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SUMMARY

Consider an unbiased follow -up study designed to investigate the causal effect of a dichotomous exposure on
a dichotomous disease outcome. Under a deterministic outcome model. a standard ‘95 per cent binomial
confidence interval’ may fail to cover the causal parameter of interest at the nominal rate when we take the
causal parameter to be a parameter associated with the observed study population (regardless of whether the
observed study population was sampled from a larger superpopulation). 1 propose new interval estimators
that. in this setting. improve upon the performance of the standard "binomial confidence interval.’
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1. INTRODUCTION

Table 1 contains data from a follow-up study designed to investigate the causal effect of a
dichotomous exposure on a dichotomous disease outcome. The standard analytic approach would
report the nominal ‘95 per cent binomial interval’
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as a 95 per cent confidence interval for the causal parameter of interest (when measuring the
magnitude of the exposure effect on a difference scale). Here mt, and m, are, respectively, the
observed rates of disease in the exposed and unexposed study populations, and N; and N are,
respectively, the number of exposed and unexposed subjects in the observed study population. To
ascertain whether this *95 per cent binomial interval® is a 95 per cent confidence interval for the
causal parameter of interest we need to define formally

1. the parameter of causal interest, and
2. the set of hypothetical repetitions over which we will evaluate the coverage properties of the
interval.

Suppose that, for purposes of preserving ‘internal validity’, we follow the suggestion of
Miettinen and Cook' and take the causal parameters of interest as parameters associated with the
observed study population (regardless of whether the observed study population was a sample from
a larger superpopulation or target population). Furthermore. suppose we adopt the deterministic
causal model independently proposed by Copas,? Rubin,? and Miettinen and Cook.! In this model
cach subject has a deterministic disease outcome when exposed and another, possibly different,
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Table 1. Results of a follow-up study
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disease outcome when unexposed. In the actual study we observe only one or the other of these
disease outcomes, depending upon the exposure status of the subject. Under this deterministic
causal model, two commonly chosen causal parameters of interest are the causal risk difference and
the causal risk difference in the exposed. The causal risk difference is the difference between the rate
of disease that we would have observed if the entire study population had been exposed and the rate
of disease that we would have observed if the entire study population had been unexposed. The
causal risk difference in the exposed is the difference between the observed rate of disease in the
exposed subgroup of the study population and the rate of disease that we would have observed in
the exposed subgroup had that subgroup been unexposed.

We will show that, even in the absence of bias, the 95 per cent binomial interval can. even in large
samples, cover the causal risk difference in the exposed either more or less than 95 per cent of the
time under both a randomization and superpopulation sampling model. The actual coverage rate
of the nominal 95 per cent binomial interva! will depend on the true state of nature. In fact. for
certain extreme parameter values, the coverage rate of the 95 per cent binomial interval can
approach zero! On the other hand. in large samples. the interval estimator
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will, in the absence of bias. cover the causal risk difference in the exposed in 95 per cent of
hypothetical repetitions under both a superpopulation and a randomization sampling mode!.

Furthermore. we will show that. when the causal risk difference is non-zero, the 95 per cent
binomial interval will cover the causal risk difference more than 95 per cent of the time. In fact. as
we will show, the interval estimator

f l—~ ~I _-) ’2
['ﬁl—ﬁlolil'gﬁl:"'l( m”+m‘“ m‘)+R:]

Ns NE
where
y o s s
R - (-m() m])“N rx mu“ m()’ |f ".11 2":‘0 (3)
E i
(2m, —my)(1 —my)—m, (1 —m,) o e .
R="FL_0 N:+ONE ! . it my>m,

is strictly narrower than the 95 per cent binomial interval, and yet, in large samples, still covers the
causal risk difTerence at least 95 per cent of the time.

2. DESCRIPTIVE EPIDEMIOLOGY

Consider an unmatched follow-up study in which at start of follow-up each of the N study subjects
is either exposed (written E or E, ) or unexposed (E, or E}. Measurements are taken at the end of
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follow-up on disease status with levels D and D. The investigator observes the empirical
distribution of E and D. For example. p(D|E} is the proportion of exposed subjects who develop
disease. cRD = p(D|E)~— p(D|E)is the crude risk difference. Such observable quanuues constitute
the parameters of interest for descriptive epidemiology.

3. A DETERMINISTIC MODEL USEFUL IN ETIOLOGIC RESEARCH

In etiologic research. on the other hand. the parameters of interest are intrinsically unobservable
(that is. non-identifiable). For example. Miettinen and Cook' suggest the expression of causal
parameters of interest in etiologic research in terms of comparisons (for example. the difference)
between the observed number of cases that occurred in the exposed group (0) and the number of
cases that one would have observed in the exposed group had that group been unexposed (that is.
the eaxpected number of cases. EX).

Specifically, we define O;Ng — EX /N as the causal risk difference in the exposed where N is the
number of exposed subjects. O, Ny is the observable parameter p(D{E). EX is unobservable. since
we cannot observe the outcome of exposed subjects when unexposed.

Note that to have a well-defined number for the expected number of cases in the exposed. we
need 1o entertain a deterministic model in which each study subject is one of four possible types
according to response to the presence and absence of exposure. Letting 1 indicate disease occurs
and 0 indicate disease does not occur over the study period. we can tabulate the types in the
following table.'™*

*Common’ description of type Exposed Unexposed

Type 1 No effect tindividual ‘doomed’)

Type 2 Exposure causative tindividual susceptible)
Type 3 Exposure preventive {individual susceptible)
Type 4 No effect (individual immune to disease)

O D e
O = O -

We define N, and N, ;, respectively, as the total number of subjccxs and the number of exposed
subjects of type jwith je |1, 2, 3,4]. Similarly, P,; = N, N is the proportion of exposed subjects
of type j. Also,

0 = NIE+NIE' EX = N)["’ij[.
P(DIE) = (N g+ Nyg) Ny = P+ Pyg. and (O/Ng— EX ‘Ng) = Pyg— Py

Following Miettinen and Cook' and Greenland and Robins* we say there is no confounding for
the causal risk difference in the exposed if and only if the crude risk difference equals the causal risk
difference in the exposed. This condition holds if and only if p(D|Eo) = EX:Ng (that is, the
empirical rate of disease in the unexposed equals the rate of disease that we would have observed in
the exposed had they been unexposed). Since EX is an unobservable, we can never know whether
confounding exists.

Miettinen and Cook ' restricted their consideration to comparisons between O and EX. In fact.
other causal parameters may have interest. For example, we may have interest in comparing the
total number of cases that we would have observed if the entire population had been exposed
(N, + N,) to the total number of cases that we would have observed if the entire population had
been unexposed (N, + N, ).2-2 Specifically. define [(N, + N;)= (N, + N, N = (N, -Na N =
P, — P, as the causal risk difference. This is typically the parameter of interest in the analysis of
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randomized trials. We say that there is no confounding for the (population) causal risk difference if
and only if cRD = (N, — N;)'N.

4. THE INTRODUCTION OF SAMPLING VARIABILITY

A superpopulation model

In the study shown in Table 1, 40 of 100 exposed subjects developed disease. Then. according to our
deterministic model, we know p(D|E) is exactly 0-4. We can have no sampling variability since

1. each exposed subject’s outcome is predetermined, and
2. we have not assumed that our study population is a sample drawn from a larger population.

In contrast, the standard approach most epidemiologists take is to report a binomial confidence
interval of 0-4 + 1-96[ (0-4)(0-6)/100]" 2 for the unknown parameter p(D|E). The model implicit in the
standard approach is as follows. The study population constitutes a random sample from a near-
infinite superpopulation. The parameter p(D|E) is the proportion of exposed subjects in the
superpopulation who become diseased and m, = p(D|E) = 40 100 is the proportion of the
(sampled) exposed study subjects who become diseased. Under this sampling model, the number of
diseased exposed study subjects is a binomial random variable (upon hypothetical resamplings of
100 exposed study subjects from the superpopulation). Therefore, the 95 per cent binomial interval
of equation (1} is a valid 95 per cent large-sample confidence interval for the superpopulation cRD.

An alternative model that gives binomial confidence intervals for p(D| E) but does not require the
introduction of a hypothetical superpopulation is a model in which

(a) each exposed study subject’s outcome is a Bernoulli random variable, and,
(b} the probability of developing disease over the study interval is the same for all exposed study
subjects.

p(D|E) is that common probability. We reject this model as biologically implausible since the-
model implies no between-individual variation in any risk factor for disease. (When the probability
of developing disease varies among exposed study subjects, the number of exposed study subjects
who become diseased is not a binomial random variable. since the sum of the Bernoulli random
variables is not a binomial random variable when the individual Bernoulli parameters are not
constant.)

In summary. an investigator who (1) reports a binomial confidence interval for p(D|E)and cRD
and (2) who acknowledges that there exists between-individual variation in risk has implicitly
assumed that (1) he‘she has sampled the study subjects from a near-infinite superpopulation and
(2) all inferences concern the parameters of that superpopulation.

Since, in most epidemiologic studies, study subjects do not constitute a random sample from any
near-infinite superpopulation, the superpopulation model is a fiction. Why then does the model
appear so frequently? 1 offer a possible reason.

An investigator often wishes 10 generalize his or her findings from the observed study population
to some larger population. For example, an investigator, who considers a recommendation of a
public health intervention, would hope to have studied a population that represents the population
of potential recipients of that intervention. The simplest possible model is to consider the study
population as a random sample of a larger population of potential recipients of the intervention.
We can justify the use of a hypothetical superpopulation model (but not the use of confidence



CONFIDENCE INTERVALS FOR CAUSAL PARAMETERS 1

intervals) on subjective Bayesian grounds by use of DeFinetti's theorem.* DeFinetti's theorem
implies that an investigator should not entertain a superpopulation model if

1. he/she believes the population of potential recipients differs from the study population on
disease risk factors to an extent unaccountable by sampling variability, or  ~

2. the size of the pool of potential recipients is not much larger than the size of the study
population.

Suppose, in the superpopulation, we have no confounding for the causal risk difference and the
causal risk difference in the exposed, that is cRD = P, — Py = P, — Py (as would be the case if the
distribution of the four types is the same among the exposed as among the unexposed
superpopulation members, thatis, P;; = P;z,j€ (1,2, 3,4)). Then, the 95 per cent binomial interval
is a valid 95 per cent confidence interva} for the superpopulation causal risk difference and the
superpopulation causal risk difference in the exposed.

However, some epidemiologists have less concern with the causal parameters of a possibly
hypothetical superpopulation than with causal parameters associated with the observed study
population.' That s, their interest centres on internal rather than external validity. In the next two
sections we consider the construction of confidence intervals for causal parameters associated with
the observed study population.

Randomization: An alternative sampling model

A numbser of epidemiologists (for example, Miettinen and Cook ') make it clear that in a follow-up
study they wish to treat

(a) disease outcomes as deterministic, and

(b) the causal parameters associated with the observed study population as the causal
parameters of interest (regardless of whether that study population was a sample from a
larger superpopulation or target population).

Itis unlikely that any investigator would willingly assume that, in the observed study population.
the distribution of risk factors balanced so well across exposure groups that there was no
confounding for the causal risk difference or the causal risk difference in the exposed. None the less.
an investigator might willingly make subjective statements such as ‘although there may be some
small association of risk factors with exposure, I do not believe such associations are systematic’.

In an observational study, we might approximate such a subjective statement by assuming that
nature assigned exposure to N; randomly chosen study subjects and left the remaining N¢
subjects unexposed. That is, the observed study was a randomized trial performed by nature.
We consider N; and N; fixed by design. Then the value of the empirical risk difference, ¢RD.
depends on the particular Ng subjects who received exposure. Therefore, in hypothetical
rerandomizations, ¢RD has a well defined distribution. (The ~ appears over ¢RD to
stress that we regard ¢RD as a random variable with a distribution defined by hypothetical
rerandomizations. The value of ¢RD that we observe reflects the random exposure assign-
ment that actually occurred.) In particular if we define (using the notation in Copas®)
m, = (N, -~ N;JJN, mg=(N,+N;)/N, and B =(N;+N,;)/N, then E(RD)=m,-m,
(Copas?). m, — m,, is the causal risk difference. Thus, although in a randomized trial, in general.
¢RD # m; —m,, none the less ¢RD is unbiased. [Under this randomization model, one can
characterize the population by the parameters (N,, N,. N;, N,) plus the constraint
N, +N; 4+ N;+ Ny = N = N+ Ng, or equivalently by the parameters (m,, my, §. N).]

Based on the following theorem, we can construct a conservative 95 per cent confidence interval
for the causal risk difference that is narrower than the 95 per cent binomial interval.
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Theorem )

Under hypothetical rerandomizations. ¢RD is asymptotically normal with asymptotic variance.

](’—ml)+m0(l-mO)+

N var*{(¢RD) = m
PE PE

R (4)
where Py = N¢/N and
R=my+m =2mm, —m (1 -m;)—mo(l —my)~f§ (5)

where, by its definition, the range of possible f§ is
Imy—m) < f<minim,+m,.2—m,-m,).

For Proof see Appendix 1.

Lemma 1

For all possible B, R < 0. The inequality is strict except when = 0and m, = mgim, —m,| = 1.
For Proof see Appendix .

Now, we can estimate m, and m, unbiasedly and consistently by i, and m,. respectively. where
again m, is the proportion of unexposed subjects we observe to have disease.? Unfortunately, since
B is non-identifiable,? we cannot estimate N var*(éRD) consistently. None the less, we can set
conservative large sample confidence intervals (that is, confidence intervals guaranteed to cover at
least their nominal rate) for m; —m, by deriving a consistent estimator, say N var*(¢éRD), of a
number that is at least as large as N var#(¢RD). We can accomplish this if, in equation (5), we
replace f by a consistent estimator of its minimum possible value, that is, by |, — i, |. and, in both
equation (4) and equation (5), we replace m, and m, by their empirical estimates m, and . On
simplification, we have that if m, —m, > 0,

rﬁ,(l—rﬁ,)+iﬁo(l—ﬁlo)

P, P; + 2mg—m, ) (1 —my) = mg (1 = my). (6)

N var4(¢RD) =

Equation (6) forms the basis for the interval estimator in equation (3).

If ¢RD was, as in the superpopulation model, the difference of two binomial proportions, a
consistent estimate of its variance is the first two terms on the right hand side of equation (6). It then
follows from Lemma 1 that, when the causal risk difference is non-zero, the usual *binomial
interval’ for the causal risk difference is unnecessarily conservative since, taken together, the last
two terms in equation (6) are negative when m, — rity # 0. In contrast, as pointed out by Copas. the
usual binomial test of the null hypothesis m, = m, need not be conservative (since, in equation (4).
R =0 when m, = m, and § = 0).

Example 1
If, as in Table I, Ny = 100, N; = 100, i, = {%%. iy = 15, then the ‘binomial 95 per cent interval’
for the causal risk difference, m, —my, is
(0-4) (0-6) + (0-85) (0~15)]' 2
100

0250+ 0118

0-25 + 1'96[
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while a conservative 95 per cent confidence interval based on equation (3} is
) . KRS RES S & — (O — 4y — ] . 32
035 + 196 &ﬂ(_ﬂmﬂox.\uul.»+L-ml-) (0-4)]t] = 04) = (U 15){0-85)
100 200

= (0250 £ 0-102.

Thus. the ‘binomial interval is 16 per cent wider than necessary.

None the less. before one begins the routine report of confidence intervals for the causal risk
difference in randomized trials based on equation (3). two caveats are in order. First. in moderate
(as opposed to large) samples. it will happen frequently that ‘Wald" type intervals based on ¢(RD
+ 1:96 [var “(¢RD)}' ? (thatis. equation (3)) will exclude the null even when standard z- or Fisher
exact tests for m, = mg do not ‘reject”. In such cases. one should not ‘reject’ the null hypothesis.?
(The problem with Wald confidence intervals is that they evaluate var#(¢RD) at m, —m,, rather
than at the null hypothesis m; = m,,.|

Second. confidence intervals based on equation (3)are valid only when a deterministic model for
disease outcome is correct. If outcomes were. in fact. stochastic. the causal risk difference is defined
as

"1

]\ (D .E.iv—ptD;E. D)) ]‘ N
4= /
where. for example. p(D|E. i}is the probability that subject i will become diseased if exposed. In this
stochastic world. éRD is still unbiased for the causal risk difference in hypothetical rerandomiz-
ations but equation (4)is no longer valid for var * (FRD). [For example. if ptD'E. ivand ptD!E. i did
not depend on i, var*(¢RDj is the usual binomial variance.] One cannot empirically determine
whether outcomes are stochastic or deterministic.

Suppose now. following Miettinen and Cook. that our interest is in the causal risk difference in
the exposed (rather than in the causal risk difference m; —m, ) and we have again assumed that

ta) disease outcomes are deterministic. and
{b} nature conducts a randomized trial.

Then. the causal risk difference in the exposed is a random variable (and not a population
parameter) since O and EX both depend on the particular set of exposed subjects. For a random
\ariable. we define the analogue of a confidence interval as a prediction interval. Specifically. a
prediction interval is a rule that gives, for any data realization. an interval. This interval may or may
not contain the unobservable random variable (O — EX )'N associated with that realization. If. in
ty pothetical rerandomizations. 95 per cent of realizations produce an interval that includes (the
realization-specific) (O-EX) N;. we have. by definition, a 95 per cent prediction interval for
(O-EX)'N,.

Appendix 1 shows that a valid 95 per cent large sample prediction interval for (O-EX) N is

rﬁo(l—rﬁo)N:l"’

; N
NI[NE

¢RD + l~96[

This prediction interval is not conservative, that is. it will almost cover (O-EX )N ; exactly 95 per
cent of the time in large samples.
Example 2

Given the data in Table 1. we compute a prediction interval for the causal risk difference in the

’
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exposed as
0-230 + 1496 [ (0-15)(0-85)200. (100)°]' ? = 0-250 + 0-099

under the randomization distribution. Thus. the usual ‘binomial interval’ (computed in example 1)
is 18 per cent 100 wide. None the less, for certain states of nature, binomial intervals for the causal
risk difference in the exposed (in contrast to binomial intervals for the causal risk difference) may be
anti-conservative, that is they may fail to obtain their nominal coverage rate. To sec this, note that
we can rewrite equation (7) as equation (2). The prediction interval given in equations (7) and (2)
differs from the usual binomial interval only in that the second term under the square root sign in
equation (2)is [, (1 — ritg )]/ Ng rather than [, (1 — m,;)]/Ne. Thus, if [, (1 — i, )]/ N is greater
than [y (1 — i) Ng (as in our example) binomial confidence intervals will be conservative. If
{m, (1 —m; )} Ng is less than [rig(l —niy)])/Ng, binomial confidence intervals will be anti-
conservative. (This follows from the fact that, in large samples, the prediction interval given by
equation (2) covers the causal risk difference in the exposed in precisely 95 per cent of hypothetical
rerandomizations.) In fact. in the limit as m; — 1 and Ng/Np— 0, the rate at which the usual
binomial interval covers the random variable (0-EX) N approaches 0!

We could extend this randomization model to include measured covariates as follows. If we have
obtained data on a dichotomous covariate C, and we believe that within levels of C there is no
systematic association of exposure with unmeasured risk factors, then we could assume that. for
i€ (0. 1), nature exposed at random Ngc subjects and left Nic, subjects unexposed, where, for
example, Nic is the observed number of exposed subjects in stratum C,.

Relationships between the superpopulation and randomization models

One might find it surprising that the variance of the ¢RD in the deterministic randomization model
given by equation.(4) is less than the binomial variance. even asymptotically. Here we try to make it
intuitively clear why this is so. by. in a sense. embedding our randomization model within the
superpopulation model.

Consider a superpopulation model with deterministic outcomes. We can formally approximate
subjective statements such as ‘exposure is not systematically associated with other risk factors in
the observed study population’ in our superpopulation model by assuming that P = Py, je(1.2.3.4).
Under this assumption, cRD = P, — Py = Pa;— Py, that is, there exists no confounding in the
superpopulation. Even so. we will. in general, have confounding for both the “causal risk difference’
and the ‘causal risk difference in the exposed” in the observed (that is, sampled) study population.
since P = P, je {1.2,3.4) will be false due 1o chance associations of exposure with risk factors in
the sample. (We have puta ~ over the ‘parameters’ of the observed study population to emphasize
that these ‘parameters’ are random variables under hypothetical resamplings of the superpopu-
lation.) Suppose an investigator accepts the superpopulation model as a sampling model, but his
interest lies in the causal risk difference of the observed study population (that is, 2, P;) rather
than the causal risk difference of the superpopulation P, — P,.P, - P,and P, — Py will.in general.
difTer from one another. This reflects the fact that P, - P, is a random variable with non-zero
variance since its value depends on the particular N, exposed and N unexposed subjects sampled
from the superpopulation.

The large-sample results described below hold under a limiting model in which, as N; and
Ni— x, both N'M and N;'M — 0 where M is the size of the superpopulation. That is. the
sampled study population constitutes a negligible fraction of the superpopulation.

Consider the set of hypothetical resamplings of the superpopulation in which the vector (N,. N,.
Ny. N,y is fixed at its observed value. but (N, £ S’;t. N’,,. 1\7“) is not fixed. Then. the conditional
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distribution of this latter vector, given the former vector, is the same as the distribution of the vector
(R16. N1¢. Nyg. Ny, )in a randomized trial with parameters equal to (N,. N;. N5, N, ). That is, we
have generated the randomization distribution as a conditional distribution within the superpopu-
lation model. It follows that the conditional expectation of the empirical crude risk difference
E[¢éRD|(N,,N,.N;.N,)]is (P, — P,)and the conditional asymptotic variance is givep by equation
{4) where, m,, m,. and B, now will depend on the particular superpopulation subjects sampled.
Now, it is a well-known identity that

var*(¢RD) = var*[EAGRD|(N,, N,, Ny, No))]1+ E*[var*(cRD|(N,, N;, N5, No))]

We have previously noted that in the superpopulation model, unconditionally, var *(¢RD) is the
usua! binomial variance for the risk difference ¢RD. Furthermore, as discussed above,
var[EA(RD|(N,,N;,N3,R))] = var* [P, - P,] is non-zero and of the same order as
var (¢RD). It follows that, in expectation, var4[éRD|(N,.N,.N,,N,)] (given by equation (4))
must be less than the binomial variance.

Thus, equation (3) gives a valid conditional confidence interval for P, — P, . It follows that this
interval is also an unconditional 95 per cent prediction interval for the random variable P, - P;.
On the other hand, the unconditional confidence interval for P, — P, (which is the usual binomial
interval) is wider because of the remaining uncertainty in P, — P, given knowledge of P, — P;. Thus.
an investigator who (1) accepts a deterministic superpopulation mode! but (2) has interest in the
causal risk difference and or the causal risk difference in the exposed of the (sampled) study
population should report (unconditional) prediction intervals for the causal risk difference as
given in equation (3) and for the causal risk difference in the exposed as given in equation (2).

Now suppose that disease outcomes were stochastic, and, for any population of size N, we define
the causal risk difference as

N
{Z [p(DlE,i)—p(mE,i)}/N.
=]

If p(D|E, i)~ p(D|E, i)depends on i, we can again use the identity that the unconditional variance is
the expectation of the conditional variance plus the variance of the conditional expectation to show
that a standard 95 per cent binomial interval for the causal risk difference of the sampled
population is conservative.

5. CONFIDENCE INTERVALS FOR THE CAUSAL RISK RATIO

In this section, we provide 95 per cent confidence and prediction intervals for the causal risk ratio
(N, + N;)/(N; + N} and the causal risk ratio in the exposed (N, + N;¢)/(N, ¢+ N;¢) under the
deterministic randomization model of Section 4.
A 95 per cent large sample prediction interval for the natural logarithm of the causal risk ratio in
the exposed is
/

For Proof see Corollary to Theorem Al
A conservative 95 per cent confidence interval for the causal risk ratio that is strictly narrower

than the standard 95 per cent binomial interval is

o ' (1-riy) (1 —mg) }
,n(,,,l/mo)n%j{ P «»(".‘OWi R’ 9)

Intm, m.,)= 196 (8)

(] —u'ilg)*_ (‘ —’ﬁu’
'ﬁONE ’ﬁoNg )
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where
R = (m, -~ m,) (m,m,) if m, >m,.
R =(m,~m) (mm,) if m, -m,.

For Proof see Corollary Al of the Appendix.

6. SUMMARY

Under a deterministic outcome model (in which each subject is one of four types depending on
response 10 the presence and absence of exposure). we constructed u large-sample confidence (o1
prediction) interval for the causal risk difference that is narrower than the standard ‘binomial
interval’ and yet atains its nominal coverage rate under both a randomization and a
superpopulation sampling model. In addition. we show that standard binomial intervals for the
causal risk difference in the exposed may be either conservative or anticonservative. To correct this
deficiency. we constructed a valid large-sample prediction interval for the causal risk difference in
the exposed.
Our confidence and prediction intervals are invalid if

1. individual disease outcomes are stochastic.

2. the causal parameters of interest are those of a hypothetical superpopulation rather than
those of the observed study population. or

3. there is bias (for example there is confounding in the superpopulation).
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APPENDIX |
We definem, .mq.m, . m,.éRD = m, - m,. Pg. Pg. Ng. Ni. N.and Bareasin Section 4and N, A,
N; and N, are as in Section 3.
Proof of Theorem 1
It follows from the equations on page 471 of Copas? (s, n, in Copas is m, in our notation) that

E(¢RD)=m, -~m, and

. ] Ni N
var (CRD) = H[FEMI (1 —m,)+N—_:mu(l -my)+my+m - 2m;m, —/f] (10)
where [m, —mol < B < min(mg+m,, 2=mg-m,).

We next show that éRD is asymptotically normal as N — x with N N fixed:
Nit+ANy, AN+ Na- (N + Nay)

¢RD = N, N
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but the random vector (N,g, Nyg, Nyg) is jointly asymptotically normal since the exposed
subpopulation constitutes a simple random sample of the total population taken without
replacement. Therefore ¢RD is asymptotically normal, since ¢RD is a linear combination of the
random variables N,¢, N;;. and Ny;. Equation (10) then implies that N var#(¢RD) is given by
equation (4), since equation (4) derives from equation (10) by replacing N — 1 by N and rearranging
terms.

Proof of Lemma 1

It is straightforward to show that R = 0 if f = 0 and m, = m,. Since R is a strictly decreasing
function of B. we have. as noted by Copas. that R < 0if m, = m, and f = 0.2

Next, without loss of generality, assume m; —mg, > 0. Then, from the bounds on the range of 8,
we have, upon substituting m, —m, for B in equation (5), that R € 2mg—m,}{(1 —m,)—m,
(! —ma). Write m; = mg + 2. Then

==Cmy—mj—(1-m)=2(m; ~my)—1=2x~1

cx

Therefore, for 0 < x < §, Risastrictly decreasing function of x.and thus it follows that R < 0 from
the results given in the preceding paragraph for the case m, = m,.
Itonly remains to show that for § < 2 < 1.R < 0.Sincefor § < x < 1, Ris strictly increasing in x, we

need only evaluate R at max (z) = —mg, thatis,atm, = L,butatm, = 1,R = —my(l ~my) <0,
provided m, # 0.

Corollary Al

In a deterministic outcome model, under hypothetical rerandomizations, a conservative large-
sample 95 per cent confidence interval for the natural logarithm of the causal risk ratio is given by
equation (9).

Proof: Since E(m,}) = (N, + N,) N and E(mgy) = (N, + Ny) N, it follows that

E ‘[ln ("]l 'ﬁo )J = In [(.\'] + A‘z) (‘N'l + N, )]

Furthermore.

T & DO B N

Nvar*|In[{m, , my}} = N —; var *(m,) + — var ‘(mo) — covi(m,. mgy)
(lml mO mlm° J
_’i_i“—mx'+£‘7_;(1—mo)+mo+m,—2mom,—ﬁ]
NE ml NE mg mlmo

_(l=-m) “-mo)+mo+ml =2mom, = B—mq(1—m,)=m,(1 —m,)
MIPE moPE mlmo

where, again, we have used the equations on page 471 of Copas.? Equation (9) follows upon
substituting |, — | for f and m, and m, for m; and m,, respectively.

Theorem Al

Under hypothetical rerandomizations,
/J'ﬁ(\“ - 'ﬁo)N l

; 11
VITND v

¢RD + 196
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is a 95 per cent large-sample prediction interval for

(O-EX)/Ng=[(N, g+ Nyg)— (N, + Ny )I/N.

Proof: Since Nyg+ Ny = Ny + Ny— N,g— Ny, we have

. . . Ng moN
(O-EX)/Ny= [m, +m°N—:]— 1:’: .
moN

., . Ng. . . )
Now m, +m0—E is an observed random variable and is a population parameter.

N Ng
Furthermore, since E(m,) = m, and, as shown by Copas,

NEMQ“ —mo)

a 95 per cent large-sample confidence interval for Nﬁmo is
E

N | N i {Ngmg(l ~mg) N . mo (1 —mg )N
— g + 196 — __5_0_____0_}=_ il'96\/{—0——0}-
v s R N (NeN)
This implies that a 95 per cent prediction interval for (O-EX);/N is
. .. Ne N \/{n’:o(l—rﬁo)Ns
my+mo—-——my+19 [{——— 2"
FUONe N (NeNg)

which simplifies 1o equation (11).

Corollary: A95°,large-sample prediction interval for In (0, EX )is given by equation (8). Using
the fact that

In(EX/N¢) = In (rﬁo%—i—m;_h )
and that & E
. Ng moN _ "
°Ne N o
£ o N . .
we expand In (rﬁoN—E - M around Mot in a Taylor series to obtain
Ni NE NE

In(EX/Ng) = In (- )+ "% ({mg —mg)N/N )+ 0,(1/N)

since ((mg — Mmo)N/N ) is O,(1/N).
Therefore, by the proof of Theorem Al, a 95 per cent large-sample prediction interval for
In(O/EX)=In(m,)—In(EX/N;) is

- - l K ﬁ!o(l_'ﬁo)N
ln(m,/mo)imol%\/{ N N: }

which can be rewritten as equation (8).
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