single
planned AZT treament history. Specifically, the non-dynamic regime G characterized by a
specific AZT history 4 = (a0."-*.a,). and written G=(x). is a regime in which a subject is
assigned 1o take at ime 1, t € (4,,,5) the AZT dose a,, € A, consistent with 7. A dynamic
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protocol or regime is, by definition. a protocol in which the dosage of AZT a subject is
assignedt.otakca.tsomcﬁmetisnothxownndmeofnndominﬁonbmusethcassigned
dose depends on evolution of a time-dependent covariate. An example of a dynamic regime is
“wake 1,000 milligrams of AZT daily in the interval (t,..4J if the subject’s hematocrit
measured at ., exceeds 30. Otherwise, take-no AZT in that interval.” Note that any regime
that includes a provision for modifying the dose of AZT in subjects who develop drug toxicity
is dynamic. v

Throughout we shall restrict attention to regimes in which the assigned AZT dosage rate is
constant in intervals (t..t). As discussed in the previous sub-section all informarion
potendally available to the investigators conducting the trial on outcome and covariate history
ousubjectiatt,,isgivenby?u. We have assumed that the results of measurements made at
t, are immediately available. Therefore, for any feasibie regime, the AZT dosage assigned in
(t.s,t may depend on and only on ;,_._;.

Formally, any feasible regime G is identified with a function 'G'(t,,;,). defined for cach
1, ahd 7\( ¢ 4, 0<k¥K-1, whose value is the AZT dosage rate 2, ¢ &, in the interval (t,¢.}
assigned by the regime 0 a subject with the history ;k through ¢,. Conversely, any function
'G'(l,‘,;,‘) whose range is a possible AZT dosage rate corresponds to some feasible regime.
We use " * to distinguish the function G" from the regime G it represents. Given a function
“G"(t,.;,‘) of the two arguments ((,,;,), we can define an equivalent function 'G'(?,) -
("G"(to.F.) : 0smsk} which takes values in the sct of possible AZT histories 3, ¢ . L
G represent the set of all feasible regimes. Now G depends on the covariates in ¢,. Let
G=(j). je(1.-+~J). be the regimes that were actually assigned. They must obviously be feasible
and thus conained in G. The non-dynamic regimes are those treatment regimes for which
“G7 (] = "G"[1¥] for all 7,7 where £, ¢ are any two distinct ¢-historics through .
The non-dynamic regimes are precisely the regimes of the form G=(3) discussed previously.

2. The Counter-Factuals

For any two regimes G € G and G*¢(l. --.J). we assume the existence of the f-history
Tocross ™ (Poiamgn' - PiGsuge) 204 AZT-hISIOTY 4y mg- that would have been observed if.
possibly contrary to fact. subject i had been assigned to treamment regime G* but actually
followed an AZT treaament history consistent with regime G. where Fm,_u. determines
4,6, through the relationship

‘G'[‘t-;LLG.:-o-l = ;t.i.G.r-G' (1)
Eq. (1) formalizes the idea that subject i followed regime G.
In addition we shall suppose that for ail G ¢ G, G*, G**¢(1,---.D)
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ligemge = ?LGJ-G" - ;LG )
Eq. (2) says that ¢-history depends on the trearment regime actually followed and not on treat-
meat assignment. In a double-blind trial, one would expect (2) ® hold, since subjects remain
ignorant of their assigned treamment. Eq. (2) does not rule out a “placebo effect” of being
entered in the trial in the sense that we do not require that ;.LG, as defined in (2) equals the f-
history that subject i would have had if (a) subject i had never been entered in the trial but (b)
had followed a AZT treament history consistent with regime G. Note by assumpton 7‘_6 does
not depend on the treamment that gay. geher subject either was assigned or took (Rubin, 1978).

We now define the “counterfactual data” to be f,¢ = {fs s GeG). We shall make two
consistency assumptious that formalize the idea that a subject’s ¢-history through t,, depends
only oo AZT treatment received prior © t,. Consistency assumption (a) serves to link the
vounterfactual dam with the observed da. Couosistency assumption (b) serves to link the
counterfactual dam associated with various G.

Consistency Assumption (a): For any regime G for which 'G'[;n;] = d,;, We assume
Pamric=t,

m+)iG @riic

It follows ﬁt;m consistency assumption (a) that, for subject i, the counterfactual data —l-u; is
actually observed for those G such that 'G'(?i)=:,. ?,,,,,, Lc is observed for those regimes G
such that 'G"[;m]=ami bolds. For any such G, 7,,.,_w=;,,.'i. In particular,

b = loic (3)
for all regimes G.
Consistency Assuniption (b): Given a regime G* and subject i. let T be an AZT history
through t such that 2%" = z,;c.. Then. by assumption. ;_,,.LG i = ;,,,,,_LG..

This assumption implies that if a subject would have the same AZT history through t,,.,
when following regime G* or G=(a'""), then the subject would have the same ¢-history

through t,_, under both regimes.

2d. The Introduction of Randomness

We shall assume that the ( ri.-l'-i.xi, (Fm.z;_c : GeG}) are realizations of independent and
identically distributed random vectors (Ri.l:,;i.(l-.m.;i,c : GeG}). Theretore. for notational
comvenicnce, we shail often drop the subscript i when referring to these random variables. We

shall suppose that the density & ; (3,,f,) = O for all 2 eFy, fxe .
2e. The Maintained Assumption

Our maintained assumption. will be that the counterfactual data are independent of
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treacment assignment, i.e..

LdR @
where A|[B| C means A is conditionally independent of B given C (Dawid, 1979). In view of
(3). (4) implies that L/ [R | L. Eg. (4) will hold since (1) the 1. are conceptually "pretreat-
ment variables” in the sense that their value depends neither on the treatment 0 which subject i
was assigned nor on the AZT treaonent subject i actually received, and (2) if, as we shall
assume, a completely randomized design was empioyed then the random variable R is indepen-

dent of any pretreatment variable.
2f. Goals of analysis

~ Estimation: One estimation goal would be to identify and estimate the J regime-specific
mean T4-count histories E[YG_U,J from the observables (R;, L A,), where, by definition. a
parameter is identifiable if i¢ is a function of the joint distribution of the observables. A more
ambitious goal is (0 identify and estimate E[Y) for all G ¢ G.

[n the absence of non-compliance. E[?G-u,] is identifiable. This follows since, by the
mainaied assumption (4), E{Yo-g) = ElYg. | R=jl, and, in the absence of non-comphance.
by consistency assumption (a), E[Y,,_(,,I R=j] equals the identifiable parameter E[Y | R=jl.
the face of non-compliance. E[YG-O, | R=j] will not be identifiable without further
assumptions.

Testing: We define the sharp null hypothesis of no effect of AZT on evolution of T4-count
history o be the hypothesis
Y. = Y. forall i and G, GPG 5
The sharp oull hypothesis implies
[ You] = B You] for all GV 626 )

which we call the G-null mean hypothesis. Under consistency assumption (a) and maintained
assumption (4). Eq. (5) also implies
E[; I R=jnl] = E[? I R =jl:)l for ail j‘". ju.‘) (@)

which we cail the "intention to treat null mean hypothesis” since it is the null hypoth&s{s of
interest in the usual intention to treat analysis of a trial designed to study the effect of AZT on
mean T4 level. The standard intention-to-treat analysis of such a trial consists in constructing
an asymptotically distribution-free test of Eq. (7). Neither Eq. (6) or Eq. (7) implies the
other. Our testing goals will be to derive asymprotically distribution free tests of these null
hypotheses.
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2g. The Data Recorded for Data Anpalysis

It is often the case that not all componeats of the vector ¢, of covariates measured at ¢, are
cntered into a computer and recorded for subsequent data analysis. To allow for this
possibility let z, be 2 known subset of the components of ¢,. For reasons that will become
clear in Section 3d, we suppose z, may or may pot contain T4-count y,. We assume that for
each k and subject i. z,;. y,; are the only components of ¢, ; recorded for daw analysis. Then
we shall be interested in the question of identification and estimation of E[?c] from the
observable random variables (R,.A,.Z,.Y)).

3. THE IDENTIFICATION AND ESTIMATION OF REGIME-SPECIFIC MEAN
T4-HISTORY E[Y.}
3a. An Overview of Identification

The key to our approach to the identification and estimation of E[?G] from the observables
(Ry.A,.Z,Y;) is a function which we sball call the treatment mean transformation function with
respect 0 z.  To define this function we shall require additional nomation.

We adopt the conveation that “segmented” AZT-histories will be written “"chronologically”
in a single parenthesis separated by commas. Thus (a,.,,0) specifies a particular AZT history

through t,, and no AZT exposure subsequent (© t,. !
For any k>m. 4, r.Z,, G* ¢ G. the treatment mean sransformation function,
#7k.1.2,,.4,.G*), with respect 0 1z is ’

L7020 G = ElYrr| 30 - HYy g ol 03]
where E[Y, . | .2, 3] ®E[Y, 6. | (R.Z AL =(6.2,,2,)]. To clarify the meaning of
0"k 1.2, 4,,G*). consider the subser with history 1,Z,,,a, in the trigl. Then
E{Ym‘;‘“_ml r.im.i,,] is the mean T4-coun at t, if the subset received their observed AZT
history up 10 t,, but uo AZT from ¢, onwards. E[Y\¢.|r.Z.,3,] is the mean Téd-count at 1, for
the same subset if the subset tollowed regime G*. ¢'™(k.r.z,,2,,G*) is the difference in these
means.

For sowtonal convenicnce, we define ¢°i(k,1,2,,7,,G*=(2,,0)) = v=(k,1,z_,3_).
7*(k.5,2,,3,) is the effect of one final brief “blip” of AZT exposure a, in the interval
(tmsbm+1] OD mean T4-count at ¢, for the subset of the superpopulation that would have had
history (r,Z,,3,) if selected for the trial. Note that the magnitude of this final blip a,, is equal
to the subset’s obscrved AZT exposure at t,. y™k.r,z,,%,) = 0 ifa, = 0.

Our key identificarion results can be described in terms of the functions
¢k 1,2,,1,,G*) and v#)(k,r,7,,3,). Specifically, in Theorem 1 below, we prove that if the
function ¥'X(k,1,2,,1,) is identified, then E[Y.,} is identified where G=0 is the non-dynamic
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regime in which AZT is withheld at all dmes. The regime G =0 is the regime assigned in a
“placebo” arm. Even when the actual trial docs not contain a "placebo” arm, if Y'*(k.1.Z,, 3
is idendfied. E{Y .ol is identified.

Unforrunately, it is straightforward 1 show that ¥#(k.5.Z,,3,) is not identified from the
observables (&,A_Zi.?g without additional assumptions beyond maintained assumption Eq.
(4). We show in Section 3¢ that. under reguiarity conditions, the function ¥k 1.2, 3,) may
be ideatified under the additional assumption that Y®(k,1,Z,,3,) is known up t a finite vector

known function of five arguments and v, is an unknown vector of parameters tg-lae-cstimated.

Evea so, the identifiability of ¥*(k.r.2,,3,) plus the mainnined assumption (4) is not
sutficient 10 identify E[Y] for any G other than Gm0. An additional non-identifiable
assumption under which the idendfiability of Yk, r.z,,1,) implies the identification of E[?Gl
for cermin G is the assumpdon of "no-current-treamment-interaction” with respect (o 1z as
defined below. First let G(z) be the subset of G such that G ¢ G(2) if and only if 'G'[;"'I =
“G*{#"] whenever P;(?‘”) = P;(;"’) where P; is the projection operator that selects from cach
f, those components*that comprise z,. Any G € G{z) can thus be represented by a function
"G"(z,) whose value is.the AZT dosage history , associated with the z-history z,.

Next define #HK.LTnT0rG?) = ElVyor| tZnimil - B¥ugai_ol FEn- Not
MK 1.2,,3,,,G?) is defined just like ¢1*(Kk.1.2,.2.,G*) but with 2,,, replacing 2,

Definition: We say that there is no-current-treaument-interaction with respect 10 1z for a
particular G*¢G(z) if. for all m. k>m.r.z,,

@k rZ,,"G*(Z).G*) = ¢'*k.12,,"G*"(Za1).G%) ®)

To ciarify the meaning of the assumption of Do-current-treatment-interaction, consider the
subset with observed history [r,Z.,"G*"(Z.,)). Then the assumption of no-current-treatment-
interaction with respect to 1z for regime G* says that the effect, on a difference scale, of
following regime G* on mean T4-count at t, compared to following regime G=("G*"(Z.).0)
is the same for the entire subset [£,Z,,"G*"(Z..,)] as for the sub-group of this subset defined
by the AZT dosage "G"(t5,Z,) at by

In Theorem 4, we prove that if there is no-current-treamment-interaction with respect to 1z
for a particular G € G(z) and v™(k.1,Z,,3,) is identified. then Eﬁc,] is identified. It follows
that an investigator can and should attempt to ensure no-current-treatment-interaction with
respect 10 rz by recording in z, all covariates that one believes could conceivably both predict
(1) increments in AZT exposure at t, given past AZT exposure and (2) the magnimude of

regime-specific-treatment effects on a difference scale.
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[n summary, in order to identify E[?G] our task is to record in z, dat on a sufficient
number of covariates 10 ensure no-current-treatment-interaction with respect to rz for ait
GeG(z) and then to specify a realistic, flexible parametric model y(k.1.Z,,,2..¥,) for the
unknown function Y™(k.r.z,,4,). If we succeed, E[Y)] will be identified for GeG(z) from the
observables (R;.A.Z;.Y)).
3b.  Idenification and Estimation of E[Y .o} when v™X(k,r.z,., ) Is Known

Our main result in this subsection is Theorem | below. Before stating the theorem we

m=k-1
require the following additional definitions. Define hy; = y,; - X +°(k.5;,Z.;,2,). Define
m=0

hy=thy;..nc ) with H; the corresponding random variable. Note. if Y™)(k.r.2,,4,) is always
zero. thea ;{;={’;.

[nformally, hy; can be integpreted as an “cstimate” of y; a0, Since. in computing h,; one
subtracts from the observed y, ; the "average effect” of each of the observed meamments
(4 .y 1)- This interprewdon is tormalized in the following Theorem proven in Corollary
A.l of Appendix 1.

Theorem 1: E[?q.ol = E":“-

Note Theorem™T does not require that the maintained assumption (4) holds. If the function
of Y™(K.r.2,,.2,) were known. then H; would be an observable and E[Y.,] would be
identified. .

e Idendification and Estimation of y'*(k.r.2,,,1,)

We next show that, under gegularity conditions, the function v'*(k,r,z,, 1) is identified if
the population follows the multivariate SNMM y(K.1.Z,,q,,,¥;,) with respect to rz. By defini-
tion, the populatiqp follows the multivariate SNMM y(k.r,Z,,2,,Vo) With tespect to 1z if

arguments, v, is an unknown V-dimeasional vector of parameters, v{k,1,Z,,2..¥) = 0 if ¢ =
O ora, = 0, and the y-derivatives of y(k.r.z,,.4,,¥) are continuous in .

Example 1: y(k.tZp.2n.¥0) = Voida + YordaVa + Vox(t-Dan + Yoduide + YosWade +
¥o.3u(ly-t) is 2 SNMM with respect to 1z, where ¥’ = ($o.1,V02.¥03.Y00 %05 ¥00), and we
SUppose z,'=(y,',Wa), W, is hematocrit at ¢, and re{1,2}. This model says that magnitude of
the effect of a brief blip of exposure 0 AZT in (t,, t,.,] oo T4-count at t, may depend on
current T4-count and hematocrit. AZT exposure at ¢, treaument arm «, and t-t,. If, as is
usuaily the case. subjects with history (z,,1,) on treatment arm r=1 are not comparable w0
subjects with that same history on treatment arm r=2, one would expect that v(k.r.Z,, X, Vo)

might. as in our example. depend on r.
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Our main result is Theorem 2 below. Following the proof of the theorem we discuss its
implications for identification of ¥, and thus of ¥™(k.1.Z5, %) Let X; = (Yo:.Z,) where
Y,;,Z,; are the “pre-treamment” observables recorded for data analysis.

Theorem 2: Under maintained assumption Eq. (4).

E(H4%,X) = EH| X 9
Proof: In Theorem A. | of Appendix | we show that Ef¥,cu0 | RuX = E[H:| RiXd
regardiess of whether Eq. (4) holds. If Eq. (4) holds, E['?;,q.o| R.X] = Eﬁi.c-ol Xil

proving the theorem. Eq. (9) represents the sole restriction on the function v™(K.1.Zn.2m)

attributable 10 maintained assumption (4).

Corollary 1: If Eq. (4) holds. and ¥*(k.r.z,.3,) = Y(K.L.Zgo 3 o). then (1)

EfH(o) | RuX) = EIHWo) | XJ . (10)
and (2) ¥, = O implies the intentions to treat null mean hypothesis Eq. (7).
Proof: Conclusion (1) follows immediately from Eq. (9). Conclusion (2) follows from
conclusion (1) and the fact thac I:L,(O) = ?i. Eq. (10) is the sole equality restriction on the
observable random variables implied by the supposition on Corollary 1. Eq. (4) implies
additional inequality restrictions. but these do not provide information about ¥, asymptotically.

3c.1 A Class of Estimators

Since Hy,(¥) is the pretreatment variable Yo, for all ¥, it will be convenient to redefine
H(¥) 10 be the K-vector (H, (¥, Hed9). Let a(x) be a non-random function of x taking
values in RX. Let g(r,x) be a son-random KXxv dimensional matrix valued function of (r.x).
Define c(r,x) = (q(x).g(t.x)) and ¢ = (q.g). Let #Qq.g) = ¥(c) be a solution o the v-
dimensional estimating equation § = n'?5(y.c) = o'?LUi(¥.c) where

Uy0) = R XMHW) - 301 (1
d(R.X) = g(R.X) - EBR.X) [ X . (12)

Since
pIR=j | XJ=1/1. je{1.-.1} . 13

we can explicitly calculate the expectations in Eq. (12). Therefore for each value of ¥,

o' § U¥.c) is an observable random variable.

Theorem 3: Under regularity conditions as in Chapters 7 and 8 of Manski, 1988, there exists
a solution ¥(c) to o"'?S(¥.c) = 0 such thac 0'*((c)-y,) has a limiting normal distribution with

mean 0 and asymptotic variance
7' Q(yp.C)" (14)

provided 7 = E[an(w,,.c)/a\V] is invertible where Q(y,,c) is Var{U;(c)} with
Ui(e) = Ugva.0)-
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Proof: The theorem follows from general resuits on estimating equations since, by (10).

E[Ul¥o0) | Xi] = 0 as)
For use later, define
TnlX) = E[Ha) | XJ . (16)
&) = H(P) - 1(X). and & = (). Theretore,
Hivn) - 3X) = & + qoul(X0) - 3K (n
[t tollows from Eq. (10) that
Elg|R.X] =0 . (18)
Note that .
Var{Uc)} = plim{n”' £, {Ui(¥s.c) - Ui(¥5.0)}] (19)
and
7 = EaU y,.c)/o¥] = plim [.r' T (R, X)) 3H(,)/ay'] (20)

A consistent estimator of the asympiotic variance Eq. (14) is given by substituting y/{c} tor
¥y on the right-hand side of Egs. {(19) and (20) and ignoring the “plim.”

3c.2 A Semiparimetric Efficient Estimator

Define wau(R,X) = {Eles! | RuXJ}" and po (R, X) = E[H(¥9)/3¥/|R,X] ; and
Be(Rir XD 3 Wy (R X o (R, XO-ElWoge(Ri. X)) | XiJ ElWou(Ris XD e(Ri, XD | X}, (Note:
E{8on(RyX) | X3 = 0.] Define ¢, = (GopoBp)- Then Var(n'3(¥(c,,)-vol attains the semi-
parametric efficiency bound in the sense of Begun et al., (1983) for estimating ¥, under the
sole restriction Eq. (10). This follows because n'2S(yy,c,,,) is the "efficieat score” for v,
under the restriction Eq. (10) derived in Section 3 of Chamberiain (1988). The additional
restriction that p[R;=j | XJ=1/J, je{1,---.]} has no effect on the "efficient score” since it is a
restriction on the joint distribution of (X;,R,) which are S-ancillary for ,. It follows from Eq.
(14) and the weak law of large oumbers that the semiparametric efficiency bound is

Var* (o (cq- )l = | E { w'(:—;/'c")} Q2n

(Chamberlain 1987, 1988). It follows from the theory of semiparametric efficiency bounds
that 0o estimator which is regular under the sole restriction (10) can have asymptotic variance
less than (21).

3¢.3 [dentification

Eq. (21) bas implications for the identification of ¥,. Under the regularity conditions in
Chapters 7-8 of Manski (1988), a necessary and sufficient condition for ¥, be locally identified
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is thac E[3U(¥,.c,,)/¥'] be invertible (Manski, 1988). if, in addition. H(y) is linear in ¥ and
E{BU;(\#,,.C)/N’] is invertible. then ¥, is globally identified since. then. E[n'?S(y.c)} = 0 only
if ¥ = yn.

As an illustration suppose that the p* column of E{aﬁi(‘p,,)/aw kRi.x.J does not depend on
R.. Then the p* column of g, (R;.X;) is identically zero, E(BU._(\&,,.C_)/&V ] is not invertible
and ¥, will not be idencified. As second illustration, consider the special case in which there
exisws no dam on pretreamment variables. (So X has a single realization.) Then it is easy to
see that E{an(\p,..c_)/alV] cannot be of full rank if the number of parameters v in y, is
areater than the product of K and (J-1) where ] is the number of treatments arms. Later. we

consider additional restrictions under which y, is identified even if v>(J-DK.
Sc.4 Additional Remarks

Since Co(R;,X;) depends on unknown population parameters, the esimator YA(Co) is not
feasible. But a partially adaptive estimation is possible if we hypothesize that ¢ (R;, X)) is
known up to 2 finite vector ofunknownp;g.mcmxs 6, and estimate 8,. It follows from our
results that, under BY. (10), for any fixed ¢, an asymptotically distribution free test of the null
hypothesis ¥, = 0 (and thus of the intenrion-to-treat null mean hypothesis) can be obtained by
setting ¢ = O and comparing (038 (y.cY){ Var{n ' 2S(¥.)} ' [02S(¥,¢)] 10 2 x; distribution
with the variance estimator based on (19). In this sense, our approach is cousistent with the
usual-intention-to-treat analysis described in Section 2g. Since ¥, = O oeither implies nor is
implied by the G-oull bypothesis Eq. (6), this test is not an asymptotically distribution free test
of Eq. (6) without additional assumptions.

35  An Expanded Class of Estimators

In this section. following Robins, Mark, and Newey (1992), we first show that, for a
fixed ¢, given an inefficient estimator J/(c) we can use models for the known probabilities
p(R=r| X;] 10 produce a modified estimator ¥(c) that is guaranteed to be at lcast 2 efficient as
3c). We now allow R to be continuous or discrete. We redefine p[R=r| X to be fir| X}
where flr | X is the density or probability function of the random variable R conditional on
X, Then. let fir| X; ; @] be a parameric model for fr| X;], such that for a unique a,, we
have fir| X;icq} = flr| XJ. Note that in our randomized trial, this implics that flr| Xooo) =
/1. Let & be the maximum likelihood estimator of o based on the observables (X;.R)) solving
£S.i(a) = 0 with S (@) = 3fogf(R, | X,;a)fda. For a given choice of c. define J{c) =
¥Ac.&) 10 be a solution 10 0=n""S(y.c.&) where S(¥.c.a) is defined like S{¢.c) except d(R;.X)
is replaced by d(R. X;.c) = g(R.X)-{ | 8(.X)-dF(r| X,e)}. Note ¥{c.aw) = ¥(c). Thus
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uge can view Y{c.&) as the estimator obtained when we ignore the fact that we know the truth
@, and. instead. substitute o for a,.

It totlows from Newey (1990) that, under the regularity conditions in Chapters 7-8 of
Manski (1988). n*3(d(c.a)-¥a) is asymptotically normal with mean 0 and Var*{n'*(¥(c.&)-
Do)l =7 @*(Yg.Cr7" 7 where B¥(yy.c) = Var{Resid(Uy(c).5.0}. S.;i = S.i(a).Resid(A.B) =
A-E(ABWE(BBY})B. 1*(¥.c) = n'LResid(Ui(¢.c).S, (&)™ is cousistent tor 8*(yn.c) where
Resid(A;.B;) is the residual for subject i from the least squares regression of A; on
B.i = l....n. It follows that $(c) = Y(c.&) is always at least as efficient as {c)=y(c.an).

Cunsider an vbservational study and suppose. based on subject matter knowledge, we are
willing to assume that Eq. (10) held for some possibly continuous random variable R. Then.
even though flr | X;} will not be known, we will still be able to n'*-consistently estimate the
parameters of our SNMM if our model for f[r | X, : o is correctly specified. Indeed, as
discussed in Newey (1990), if we can produce non-parametrit density estimates f(r| X) of
f(r| X) such thar the associated estimator (R, X)) converges at a rate of n'* or greater to
d(R;, X)), then. under regularity conditions, the above procedure will produce n'? consistent

estimates of .
3d. Idenrification and Estimation of E[Y]
Our main result in this section is the following theorem proved in Appendix 1.
Theorem 4: [f there is po-current-treatment-interaction with respect to rz for a particular
GeG(z). then E[Yyg|R=1] - E[Y,guo|R=1] =
=k - - m=k-] - -
[{] I cczmia - [] dFlzan | riwial - dF(m| 0 (22)

me) m
where 2, ="G"(z).

It follows that if ¥'*/(k.r.2,,4,) is known then, under the supposition of Theorem 4,
E[Y,c|R=1] - E[Yycao| R=1] is identificd based on the observables (R;,AZ,Y)) (and,
therefore, E{Y]-E[Ygaol is also identified) even if the maintined assumption (4) did not bold.
But, if y=*(k.r.2,,,3,) is known, E[{’G_‘,] is identified by Theorem 1, and thus E[‘-{-G] will be
identified. The assumption of no-current-treamment-interaction with respect to 1z is. in
principle, tesmble in the sense, that under mainmined assumption (4), it places a further
restrictions on the joint distribution of the observables beyond Eq. (9). Specifically, it implies
that the entire integral expression (22) is not a function of r, although each term within the
integral may depend on r. Thus. we would not expect y{c,,) t0 remain semiparametric
etficient. i

It follows from Eq. (22) that, with z,=?¢,, if there is no-current-treatment-interaction with
regards to 1z tor all GeG, then y'™l(k.r,z,,.1,) being identically zero implies the G-null mean
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hypothesis Eq. (6). and thus the test of ¥n=0 of subsection 3C.4 is an asymptotically distribu-
ton-tree test of Eq. (6).

Even if the densities f{z;., | r.z,.5;} and the functon ¥Y(k.r.Z,.3,) were known for all j.
Eq. (22) camnot be evaluated analytically. A consistent estimator is obuined by the following
simple Monte Carlo algorichm.
For v={1.-.V}
Step |; Draw z,, from f]z,] r}
Step 2: For me{l,-- K-1}, recursively draw z,, from

iz | T, Zois "G (Zai )l
Then, for ke{1,"--,K}. coniismnt estimates of E[Y, g| R=r] - E[Y, cao| R=1] are obained

as V-»o by
Vol _
V.l E E ‘Y(ul(k‘rv-inviin.v) whcm aﬂ.' = .G.(zﬂ.v)

vel me0

Of course in practice the function y'*(k,5,Z5,2,) and the dessities flz;., | r.2;,3;) are
unknown and must be estimated. In practice, under mainained assumption 4, we will estimate
(K1, 20 ) by specifying a SNMM y(K.L.Zp, Zn,¥s) and estimating v, by Pc) as discussed
in the preceding section. Suppose that, for all k, the dimension of z, is large so that, in
practice. our ooly choice is w0 sample from a parametric estimate of f[z., ] r.z;,%]. One
approach o estimating the densities flz., | r.2;,3]] is to specify a parametric model
fiz,., | .2;.; ; 8] depending on a vector of unknown parameters 6 and estimate &, by §

K-1

maximizing [ {1 f1zasrs | ieZmindmi s 0] - f1z0:6]. However. we show in Appendix 2 that if

m=0
2, conins y,, our parametric model for f{z., | 1.Z;,%;} may be incompatible with the joint
assumption that (4) holds and our parametric model for 12k, 1,Z,., 1) is correctly specified.

Furthermore, even if z, does not contain y,, our paramearic model for flz., | 1,%;,%] may be
incompatible with the joint assumption thar (4) bolds, the supposition of Theorem 4 is true,
and our model for Y®(k,1.Z,, ) is correctly specified, since this joint assumption implies (22)
does not depend on r. Under additional assumptions given in Section 5 below, these incompa-
tibility problems can be solved by using the "simulation algorithm" and the likelihood function
‘P(¢.8) provided in Appendix 4.
Je. Discarding unnecessary covariates

[t may be of interest 1o reduce the dimeosionality of the problem By finding 24eleess w, of
the covariates in z, that are still sutficient to identify EP—!G_‘;,]. Now, providing we specify a
fiexible SNMM. E[?G.,;,j will be identified fronrdata in w, provided there is no-current-

(reatment-interaction w.c.t. rw. Specifically, for each k. let w, be a subset of the components
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of z,. Let G{w), Pz, ¥™(k.n.Wn.4,), and *no-curtent-treatment-ineraction with respect to
rw” be defined as above with w replacing z. Note G(w) C G(z) and any G ¢ G(w) can he
represented by a function “G™(W,). [n Appendix 1. we prove

Theorem 3: If there is no-current-treament-interaction with respect to rz for G ¢ G(w) and

either
(N - - -

ALIZ. | "G Wy ), WaR : ex))
or
2(a)

Y™z 1) = ¥™(k,nzi?,3,) (24)

whenever Po(z5")=Pz(zL”) and
(2b) = - - )

We. UZ, | "G"(Wo), Wa.R (25)

then there is no-current-treatment-interaction with respect to rw for G.

Note that Egs. (23), (24) and (25) can be subjected to empirical tests.

4. ASSUMPTIONS GUARANTEEING NON-PARAMETRIC IDENTIFICATION AND

OBSERVATIONAL ESTIMATES

To use the approach introduced in this paper, we must assume there be no-current-
treamment-interaction with respect to rz. No matter how many covariates are recorded in z,,
one can never be sure that one has collected dat on all the necessary covariates. Neverthe-
less, we would expect, that by polling a number of patients as to what factors influence their
decision, we could obtain a near exhaustive list of all determinants of actual AZT treamment
and try (o record the requisite data.

An apparently more disturbing aspect of our approach is that even if the assumption of no-
current-treamment-interaction w.r.t. 1z is met, differences in regime-specific mean T4-count that.
would be observed under complete compliance and, more generally, E[‘?G]-Eﬁ_c.o] for
GeG(z) are still not non-parametrically identified from the observables (&.K..Z,Y’Q. Rather,
these differences are identified only if the population is known to follow a multivariate SNMM
(KL, Zyp 3 Vo) With respect to rz. In fact, non-parametric identification of E[‘?G]-E[?G.o] is
possible under an additional plausible assumption. Suppose, as discussed above, we succeeded
in recording in 2, da on essentially all decerminants of AZT dosage. Then we would expect

4 a2

for all &2y, r.z .4,

At

E{Yk.l;- i__‘,) I l";m .5’._._6-] = E[Yt.u'qi_,,) I r‘im ‘;m-|.a':":’] (26)
would be true.  That is. the T4-count at t, that would be observed in the absence of further
AZT treamment atter ¢, is mean independent of 2, among subjects with history r.z..a,,. We

then have
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Theorem 6: If Eq. (26) is true and for all GEG(2), there is no current-treatment interaction
w.rt. 1z, then y™(k.r.z0,22) a0d E[Yo] for GE G(z) are identified from (Ri,A;.Z,. Y.

L]
Specificaily, for GE G(z) and m<k, and all .z, and with [] = 1 if b<a.

E[Yeo| fZaZar = "G @atal = ElYyol 62020 = "G @] @n
jek-2 - -
EMyo|r202m,="G @il = [~ ENrA GBI [] dF (7.1 %76 ()11 28)
jem
E{H, | Zn.30.0] = E[H; | T 2a1] 29

Proof: Eq. (27) is an immediate consequence of the supposition of Theorem 6. In Appendix
1. we prove (27) implies (28). (27) and (28) immediately imply that EfY) and ¥=i(k.r.2,.3,)
are identified. Eq. (29) is an immediate consequence of (27) and Theorem (A.1). Eq. 28)is
the G-computation algorithm formula given in Robins (1989, Sec. 13).
The equality restrictions on the observables implied by (4), (27), and our SNMM w.r.L.
‘rz. are (i) Eq. (10), (ii) for 0sj<k,
E{H(%) | Z201 = EHWo) | Bzt - k = (LK) (30)

and (iii) that Eq. (28) does not depend on r whenm = -1,
Remark |: SNMM versys G-computadon algorithm

Since, in view of the G-computation algorithm formula Eq. (28), when the suppositions of
Theorem 6 are true, one can consistently estimate E[\-’GJ. GE& G(z2) based on correctly specified
models for Z,., | R.Z,.A)) (cven if Eq. (4) is false), one might ask why, in this sewting, use
SNMMs at all. [Robins (1989, Sec.5) refers o this estimator as the Monte Carlo G-computa-
tion algorithm estimator.] We offer three reasons. First, if the effect of a final blip of treat-
ment does not depend on Z,, in the sense that ¥*(k.,1.Z,.3,) = y**{k.r.2,) independent of Z,,
it then follows from Eq. (22) that E[Y, ;. ; | r=RI-E[Y, o] R=1] = kf;'-,""(k.r.i,,) can be
consistendy estimated using SNMMs without having to perform the in(egx;t-i:)n in (22) or (28).
A second reason to use SNMMs has to do with the ability 1o specify SNMMs that incorporate
specific biological assumptions. Suppose that it is known. based on biological considerations.
that a latent imerval of 3 periods must occur before a treaunent applied at t,, can affect the
oucome. This implies that ¥™(k.r.z,.a,) = 0 for k<m+3. a restriction that can be
straightforwardly incorporated in a SNMM.  For example, consider the SNMM
YK LZa A ¥0) = Vidml(k>m+3) + yYya l(ksm+3). Then there is 2 maximum latent
interval of 3 periods (i.e. a latent interval of 3 but not 4 periods) if and only if ¥ = 0 and
¥, # 0. Similarly, for any SNMM. the G-null mean hypothesis is true if and only if gy = 0.
The only simple restriction oa f(Z,., | R.Z,,A) implied by a 3 period maximum latent interval
is that £Y;., | R.i,.;,) does not depend on A; where, by a simple restriction, we mean a
restriction not specified by an integral equation. But this is also the only simple restriction
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implied by a maximum latent interval of 1 period and by the G-null mean hypothesis. Thus,
there is no narural way to specify a parametric model for fZ,,, | RZ,K,) with parameter
vector § = (8,.6;), such that 8, = 0 and 8, = O if and only if there is a maximum latent
interval of 3 periods. Similarly there is no nawral parametric model for which 8, = 0 if and
oaly if the G-null hypothesis is true. A third reason is related to robustness to model
misspecification when the G-null mean hypothesis is true and the Y, and Z, are discrete, and
is discussed in Sec. (13a) of Robins (1989).

When (26) is true, we can estimate Y, by considering G-estimators ¢*(c?) that solve 0 =
n'288(y.¢) = o'?S(¥.c) + n*2S'(yY.ch) where ¢ = (c,ch), S(¥.c) and c are as defined
previously and n""S’(¢.c')=n"’“.?;U';(\P.C’)=n"")E KZ.:I Uni(¥.co) where q' = (qq,-...Gx.1)

& = (Goreria)s & = (@8) = (CovrsCia). Ca ™ ColdgRe) = (Am8a) =
{Ga(Xa)Bal@m Xa)} X = (LZo,Ha)s Qul) takes value in R¥2, go(,-) is 2 (K-m)xV
dimensional marrix-valued function, Uni(¥Ca) = du’(AumnXad(HI™(Y) - ¢ (X,.)] where
CalAniXn) = 8a(AniXad-{ | 8180, Xa)dF(a, | Xo)} and H{™(y) =
(Hyo, i(¥). - He(¥)'. Since f(2, | X)) is unknown, we shall need to consider G-estimators
PA(c®) = JA(c* : &) where & = (&'.a"), & is as defined previously, &' solves
0 = ESie" = alog[:]:ﬁ; A X, : a'l/dat where '

fAni| Xad = flAni| Xai s af] m = 0.... K-1) 3D
tor some of; and $4(c?) solves 0 = S4(y.c>.&*), and S2(¥,c2.&*) is defined like S3(y.c*)
except with dF[r| X; : &} and dF[a, | X,.; : & replacing the true densities. By arguments
analogous © those in Sec. 3c.1 and 3c.5. subject to regularity conditions, under (10), (30) and
(31). ¥*(c®) and P*(c*) = ¢A(c* 1 &*) will be asymprotically linear with influence functions
-ne*)'US(c®) and -r(c*)'Resid(U3(c*).53) where r(c®) = E[dU%(¥y.c*)/3¥/), and S2; =
(S..S%Y. Similarly, under (30) and (31). ¥*(ch = ¢*(c':a" solving 0 = S'(y.c'.a" is
asymptotically lincar with influence function -{r{chI"* Resid(U(¢,.c",S!) where -r(c") =
E{3U"(¥y.cN / 3y}, S"(¥.ct.a") is defined like S™(¥.ch except with dFfa, | X, ; 4] replacing
the true density, and we have used the following definition.

An estimator ¢ of ¥, is asymptotically linear with influence function B if
w?(¢-¢y) = 02T B, + 0,1) .

E(B) = 0, E(BB) < . If{ is asymptotically lincar, then, by the central limit theorem and
Slutsky’s Theorem, n'*(¢-y,) is asymptotically normal with mean 0 and variance E[BB'].
Asymprotically linear estimators ¥ and ¢* with the same influence function are asymp-
totically equivalent in the sense that n'*(y"-y@) = o,(1) Conversely, two asymptotically
linear estimators that are asymptotically equivalent must have the same influesce function.
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Note (c*) and r{c") do not depend on the functions q(?) or g,(7). We call $'(ch an
~observational estimate” since its consistency in no way depends on the fact that R; was
assigned by physical randomization. Further -r(c") = E[U(¥0,cNS,] by the generalized
informarion equality (Newey, 1990). where S, is the score for ¥ at the truth in the model
characterized by Egs. (30) and (31).

5. THE ASSUMPTION OF NO UNMEASURED CONFOUNDERS FOR Z-HISTORY
Sa. Some Implications

Henceforth. if Z_, and Y, are disjoint. we redefine Z,, to be (Z,), Y.)', so Z,, now
includes Y.

Definition: There exists no unmeasured confounders for Z-history given r if for all
GEG(z) and ali m

ZollAn| ZoR.G (Zo) - (32)

Eq. (32) is swonger than our previous assumptions in that Eq. (32) implies that Egs. (26). (27)
and the assumptionsof no current treatment interaction w.r.t. 1z are all true but the converse is
false. However. Robins (1993, Appendix 2) argues that it would rarely make substantive
sense 1o believe that (26). (27). or even the assumption of no current treaanent interaction
w.r.t. rz were true but (32) false. Henceforth. we shall assume (32) is true. We then have
Theorem 7: If (4) and (32) are true, then

(a) fZoot | RZn AR = (Zmar | ZmeA) 33)
ib) Yi(k.r.z,,3,) = y"*(k.Z,,a,) does noc depend on r (34)
() ZoliAn| Za "G (Za) (35)

(d) In the semiparametric model (a) characierized by (4), (32). (31) and a SNMM
P T ) B YK 203, ¥), semiparametric efficient estimation of ¥, and E(Y,) does
not depend on the da through R.
Proof: By a proof analogous to that of Theorem (4.1) in Robins (1986), (32) implies
Zaor | R ZmAw) = KZqani | ZaaR) for any G st "G*(Zo) = A,. But, by (@),
fZgn: | ZoaeR) does not depend on R. Eq. (34) follows from Eq. (28) and Eq. (33). Eq.
(35) follows from Eq. (33), Eq. (4) and Eq. (32) by a proof similar to those in the Appendix
of Robins (1989a). Part (d) follows by using (33) to write the likelihood for a single subject i
as

R K20 T] oo ZaA) f(Aa] K ZoR) 36)
and noting that Egs. (28), (34), and (36) imply, for each parametric submodel in which each
term in likelihood (36) has variation independent parameters, the maximum likelihood
estimator of ¥, and E(?G). GEG(z). does not depend on the data through R.
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Part (d) implies that, in semiparametric model (a), efficient inference concerning v, and
E(\-’G) is unchanged if data on R is not recorded for data amalysis or if R was recorded as | for
all subjects. That is. given (32) it does not matter that R was assigned at random, or even that
it was recorded for data analysis. Henceforth, for notational convenience, in order to allow
reuse of our previous formula, we shall assume thar R was recorded as 1 for each subject so
that R = | with probability 1 (w.p.1) in the recorded data. That is, we can regard the data as
obtained from an observational study. Thus, all our subsequent results also apply to observa-
tional studies.
5b. Efficiency Considerations

We pext characterize all regular, asymptotically linear (RAL) estimators of v, in semi-
parametic model (a) of Theorem (7d) (when R = 1 w.p.1). We first note that the restrictions
on the joint distribution of the observables implied by model (a) are Egs. (30) and (31). In
Appendix 3. we prove
Theorem 8: (i) The influence function of any RAL estimator ¢ of ¥, in the model (a)
characterized by restriction Egs. (30) and (31) equals -{r(c")}"'Resid(U%(c".S?) for some c'
and. thus. ¢ is asymprotically equivalent o #'(ch). (ii) Further there exists c!y such that
U(cl,) is the efficient score and {Var{U*(ct,)]}" is the semiparametric variance bound
(Newey, 1990) for model (a), where U*(c) 3 U'(¥,c"). In addition, -r(cty) = Var{U'(cty)] =
Var[Resid(U*(c!,),S1)] so that the asymptotic variance of $*(ct,) arains the bound.

In the following Theorem proved in Appendix 3. we provide a formula for ¢f,. Define
H™(Y) = H™Y) - doqpXe) Where QualX,) = E[H™(Yo) | X,J. Recursively define

HY) = DY) HG) = ) - T 1 V) with g =
{E(H=H"'| A, X)) - E[A=HOW| X] E[W'® | X]")W'® with WO = {Var(H'? bA, X))}

and, for example, H™ = H™(y,). Define p; = {E[dH"™(yo)/3¥/| A,,X,) -
E[{3H"™(yy)/3¢} W™ | X,] E[W™ | X_I"}W*®_ Recursively define p, = o[,

m=-1
P = p.‘.-}_:op,yj.. Note Elp, | Xu} = 0 since Efpa| XJ = 0. Ely,, | X} = 0 and p; is tixed
¥
givcn xn fOl’j < m. Let c:l.n = (Q-ﬂ.-'gd.m) with Betm = Pm.
K-t
Theorem 9: The semiparametric efficient score S4 in model (2) is S,e = [ poH™ =
m=0

U'(cly) and p H™ and p{H™ are uncorrelated if m = k. Further, the asymptotic variance of
¥'(cly) aains the semiparametric variance bound.

Corollary A3.2: If E(HH;| Az X2 = E[HH | X.] for k>m, j>m, m = 0,...,K-1. then (1)
Yo = 0forj = (@+1..k-1): (2 H™(Y) = W) 3) oy = o, =

{EIOH"™ (40)/0¥/ | An.X] - EIZA™ (y)/aW/ | X J}{Var H™ | X_J}" H™.
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Corollary A3.3: If H“"I_IA,,I X,. then the conclusions of Corollary (A3.2) are true. and our
structural nested mean model ¥™(k.Z..,3,,¥) is a structural nested distribution model as
defined in Appendix 2 of Robins et. al. (1992).

Theorem 9 is related w etficiency results independently obtained by Chamberlain (1992.
1993) although the method of proof is quite different. Specifically, if we impose the

assumption that
EMH | X] = (u(X;;ep), 0Sm<k, k = L..K 37

where ,(".") is a knowa function and wy, is an unknown finite dimensiopal parameter. then

the mode} characterized by restrictions (30) and (37) (i) is a special case of the sequental
conditional moment reseriction model discussed in Sec. 2 of Chamberiain (1992) and (ii) has
the same efficiency bound as the model characterized by restriction (30), (31), and (37).
However. for arbitrary chosen functions g(-,*), the model characterized by (30) may be
incompatible with the further restriction (37) in the sensc there exists no distribution for which
{30) and (37) arc both true. [n conerast, the model defined by (30) is always compatible with
the additional restriction (31).

The mode! characterized by (30) differs from the model studied by Chambertain (1993) in
that there exist a2 number of unknown functions E{H, | X;] and each depends only on the daua X;
rather than on al} the data (Ag.Xy).

Finally, one may wish to estimate the entire law of the vector-valued random variable ?ﬁ
rather than simply the mean. Robins et al. (1992, Appendix 2) develop miethods for doing so
based on multivariate scructural nested distribution models.

6. MISSING DATA )

Throughout we have assumed the data on the observables (R‘,K;.i.{'_i) were avaiﬁbie for

each study subject. In practice, one would expect some missing data and loss to follow-up. In

-

the set up of Sec. 5, let C* = K+1 if a subject is without missing daa and let C* = m,
m<K, if ¢, is the first time-any component of (A, X,) is missing. Define Ry = | for k<C’,
R = 0 for k=C’. Assume the dam is missing at random (Rubin, 1976) in the sense that

x = RS = 1Rl =1.XcAd = pIR; = 1| RS =1.XeAn) (39)

Set Wy = ﬁ m.k>m. Assume 7, = m(w,) where (W) = WA, Xy.,,w) is 2 knowa
jumet

function, and w, is an unknown parameter. Let & solve 0 = LS_j(w), S.(w) =

L (R + (1 - ORI - 1), Lot Anlo) = Diag(RY/ ). k = m L. K.

Then. under model (2) of Theorem 7d and (38), by arguments similar to those in Robins and
Rotmitzky (1992) and Robins, Rotnizky, and Zhao (1993), #'(c’ : &",&) solving 0 =

EU(Y.c6%.6) = L{TaRAA(AL X : GNAL(@NH(Y) - 4u(Xq )]} is asympeotically lincar
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with influence function [-r(c")]'Resid{U(yy.c" .o w0),(ST.SH}. Further E{S.S!] = 0.
Missing data may be due to loss o follow-up (censoring) or just failure to record the relevant
variables. By arguments similar 10 those in Robins and Rowmitzky (1993), there exists a ¢’ and
a mode! wk(wi such that $*(c’ : &'.@) is semiparamerric efficient.
7. MULTIPLICATIVE STRUCTURAL NESTED MEAN MODELS

Redefine yoHk.t202) = 10g{E[Y, ¢ o |1 203}/ EY oo olr 7, 3,)) and by, =

-1
yoexp{ L v™(kr.Z,.3, )} with b,(y) similarly redefined. y(k.t.Z,.3,.¥) is now referred (0

ned

as a2 multiplicadive SNMM. Then it can be shown that Theorem 8 remains true and. under its
suppositions, Ei:Yw_“-,]= E{Yw _“,,] exp[:):::,y""‘(k.r.im)] whenever yY'*(k.r.z,,a,) does not

depend on 7. If ¥™(k.r.Z,.3,) does depend on Z_, then E[Yw_i.] can be estimated using the
abvious generalization of the simulation algorithm of Appeadix 4. Note that no analog of Eq.

(22} is available.

Appendix 1

M iui-1

For 0 < m < k-1, define-the random variable Hy ,, = Y, - 4_): f“'(k-R-ij;j)~ Note
H.o, = H, where H, is as defined previously. ’
Theorem A.1: EfH, o} 6.2,.2.] = E[Yx.c-a.,‘.)l"';-j.]
Proof: Case I: m=k-l Yo ,|tZ0al] = HYyo o |radd) - vokrzad) =

E[Y, | 1.Zn3)-¥"(K.0.Z,002y) = E{Hy m, | 1.Z,.3,), where the first equality is by the
definidon of v'*(k,r,Z,,2.), the second follows from consistency assumption (a) of Section 2c,
and the third by the definition of Hy o,

Case2: m<k-1: We proceed by induction and assume the Theorem is true with m+ |
replacing m and show it is true for m, which together with Case | will prove the theorem.
Again, by definiton,

HYeoni | 1 Znda) = fYiouim] £Z.3,) - YUz, L) (A1)
But, E[Y,‘.G _(Lmlr.i_,in] = I dF(a,_,.z,., Ir,i_j.) . E{Y._G i Ia_,,,z_,‘,r,i.jm] =

IdF(a....l..... |K-2,.5..) * E[Hymen | 2me1oZne1sT Zar3a), by the induction assumption. Thus.

the right hand side of Eq. (A.1) equals E[H,q.y | .20.2.] - ¥=i(k,r,2,,3,), which, by
definition, equals Hy , whea (R,Z,,Ag) =(r.2,,%,) proving the Theorem.

Corollary A.1: E[H,] = EY, ..



STRUCTURAL NESTED MEAN MODELS 2401

Proof: 1f m=0. E[H,| r.Zo.T] = E[YyGao| .Z0. 3} by Theorem A.1. Now ake
unconditional expectations.
Theorem A.2: If there is no-current-treatment-interaction with respect to rz for a particular
G*:G(z). then

o7k 1.2,."G**(Z.).G*) =

[ {j;gfﬂ'(k.r.i,.'G"(i,))}'{j;ﬁI[dF[g_. 02,76 (Il } (A3

Proof: Case 1: m=k-1: The right-hand side of Eq. (A. 3) equals y'*(k.L.Zn."G*"(2x)) by
direct calculation. But. ¢*™(K.1.Zp."G**(Zp1).G*) = E[Yege | 02 "G*"(Z)] -

EY, garisol T Zme G "G = HYiugasol 120 G" &) -

EI'YW_.G..li«,_u,'r.im.'G' '(Zm)] = y®(k.r.Z,,"G*"(Z,)) where the first equality is by the defi-

nition Eq. (8). the second follows from consistency assumption (b) of Section 2¢. and the third
hy the definition of ¥'™(k.L.Z,."G*"(Z,).

Case 2: m<k-I: We proceed by induction and show thac if the theorem is true with m+1
replacing m then it is true for m. In conjunction with Case 1 this will prove the theorem.

$, 17, G (Ea). G = HYyg-~Yygugorg o) | 1Far "6 E)] =
E[YLG"YLG-(-G-'(i,).o) I 1Z,."G * "z, )] + YUk, "G*" (@) =
IE{YLG‘ “Yegasdon IE--I 12,,°G@, )] - dF[Zy., | 020, "G*"(Z] =

Yk 02, "G*(Z) = [*#l“'(k‘f:i...-'G' "z,).G") * dF(z,., | .2 "G* @]+

oKk 1.Z,,"G*"(Z)), where the first equality is by the definidion Eq. (8), the secound by the
definition of ¥'™!(k,r.Z,,"G*"(Z,)). the third from the laws of probability, and the fourth by

our induction assumption. But, by a straightorward calculation, the right-hand side of the last
equality equals the right-hand side of Eq. (A.3) proving the theorem.

Proof of Theorem 4: Theorem 4 in the text follows by setting m = 0 and then integrating out
Z,.

Proof of Theorem 5: By the definition Eq. (8), it is sufficient to show
E{Yk.G' - YLG ’(;m-l'o) l ‘;m'.G ) -(‘.vl-l)‘r'aﬂ] = E[YLO'_YE.G-G_,,.D) | Wm'-G ) -(‘;m-l)'r]
for a_='G""‘(Ln,\Tlm). Bur E[Yk.c' -YLG-(i_,,.O) | ‘;_,'G - .(;vu-l)'r'an]‘a‘

I E{Yk.(r _YR.G-G_,..U) I ‘;m';a'-G ) ‘(\-vm-l)'r‘au] : dF[i_l W "G** (W 1101120
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Now the first term in the integral does not depend on a, by the assumption of no-current-
treament-interaction with respect to rz. If Eq. (18) holds. then the second term also does not
depend on a, which proves the theorem in this case.

Furthermore. the first term in the integral is given by Eq. (A.3) since z,, determines w,,.
But. by direct calculation, when Egs. (19) and (20) hold, Eq. (A.3) only depends on W, and

not further on %,. Thus E‘[Y,‘.G.-qu;w o] TG i) =

BY. o Yiguim l w,."G" '(Wm_,_.r] which proves the theorem in this case.

Theorem An3: Eq. (27) implies Eq. (28):
Proof: Case I: m = k - 1. This case is an immediate consequence of consistency
assumption a.

Case 2: m<k-1: We proceed by induction and assume the Theorem is true with m+1

replacing m and show it is true for m. which twogether with Case | will prove the theorem.
E[Yk.clr-zuﬂm ="G"Z,)] =
I qyk-::lr'in-v;u-l’ .G-(;n-l)'all]dl{a“'z-d|r'zn'im-l’ -G.(Em-l)] ° (A-4)
But [ B, ot Zande= "G () = EY, o|rZ0.03.%"G"@)] by @7). So the R:H.S.
of (A.4) equals I E{ler.im,,.i,s ‘G'(Z_)]dl-'{z_,,l rz,.a,,="G"( Z_,,)] . Now apply the
induction assumpton to E{Ym|r.i_-|j_. -G'(Z,_)] .
Appendix 2
We first show that parametric models for ¥'*'(k.1,2,,4,) and flz;,, | r,2;.5;] are compatible
under Eq. (4) or. subsequently, Eq. (9) when z, and y, are disjoint. Let w, represent all
componeats z, other than y,. Then we can write the observables (R‘.i,'i‘,zo_ as (R,,\—’i,\—fli.,x().
Consider the one 10 one transformation mapping (E.W‘.r,.:‘) into (y;,W;,r;.3) where y; is
recursively defined in terms of (E,w;.r‘.xo as follows:
mek -1
Yoi = hop¥ei = by + }_'.,o ¥k, ;.2 1,3 ) Where the Z,; are recursively known for m <
k. It follows from this recursion formuia that a;i/aﬂ,’ is a lower triangular marrix with ones
along the diagonal. Thus the Jacobian determinant of the transformation is one. It follows
that any function y!"\(k,r,2,,%,) and any joint distribution for (ﬁi.WhR;./_\i) specifies a unique
joint distribution for (R;.?i.ii,;i). Further any density f(w;,%; | r) is compatible with the
restriction Eq. (12). (Of course, Eq. (9) plus a particular density f(w;,% | r) implies a

resinction on the density (I, | ®,.7,.r).] It follows that any function v'™(k,.Z,,3,.) and any
density fiz., | r.Z;.%;] are compatible under restriction (9) if z, = w, for all k. Indeed, since
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the likelihood can be factored as f(l-:;l w,.%,.r) f(w..3;| r) p(r;) and the parameter ¥, of a
SNMM enters the likelihood only through the first term, the data (%;.4;,r;) are S-anciliary for
. Thus. when z, = w,, specification of parametric models for f[z;.. | r.%;,%;} do not aid in
the estimation of Yo.

{n order o show that parametric models for ¥*(k.r.Zn.3,) and {lz;., | £.2,.3;} may be
incompatible under Eq. (9) when y, and z are not disjoint. it is sufficient to show that there
exists some function ¥(k.r.2,., 4,) and some density flz;,, | .2,,3;] for which there is no joint
density for the observables (R;.?i.i;.;;) satistying Eq. (9) that is consistent with this function
+K.1.2n.2,,) and density f1z;,, | 1.2,.3). Choose the tunction 7K. 1.2, d,) to be identically
0 and asswme y, is conined in z,. Then, by Eq. (9). E[Y, | zo.R=r1] = E[Y, | zo.R=r*].
Thus. it cannot be the case that E[Y, | z.R=r.2] > E[Y,|z,R=r*2a5] for all 2,

But. it is clear there exists densities fly, | Z.f.3,) for which this inequality is true.

Appendix 3
Proof of Theorems 8 and 9

We first provide a characterization of the nuisance tangent space for our model (Newey,
1990). To do so, let Eq. (30m) be defined like Eq. (30) but only for k = m rather than for
k = (1,....K). Let model a, be the semiparametric model characterized by Eq. (30m) and
(31). Let models b and b, be characterized by Eq. (30) and Eq. (30m) respectively. Since
model (a) is the model defined by models a, being true, m = 1,...,K, the nuisance tangent
space A* for model a is the intersection of the nuisance tangent spaces Ay, for the models a,
[

At = AINASL..NAL (A3.1)
Likewise
A = ANAYL..NAY - (A3

where A and A, are the puisance mngent spaces of the models b and b, respectively. In all
four models, the parametric component is the parameter y,. We then have by standard Hilbert
space results
Lemma A3.1: A% = ¢s{AY* :m = 1....K} and A%+ = ¢s{Ay* :m = [.....K} where L
stands for the orthogonal complement of the subspace and ¢s{-} refers 10 the closed linear
span of the subspaces - The pext theorem characterizes Af* and A}+. It is proved in
Appendix 4.
Theorem A3.1: (i) AP* = {U(Yo.q%e, 89} and (i)
At = {Resid[U"(¥0.q%. 80 + M™(q™.g"*).5 1]} where g° = (gg.-- 8ua)s 8™ = (Guorre80)-
Q% = {Qureen@0)s G° = (Qouee lp)s Bn(An.X,) is an arbitrary v - vector valued function of
Ay Xe)s Un(Xe) is an arbitrary real valued function of X,.q%. = E[H,| X,
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UM(n.q ) = ‘% Us(¥0.95.25), US(¥0.0meln) = (A Xo) {Hi(¥o) - Qu(X0} with

LA X) = £alAn ) - ElgalAn X Xol. 200 MUGHEY) = T (A X 0ulXo)

The following corollary is an easy consequence of Lemma (A3.1) and Theorem (A3.1).
Corollary (A3.1): A™* = {U'(¥o.4'e.g"} 20d A** = {Resid[U"(%o.q".g".S11} .

Proof of i):

According © Theorem (2.2) in Newey (1990). the influence function of any RAL
estimator of ¥ in a semiparametric model with nuisance tangent space A and finite dimensional
parameter  is of the form E[AS,JA for some A€A* where S, is the score with respect 1o ¥
evaluated at the muth. Theorem (8i) then follows from the characterization of A** provided in
Corollary (A3.1) and the generalized information equality (Newey, 1990) identity
-E[aU'(¥0,q".8") / 3¥] = E{U*(¥.q".87S,].

Proof of Theorem (8ii) and Theorem 9:

In Lemma A4.1 below, we prove that the efficient score S in models (a) and (b) is the

same. Now by definition. in model (b), S = IfS, | A%*] where IT is the Hilbert space

projection operator. Thus, by Lemma (A3.1), S,¢ = IS, | £s{A}* :k = I....K}]. A Gram-
Schmidt orthogonalization can be used to show that #s{A}* ;k = 1.....K} =
es{As:k = 1....K), where A],, = {d(VJH™ :E[d(V,) | X,} = O} with V, = (A,.Z,). Since

AL LA, form # k, it follows that A = ATOAD DA where @ denotes a direct sum.
Thus, S = :}:ﬁ[s, | Aj.:]. Now it is straightforward to show that for any B = b(V,).
I[B| AL} = EBH™| V,] - EBH™W™ | X,] E[W™ | X,]"W™H™. Hence, by the
generalized information equality -E[dH(y,) " /3y’ | V] = E[H™S, | V], we obuin
TI(S, ] Ai.\] = pH'™. This proves Theorem (9) and (8ii).
Appendix 4: Proof of Theorem (A3.1)
Before proving Theorem (A3.1), we recast models a, a,, b, and b, in a way that makes it

easy to simulate data from the model. to write down the likelihood function, and to

characterize the nuisance tangent space. Write

Y, = H, + :);“;y"“(k.R.i,.,;,;%).k = 1.....K and consider the identity H, =

H, - E(H,| V..) + :i_LE(H.IVm) - E(H,| V) + E(H) = o, + :;: 4, (V) + B where,
fork = 1K, Vy ® (AuZ) m (ALX) = (AnY W), o, = H, - E(H, | V.., Bx = E(H)).
for 0sm<k. §,(Ve) = Qu = E(H,|V,) - E(H,| Va.) and. by convention. :);L S, = 0 for

any S, when k = 0. Detine 05 = Y, - By with 8y = E(Y,). We shall consider the 1-1
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where 7, = {¥.0u2.050:6as61a :m = 0.1,....k - 1} is restricted only by

J’(dF(([Vx.u 16.) = 0.

Theorem A4.L: For any B = bV, IB| A¥*] = [I(B,| A¥*) + T M{Ba| AT*] where
B, = E[B|opVas) - E(B| Vil Ba = E(B| X-E(B| Vo). H[B | A =

£ Renre - Tam ERimsWow x| Ko i Womi € 208 o <k T | A7) =

(R e - To. mERY. meWon | X)Wy €5 Here, ve recursively define, for m = k-

-t

1.0, W2 = Varl€ o | Vol T = ElWo | X,] with €y = 04, € =
-1

Wee€mon T + Qu = Hu + L Fu€gune Fp =-1 + Wy T H,=0 H, =
jeme

H, - E(Hy| Xou] = & + T Qi Rex = E[Bo| Virl, Rgux = ERugWoe Tk | Viri] a0d. for
jom

j=0.cru-l, Rim o = EBQu | Vol Rl = EIRGW, TV, ).
Proof Deferred

As a corollary, we obtain the following characterization of the efficient score in model b,.
Corollary Ad.1:

In model by, the efficient score for ¥, Sty = (S| Al*] = I[B, | A}*] with
B, = E[St] 0,,Vi.] - E[S%] V] where S§ = log%,(y.0)/3¥ evaluated at the truth and
Rex = -E[0H(W0)/3¥' | Vil
Proof:
B, = 0 since E{St| V..] = 0 by the conditional mean property of scores. Further,
Resn = -E[8H(¥0)/3¥'| V.. by the generalized information equaliry.
Proof of Theorem (A3J. Li):
(. x
AL = iD =¥ d(V,,)€n Eld(Voa) | Xoi] = 0} since. by Theorem A4.1, TI[B| A+]
mel
is of the form D and, using the characterization of A} given in the proof of Theorem A4.1
below, one can show by direct calculation that for any D. D LA} Thus,

3 -
A S (UWniad) = | I A0V Foa BV | X = O} since d(Vor )€ =
T (Vi) Huygo e Where E[GI(Ve) | Xyl = 0 with dj(V,) =

1ek-m-1 b ’
AV ) {E 2 T [14F, ,J*>" " and 1 = lifb<a. A similar argument shows

tea

that {U(¥o.qts.8")} S AL proving Theorem (A3. ).
Proof of Thegrem A4.1: By formally differentating the likelihood £,(¢,8) with respect to 6,
it follows that the nuisance tangent space corresponding to © is
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rranstormation ot the observables (?.\-.\XIK.;‘K) 1o (EK.\;/K,RK) with Jacobian determinant of
one (see Appendix 2). Note for any ¥, E{o | Vi,] = 0 and E{Qu | Vil = 0 without any
restrictions on the joine distribution of the data. Restriction (30m) implies Q. =
4a(Z. V) ® 44(X) is ot a function of A, Conversely Qg = 4,(X;) implies (30m) holds.
Hence model (b) is characterized by

(o] Vo) = 0. E(Qu] Vi) = 0. Q = (X, 0 Sj<k k = L. K (A4.])

Model (a) is characterized by Eq. (A4.1) and Eq. (31). Model b, is characterized by
(A4.1m) where (A4.1m) is (A4.1) but for k = m only. Model a, is chamacterized by Eq.
(Ad.1m) and Eq. (31).

Simulation Algorithm: To produce a random draw. V from a joint distribution satsfying
the reswictions of model b, choose a SNMM v'™(k.Z,2,,.¥) and, for m = 0.....K, densities
f(0, | Vo) satisfying E(0n| Vi) = 0. fAa] Xo), f(W,| 0a,Viar), constants S, and functions
G0 Wi, Vi), k = 0....m - . Then, beginning with m = 0.

Step (1): Draw g, fom (o, | V).
w-l - -

Siep (2): Compute Y, = 0 + B + L Qha(€aWiVi) + ¥Y™(m.Z,. A ¥) with
k0

(00 Wi Vi) = Qo0 Wi, Vi) - § T il Wi Vi )AF! (W\-l ahvbl)dl:(akl Vi)

Siep (3): Draw W, from (W, | 04, Vo).

Step (4): Draw A, from f(A,] Yo Wo,Va).

Step (5): If m<K. increment m by | and return to Step 1: else stop.

Likelihood Functions: Later we shall need the likelihood function £,(y.©) for model b,
where £,(¢.0) =
(V| YaVa 1 @)M10(#:0,.05:89 | Vi 189 I n  {f(As | X 3096Za | Vot 00} © =
(8,.....8,), and 0,(¢.6,.6..6,) =
Y0 ): YUK, Zep Ao ) ): UalXe 109 [42 (2. Vio 1 O)dF(za | Viry :60) where
6,.6..6,,0, and O, are infinitc dimensional nuisance paramerers. 6, is a one dunensnoml
uvisance parameter. Q. (- : ;) is an arbitrary function indexed by the parameter ©,. and the
only restriction is | tdF(t| Vy., :6,) = 0 so that Elo, | Vi =

The likelihood function for model b is R

X
L(y.0) = Jlﬂok(r’k) l Vi 18] ﬂwkl Y.V :e\)ﬂAkl Y Wi Vi, 164
where
- - k-1
o) = Y-O-v'™(k. 2. Ar¥)- Zoql:\l(Ym'wm'vm-l 1O~

jq.;. Yo W Vont 2 OsedtIWo | Yo Vit 1 Q1010 | Vin : Osldy s,
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A= AL+ A+ AL+ AL+ A+ AL where AL = {A} = dl(Vi i EIAL Yy V] = Oh
Al = {A! = 20, V,.) sE[A}] V,,] = 0 and E{Ajg,| Vy] = 0} since Elo,| Vil = 0.
A= :EQA:, A= :2::;1\;,. and A} = :)-;LA;". Al is the contribution to the nuisance tapgent
space corresponding to the nuisance parameter ©;. Here
AL = (AL = 23(V,)sEIAL| Xal = O} A% = (AL = 23(Ze.Vad) iElAL| Vel = 0}.
AL = (Ah = ALAYD = SALIALEAL ) AL = (AL = Au(AD) =
AL + SEQuAn| Vel :ARE AL} AL = {A] = a5,;2€R7}, and §, =
dlogtla, | Vi 2 ©:]/80, evaluated at the wruth.

Al and A2 are each orthogonal to ail other subspaces in A}. Foreach B = b(Vy). we

need to compute [1{B | A%] so that we may characterize A%, However, the AL, Af, AZ,, and
AL, are not orthogonal. But let

Ta = HTa|V..)
and define A% ={A% = ALALD) =AW €y s AREAL), Ay =
(Al = AL(AD = A - EIQuAL] Varl(Tia) Tl Was €y s ALE AL,
A! = {a€y ;a€R"). We then have A} = ABAOADADAIDA! where
Al = K@ Al ® M, § = 4.5, simee
(i) Aore = {TIAL ] AF4 ] Al € Alened} by TALAD | AR = ALWq i €y for m<k:
() Ry = AL | (B30 B 0) 15 At € Ao} by @ THALAD | 4341 =
ALAD = A - EIQuAM | Ve Woin €0 20d (6) THALEIQuAL | VW € ave | A1 =
AS(A2) with m<k by Theorem (A4.2c): o
i) A%, = (M Ad | (4@ A, OR), )11 A x€ Avn ) by (i) above and. for

m<k-1. {ALWiin Eu] (l-\:k-me Al = AuWian €qin by Theorem (A4.2b).
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(iv) A,y = (A (AR A, BA @ A )* )t At € Aeax } by applying ii(a)
above, then Theorem (A4.2b) gnd finally (iib) above: etc. and
) A = {TTAL | (AZD A @ AD*] 1 ALE AL} by TIIAY@) | A*] = aW.y 1 €4, and then
applying Theorem (A4.2b) recursively.

To compute [I{B | A»+], write B = b(V,) as B} + B, + :)_;:B_ + .)-:LB,’_ where B, and B,
are as defined before and Bl = B - E[B| ¢, Viu]; B2 = E[B| V] - E[B| X.]. Since BIEA

and BLEAL it follows that TI[B | A¥] = TI[B| Ab] + T II[B, | AY*] which can be shown™
L ]
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to be as given in Theorem A4.1 by repeated application of Theorem (A4.2a) and (A4.2b)
below.

Proof of Theore: 1ii): [t is casy 10 show that the nuisance tangeteeggec in model a, is
AL+ AL+ A + Al + A} + Al where A® = {A® m aS.';a any constant matrix such that
aS,'ER"}C A}, and A} = {A] + A} - A’;Al€EAL AlEA], A'€AY}. Therefore,
(B | Ar*)} = IB| A}+) + I(B| A>). But

NB|[A**) =11 k)';l B,},II'\“J = Resid [:é B;,s,'] where B} is defined above. But the set

me0

(X B2} equals { T {atAn X-BleAL X | X000}

e
Theorem A4.2: Let G, = g(V,). D; = d(X;) with E[D;| V,,] = 0. and D] = d'(X,). Then
(a MD;{A%*) = Djifj<m and M[D;|A%*) = EIQuD;| Vot ]Wimix € if j = m:

(b) MG Wox Emuix | (Aae + Al)*] = &, + £, where

£, = {Gp - THE[GoWa | X} Wik €perx 200 L = GimrgWimin €aa With
Gim-ix = ElGuWr Tt | Vil . [Note £, = 0 if g(V,) does not depend on A.,.|
(©) MDATai W € @i | Ali*) = EDLTEL Vo HTruTad) "W € rrx -

Proof: We first prove Theorem (A4.22). A% = {O(B) = 0,0,(B) :B = b(V,)} where

O,(B) = E[B|X,] - E[B| V,,,] and Oy(B) = A%(B). Then O%B) = O!O}(B) where "*"
denotes an operator adjoint. O}(B) = O,(B) and

OX(B) = B - EB(TayTow)"Wok € metuc| VenoilQue - Hence OYD) = 0 if j<m and
O%D;) = D;ifj = m. Now. by sandard Hilbert space results. IIfD; | A%] = A%L(AL) where
A, satisfies the "normal equation” O'O(A;) = OY(D;) . Now

O'O(AY) = AL + 1, (T Qe (A4.2)
where v, = E[QuAn] Vo). Thus AL =0 if j<m, Further, for j = m.
D, = Aj + rp(To) Qu - (A4.3)

Upon multiplying both sides of (A4.3) by Q_, and taking conditional expectations given V,,_,.
we obtain E[QuD;| Va1l = vy + vud(Ta)'var{Qu | Va_,]. Hence v, =

ElQuD; | Ve ITeaWiaix since {Toy + var(Que | Voo )} = {varl€ | Vo ' = Wgiix
Now A%(AD) = AL - e i(TaTu) ' War € mary = D; - o (To) ' [TalWes €muix + Qud by
(A4.2). Thus II[D; | A%*] = D; - AL(AD = {EIQuD| Vao )T 2We ixH(T )" € . proving
part (a).

We now turn to part (b). Given G, = g(V,) and A% = {AL(B,) =
BaWo € -1 B = BX} MG We € g (Al + AL)*] = £} + &5 where
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2! = TGuWa € ore) A4, £ = TG Wos € o | A ] Anict | A 111 simce
A%, C A% and one can check that Ayt L A%, Now it is easy to show that

TG Was € moin | Aal = ElCaWour | XalTaiWrs € moin (Ad.4)
so £, = ;. After applying Theorem (A4.2c), it only remains to prove for amy
Geot = 8(Va-1).

G (TaTo) Wa € moin | Adi*] = G Wimorne € - (A4.5)
Combining (A4.4) and (A4.5), we obtain £, = £: proving part (b). It remains to show
(A4.5). Now the L.H.S. of (A4.5) equals

G- rTruTo) Wi € i = AlAR) (A4.6)

where A, satisfies OtO(A,) = O[Gy (T T W €meind- NOW
O"Gr (T T Wik Eimornd = Ga(To) ETaiWaTal | VaulTar'Qar = “Goan (T Quae
Hence. by (A4.2),

Go(Tad " Qe = Ax + P (T Q- (A4.T)
By multiplying (A4.7) by Qu and waking conditional expectations given V,,,, we obuin
Vo = “Go(Ta) Varl Que | VI Tas{ T + varlQuu | Vel - (A4.8)

Now (A4.6) equals. by (A4.7), G (Tad (Tee)"Wok € mase + Gt Trd Qe +
2o (To) Qe + Yot Tos T Wik €iatne = (T iGos + Vol Tat Wk €mene +
(Gt + 1o XTod)'Que = (Gt + ¥ )T € =
G (T 11 - var(Qu | Va)/(varQuc| Vi) + Tl €me = Gt Wim-1x € Where the second
to last equality uses (A4.8) and the last uses Wi = Var(Qu | Vo) + Toud™ -
To prove Part (c). note the L.H.S. of Part (c) equals
DaTitWok €vmotn - Aa Wik Eimein (A4.9)
where A, satisties
01010,0,(A2) = OIOYDT oWy € einl (A4.10)
since A% = {0;0,(B)} where Oy(B) = AL(B).
Evaluating both sides of (A4.10), we obtain AsW2, €% - ElAnT o | Vil =
DITIIW2, €1, s - E[Da| V). Taking conditional expectations w.r.t. X, we obain
AlTo - E[ALTa | Viou) = Dy - E[D2] V] and thus that
Al = TA{EAIT | Vail + Dj - EDa| Vil (A4.TD)
Taking conditional expectations w.r.t. V,, 20d solving for E{AeTm | Vil we obain
E(ALT | Vaul = EID2| Vaul - (To) EDaTat | Vi) (A4.12)
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Substituting (A4.12) into (A4.11), we obtain
AL = -ED.T | Vo) TosTrd)! + DaTas (A4.13)
Substituting (A4.13) into (A4.9) proves Part (c).
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