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Abstract. Consider a randomized trial in which time to the occurrence of a particular disease, say pneumocystic
pneumonia in an AIDS trial or breast cancer in a mammographic screening trial, is the failure time of primary
interest. Suppose that time to disease is subject to informative censoring by the minimum of time to death, loss
to and end of follow-up. In such a trial, the potential censoring time is observed for all study subjects, including
failures. In the presence of informative censoring, it is not possible to consistently estimate the effect of treatment
on time to disease without imposing additional non-identifiable assumptions. Robins (1995) specified two non-
identifiable assumptions that allow one to test for and estimate an effect of treatment on time to disease in the
presence of informative censoring. The goal of this paper is to provide a class of consistent and reasonably efficient
semiparametric tests and estimators for the treatment effect under these assumptions. The tests in our class, like
standard weighted-log-rank tests, are asymptotically distribution-free a-level tests under the null hypothesis of
no causal effect of treatment on time to disease whenever the censoring and failure distributions are conditionally
independent given treatment arm. However, our tests remain asymptotically distribution-free a-level tests in the
presence of informative censoring provided either of our assumptions are true. In contrast, a weighted log-rank
test will be an a-level test in the presence of informative censoring only if (1) one of our two non-identifiable
assumptions hold, and (2) the distribution of time to censoring is the same in the twd treatment arms. We also
study the estimation, in the presence of informative censoring, of the effect of treatment on the evolution over time
of the mean of repeated measures outcome such as CD4 count.
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1. Introduction

Consider a two-armed randomized trial in which time to the occurrence of a particular
disease, say pneumocystic pneumonia in an AIDS trial or breast cancer in a mammographic
screening trial, is the outcome of primary interest. Suppose that time to disease is subject
to informative censoring by the minimum of time to death, loss to and end of follow-up.
Our goal is both to test the null hypothesis of no effect of treatment on time to disease, and
to estimate the magnitude of the treatment effect.

Lin, Robins, and Wei (1995) generalize an approach of Robins (1989, p. 158), Robins
and Tsiatis (1991), and Robins and Rotnitzky (1992, Appendix 4). In Lin et al.’s approach,
an asymptotically normal and unbiased estimator of the treatment effect on time to disease
was constructed under the (non-identifiable) assumption that, on a logarithmic scale, time
to disease and time to informative censoring satisfied a bivariate location shift model with
a completely arbitrary baseline distribution. Their key idea was to use the fact that the
censoring time is known, even for subjects observed to develop disease.

Robins (1995) specified non-identifiable assumptions that are weaker than those made by
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Lin et al. and yet allow one to test for and estimate an effect of treatment on time to disease in
the presence of informative censoring. In this paper, we provide consistent and reasonably
efficient semiparametric estimators for the treatment effect under these assumptions. Since,
in contrast to Lin et al. (1995), our goal is not the joint estimation of the effect of treatment
on time to informative censoring (e.g., death) and disease, we choose to estimate time to
informative censoring (completely) non-parametrically. Hence, our inference concerning
the effect of treatment on time to disease is not invalidated by possible misspecification
of amodel (such as Lin et al.’s location shift model) for the effect of treatment on time to
informative censoring.

The paper is organized as follows. In Section 2, we describe the available data. In
Section 3, we consider a class of tests for the treatment effect under these assumptions. In
Section 4, we show that there exists a test and estimator in our class that attain the semipara-
metric bound for our model when censoring is in fact independent (but the independence
of censoring is not imposed by the model).

The price we pay for the enhanced robustness of our test in the presence of informative
censoring is a loss of power if censoring is, in truth, independent. Specifically, under
independent censoring, the power of the optimal test in our class will be less than or equal
to that of the optimal weighted log rank test against Pitman alternatives, with strict inequality
uniess the distribution of censoring times is the same in the two treatment arms.

We stress that, if censoring is informative and both of our two non-identifiable identifying
assumptions are false, tests in our class will fail to provide asymptotically c-level tests of
the null hypothesis of no treatment effect on time to disease. In fact, as discussed by
Robins (1995), our test, in contrast to standard log-rank tests, need not be asymptotically c-
level under the null hypothesis when censoring and failure are dependent but the censoring
mechanism is non-informative. In Section 4, we argue that the “M-estimators™ considered
in this paper should be more efficient than the “rank” estimators similar to those of Lin et al.
(1995).

In Section 5, we extend our methods and study the estimation, in the presence of in-
formative censoring, of the effect of treatment on the evolution over time of the mean of
repeated measures outcome such as CD4 count. Glidden and Wei (1995) adopt a different,
presumably less efficient approach to the estimation of the effect of treatment on a repeated
measures outcome in the presence of informative censoring. Section 6 considers variance
estimation. Until Section 7, we regard all components of censoring as possibly informative.
In Section 7, we consider the additional assumption that some component of the censoring
mechanism (e.g., time to loss to follow-up) is a priori independent of both time to disease
and the other informative components of censoring (e.g., time to death).

2. The Data

Let Z denote arandom vector of regressors with discrete components, Y denote the logarithm
of time to (informative) censoring, and X° denote the logarithm of time to disecase. We
assume we observe n independent and identically distributed realizations of

Z,X=X"AY,o=I(X"<Y), Y=Y 2.1)
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That is, we always observe time to censoring Y, but we only observe time to disease X°
if less than time to censoring. Without loss of generality we assume the 0 vector is in the
support of Z. We restrict consideration to discrete Z so that the law of ¥ given Z can be
estimated non-parametrically without additional smoothing. In a randomized study, Z will
often simply be the dichotomous treatment arm indicator.

3. A Model and A Class of Estimators
3.1. The Model

Define
m@,z)=Fyzu|z)=Pr[Y <u{Z=12]. 3.1
Let v (¢, u, z) be the unique function satisfying
Sxo ¢ | Z=2,M =u)=Sxo[v({t,u,2) | Z=0,M = u] 3.2)

where M = m (Y, Z). In the bivariate shift model of Lin et al. (1995), v (¢, u, 7) = t — 6pz,
where 6, is the shift parameter.

Remark. The functions m (u, z) and v (¢, u, z) are related to the functions m (u) and v (¢, u)
of Robins (1995) as follows. If Z € {0, 1} is a dichotomous treatment arm indicator of
a randomized trial as in Robins (1995), then the function m (#) of Robins (1995) equals
FY_I’Z [m (u, 1) | O], and the function v (¢, #) of Robins (1995) equals v(z, Fy"llz(u | Z =
0), 1). Itismore convenient to work with the functions v (¢, u, z) and m(u, z) than v(¢, u) and
m(u). However, since F,,_'lz(- | 0) is a fixed function, it follows that the causal identification
results of Robins (1995) remain relevant. Adapting the notation of Robins (1995), if
Robins’ (1995) rank preservation assumption (2.9) holds, which we write as Fy(;y [Y (1)] =
Fy(o) [Y(0)] w.p.1, then v(t, u,1) = )—(-Ol(O)IFy(o)(Y(O))=u{SX°(1)|FY(0)(Y(0))=“ (¢)} measures the
causal effect of treatment on disease X° among subjects with F; v (Y(0)) = u.Even without
rank preservation, if v(¢, u, 1) = v*(¢) for all (¢, u) then v*(z) = S;J(O){Sxo(l) (1)} is the
marginal causal effect of treatment on disease X°. However, v (¢, u, 1) is only identified on
A(m,v) = {(t,u);t < min[m~'(u, 1), v='(, u, 1)]}. Further, even if v(t, u, 1) = v*(¢)
on A(m, v), this does not imply v (¢, u, 1) = v*(¢) on all (¢, u) and thus does not imply the
identifiable function v*(¢) on A(m, v) has a causal interpretation.

Note definitions (3.1) and (3.2) imply

Z1I(e M)

33
where e = v (X, M, Z) , M =m (Y, Z) G3)

We shall assume we have a correctly specified model

v(t,u,Z) =v (t,u, Z,6) (3.4)
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where v (¢, u, Z, 8) is aknown function continuously differentiable in ¢, u, and 6 satisfying
v (t,u,0,8) = (t,u,z,0) =t. 6 is an unknown parameter vector.

Example. The bivariate shift model of Lin et al. (1995) implies that v (t,u,z,6) =1t—6yz
does not depend on u.

Our goal is to estimate ) in the semiparametric model A defined by the data (2.1) and
restriction (3.4). [Note restriction (3.3) follows from the definitions of € and M and thus is
not a restriction on the joint distribution of the data.]

Remark. Whether the identifiable parameter 6y has a causal interpretation depends on
additional non-identifiable assumptions beyond (3.4). For example, if Z is randomized and
either of the non-identifiable assumptions (2.8) or (2.9) of Robins (1995) is true, the sharp
null hypothesis (2.1) of Robins (1995) of no causal effect of treatment Z on disease X°
implies 6y = 0 and an «-level test of 6y = O is an a-level test of that null hypothesis.

3.2. Estimation

We next describe our estimators and their large sample properties. To do so, we shall require
some additional notation. Let M = i (¥, Z) = Fyz (Y | Z) where

Frzwl =) IWi<wl(Zi=2)/Y 1(Zi=2)

is the empirical distribution of ¥ given Z and i = 1, ..., n indexes the n study subjects.
Let

€O) = v(X°,M,Z,6), p©®) =v(Y,M,2,6), and

T©) = v(X,M,Z,6)=min{€©),E©)}.

When Z is a dichotomous (0, 1) variable, our estimating function has a simple form. For
dichotomous Z, let i* (6) =v (Z, M,1-2, 9) where A=m! (M,1—Z) and, by
definition, m~! (4, z) = t if 1 (¢, 2) = u. Define the observables

X* () =min (€6),Z* 0),£©6)), A 6) = 1[€©®) = X*©)].

A (0) is an artificial failure indicator since A (6) may be O and yeto = 1.
Our estimating function will depend on two functions of dim 6 chosen by the investigator.
Specifically, let

R@) =r {Z(@),X‘*(G),M} =
AO) i EO), M)+ {1-2@®)r (x ®), 1)

where r; (-, -) andArz G, are arbitrary /_vector valugd functions o£ dim @ chosen by the
investigator. Let D (6) = D (0,r) = R(0){Z — E(Z)} where E(H) = n~'}_; H; so
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E [-] is the empirical mean operator. Note A (6) and thus D () are discontinuous in 6. We
now adopt the following

Notational Convention. It G (6) =g .m0, mle, ), E[-]) , then
G (9) = g (evm(" ') ’m_l ('7 ') 3 E[']) )
G =G (&), G =G (6).

Note, by (3.3), E(D (6p)) = 0 since min(i, W*) = mingego,1} V {m‘1 M,2), M, z} and
thus min(e, i, uw*) a’r\ld R depend only on €, M and not on Z. Here D and R are defined in
terms of D (8) and R (8) by the above convention. In the Appendix, we prove

THEOREM 2.1 In modfl A characterized by restriction (3.4) and dqta (2.1), tlhg_re 2 exists 6
minimizing E [D(G)l]’ IAE [D(8)] in the lneighborhood of 6y [so that 0 solves n2 E[D(0)] =
op(1)], such that nz (6 — 6o) andn~1y_; Di(6p) are asymptotically normal with mean 0

and variances T-'E 17! and T respectively, where

1 =0E[D(0)]/06 |9p—p, and T = var ().

In Section 6, the random variab/lg, « is characterized for certain choices of ry (-, -) and
r2 (-, ), and a consistent estimator I (6p) of T is ,gescribed. £ can be consistently estimated
by the numerical derivative with respect to 6 of D (9) evaluated at & with step size O (n‘% ).

It follows that when 8, is one-dimensional, alpha-level tests of the null hypothesis 6y = 0

can be based on comparing D )/ {;"J\ (0)}% to a standard normal distribution.

3.3. Vector Valued Z
We now let Z be an arbitrary vector with discrete components. Let h(u,z,x)andy (u, z, x)
be fixed vector-valued functions of dim @ chosen by the investigator. Let
D@ =D @, hy) == dNeg @) {h (4,2, M) ~ L (u,6,h, M)}
— [ dul (56) > u} {y (u,2, M) = L(u, 6,7, M)}
where Na,(w) = 1 [7(0) Su,0 =11, L (u,0,h,x) =

Eif [ @ 2. x, z,6)2ulh . 2,0|/E ([P @2.x z,6)2u]}.

Remark. D (6, h, y) is the natural generalization of the estimating function D @,r) of
the last subsection to non-dichotomous Z. Specifically, when Z is dichotomous for given
functions h and y, D (6, h, ) equals D (8, r) with

ro(u,x) = _/u {y (¢, 1,x) —y (£,0, x)} dt,

—00

ri(u,x) = h@,1,x)—hw,0,x)+r(u,x). (3.5)
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Again Eq. (3.3) implies E[D (6p)] = 0 since Z | | (¢, M) implies
Eh(u,Z,M)|v>u, M =x]

Eh(u,Z,M)|v=>u,e =u, M =x]

Eh(u,Z,M) | p>u,M=x]

E[h(u,Z,x)Iv[m‘l(x,Z),x,Z]zu,sz]
= L(u,h,x).

Thus O = E[dN: @) {th(u,Z, M) — L, h, M)}] =

E(I(w>u)ly u,Z,M)—Lu,y, M}

implying E (D (6)) = 0. Using this fact, we prove in Appendix 1, that Theorem 2.1 is true
for a vector-valued Z.

Remark. D (6p) will in general not be a “martingale.” However, if yu,z, M) =
h(u,z, M) Ae (u | M) where A, (u | M) is the hazard of ¢ at u given M, then D (6;) would
be a martingale.

4. Efficiency Considerations
4.1. Semiparametric Efficiency

The likelihood for a single subject (with respect to some dominating measure) under the
model A characterized by restriction (3.4) and data (2.1) is

{0m (Y, Z; w1) /3Y} {3€ (6) /3X°}" f(Z;03) f (Y | Z; 1)
{(fle® |m(Y,Z;on); @]} 4.1

1-o
Ui it oy 20y £ 1 118 (¥, Zs 1) )
with m(Y,Z,w)) = F(Y|Z;,») where ® = (w1, w,, w3) is a vector of nuisance
parameters with w; and w, infinite dimensional, with true value wy = (w1, wog, W30)
indexing the law of Y | Z, the law of ¢ | M with M = m (Y, Z), and the law of
Z. {dm (Y, Z; @) /0Y} is the Jacobian for the transformation of Y to m (¥, Z; @;) and
de (8) /0X° is the Jacobian for the transformation of X° to ¢ (8). The lower limit of in-
tegration in the integral in (4.1) reflects the fact that for a subject with X° unobserved,
we only know that ¢ (@) exceeds v Ym,Z;w),Z,0). Let S = s(e,M,Z) =
9€n {[3€ (Bo) /30X ] f [€ (6o) | M; wxl} /36 be the score for § if X0 is always observed.
Lethy, (u,Z, My=su,M,Z)—E[S | € > u,Z, M],and

}’01) (u’ Z’ M) = yhap (u’ Z’ M)

where y*(u, Z, M) = h(u, Z, M)re(u | M) and A, (u | -) is the hazard of € at u given -.
Then E [D (00, hop, yop) | Z] = 0 and the martingale D,, (6p) = D (60, hop, }’op) is the
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efficient score for 6y in our model A when w; = w10 is also known a priori (Robins,1993,
Lemma A4.1). Lemma A4.1 of Robins (1993) applies because when wjq is known, M =
Fyiz (Y | Z) is known and (Y, Z) or, equivalently, (Z, M), are ancillary for € in (4.1)
(Robins and Rotnitzky, 1992, Appendix 4).

Example.  Suppose € (6p) = X% — 6,Z, as in Lin et al. (1995). Then hg, (4, 2, M)
= z3¢nic (u | M) /0u.

Let 6 (hop, Yop) sOlve niE [D (6, hop, Yop)] = 0p(1) 8 (Rop, Yop) is semiparametric
efficient in model A when wo is known, since it has asymptotic variance equal to the
inverse of the variance of the efficient score {Var[D(hop, y(,],,)]}‘1 . Now suppose that, in
truth, but not imposed by the model A, censoring is independent in the sense that X °1]Y |2
which implies € | [ M. Then hop (4,2, M), Yop (u, 2, M), and v (t, m, z, o) do not depend
on M. Then, Corollary (6.2) below implies that 6(h,p, Yop) of Theorem (2.1) has the same
asymptotic variance as 6 (hop, Yop) and so must be efficient in model A when censoring
is independent whether or not @y is completely unknown (as we assume) or completely
known.

If € | | M is false and wyo is unknown, we would obtain an efficient estimator 6o in model
A by solving niE (D, hops Yop)l = 0p(1) where D (9) is D (8) with efficient estimators,
under model A, 7 (-, -) of Fyz (- | -) and i~ (-, -) substituted for m,yandm™! (-, ) in
D (6). Now the empirical distribution function 7 (y, z) of Fyz (y | 2) is not efficient in
model A, since it fails to fully exploit the restriction that € (6o) LI Z | M. To construct an
efficient estimator 7 (y, z) is beyond the scope of this paper. However, if the probability
that Xo < Y is small, then é (hop. Vop) Will be nearly efficient, since there will be little
information regarding Fy z (¥ | z’)\available from the restriction € (60) [[Z | M.

Since y,p and h,, are unknown, 8 (h,,p, y,,p) is not available for data analysis. However, we
can adaptively estimate them as follows. Choose a flexible parametric model A (u | M; 1)

for A (u | M). Obtain A (u | M) =A(ul ﬁ;ﬁ) by finding 7 that maximizes

I:[A[?i (é) | M;; 17]" ex;; [_ ‘/?‘@ Afe] M;; 'l]dt]

-0

with 8 = 5(h, y) a preliminary estimate of 6. We then estimate R,p and 570,, from the
estimated law of (Y, €) given Z determined by 7, g(h, y) and ﬁnz (y | z). [Note since
€]1Z | M implies € | [ s | M, we have that the conditional cause-specific hazard of v at u
given M corresponding to o = 1equals A (« | M). Hence, A (u | M; %) will be consistent
for Ae (u | M) if the model A (u | M; ) is correctly specified.]

Alternatively, we can estimate A, (u | M) by a smoothed estimate of the cause-specific
hazard of v at u given M (corresponding to 0 = 1) using Dabrowska’s (1987) nearest
neighbor estimator,Aapplied to the “right censored” failure time data, M,7(0),0. The
resulting estimator A(u | M) is, under regularity conditions, guaranteed to be consistent
for Ac(u | M). If A(u | M) is based on Dabrowska’s estimator, ., and Yop are guaranteed
to converge in probability to k., and y,, under regularity conditions. This in turn is
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sufficient to guarantee, by a standard argument, as in Robins, Mark, and Newey (1992),
that 6(hop, Yop) and 0(hop, Vop) have the same limiting distribution. [More generally, if
P* = h(u, 2, myre(u | m) B y* = h(u, 2, m)Ac(u | m), then O(k, ) and 8(h, y*) will
be asymptotically equivalent.] By the reciprocal relationship between the local power of
tests and efficiency of estimators, it follows that, for 8, one-dimensional, the test based on

5 (0.5p To) =7 051 (0. i) {2 (0. o))

will be the locally most powerfully alpha-level regular test (see Robins and Rotnitzky, 1992,
p. 317, for the definition of a regular test) of 6y = 0 against alternatives given by (3.4) when
censoring is in fact independent, but independence is not imposed. We now show that this
test has, under independent censoring, local power less that of the optimal weighted log
rank tests (which is based on imposing independent censoring) except when the distribution
of Y does not depend on Z, in which case the local powers are equal.

Results in Robins (1993, Appendix 4) and Ritov and Wellner (1988) imply that if
we additionally correctly impose the assumption of independent censoring in model A,
hop (u, Z, M) = h,p (u, Z) does not depend on M and the efficient score is

/ dM? () {hop (4, Z) — E [hop(u, Z) | & > u]}

with dM¢ () = dNe () — I (v > u)Ae (@) du . The efficient score D (60, hop. y,,,,)
when thc assumption that censormg is independent is true but not imposed a priori is
f_oo dM;(u) {h,,p u,2) — [ opW, Z) | 1t > u, M]} It follows from the uniqueness of
the efficient score in a semiparametric model, that we always gain information by imposing
independent censoring a prioriunless E [hop (4, Z) | it > u, M| = E [hop(u, Z) | . > u],
a sufficient and essentially necessary condition for whichis Z|[M | 4 > u. When the
null hypothesis 8o = 0 is true, a sufficient and essentially necessary condition for the above
conditional independence is that m(y, z) does not depend on z, i.e. censoring is indepen-
dent of treatment arm. To see this, note 6y = O implies u = ¥ = m~1(M, Z). Hence,
since Z[[M by Eq. 3.3), Z][M | m~}(M, Z) > u will be true essentially only when
m~1(y, z) does not depend on z. On the other hand, when 6 # 0 it will always be the case
that information is gained by imposing independent censoring (when true). The aforemen-
tioned result concerning testing then follows from the reciprocal relationship between the
power of tests and the efficiency of estimators.

Remark. When e[| M is false, 6 (h,,p, y,,p) is not even the most efficient estimator in our
class 6 (h, y). However, the optimal choices h.fy, yers are extremely complex. Since the
efficient estimator with known M, (hop, Yop) must be more efficient than 6 (heff, Yers)
and since we have argued that if Pr (X° < ¥) is small, 8 (h,p, ¥p) is nearly as efficient
as 6 (hop, Yop)» little information will be lost by failing to estimate k., yes; and using
h,,,,, Yop instead.
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4.2. An Alternative Estimation Procedure

In this section, we describe a simpler but less efficient method of estimation. We do
so because of its simplicity and because it is connected to the test statistics described in
Robins (1995). Let @'(9) = min, v{m~'(M, z), M, z, 8} so for Z dichotomous, @) =
min{fi(6), Z*(9)}. As for Z dichotomous, let X*(6) = min{£(8), &' ()} and A@®) =
IT2(8) = X*(6)]. Define the subject-specific contribution to a weighted log-rank statistic
based on a function g(u, Z) of dim 6 chosen by the investigator to be S(6) = S@,g) =

[ dNL, (g, Z) — 3w)) where NL () = X" ©) < u,A0) = .3 =

Ele u, 2) {X* 0) > u}l/E[1 {X* 6) > u}]. Let 8" = 87 (g) solve ntE[S,g)] =
op (1) and 8t = 8 (g) solve ntE[S6,8)] = 0p (1). Now, by the standard theory of
weighted log-rank tests, E [S (6p)] = 0 if

Axeac1 (U | Z) = Axs a=1 (W) 4.2)

where Ax. a—1 (u | Z) is the cause-specific hazard of X* corresponding to A = 1. But
(4.2) is true since Z [ [ (¢, M) implies Z [ ] (¢, u') and thus Z [] (X*, A). When 6 = 0,

nE [S (6)] and nE [S‘ (9)] are the test statistic numerators Num* and Nim* of Robins

(1995). 61 is closely related to the rank estimators of Lin et al. (1995).

When Fyjz (y | z) is known so (M, Z) is ancillary for 6, one would expect thatif M Ile
then @' (g,,p,) (with g,p; the optimal choice of g) would have larger asymptotic variance than
6 (Ropt» Yopr) since the estimating function S (8, gop:) in contrast to D (8, hopt» Yopt) does
not have mean zero conditional on the ancillary statistic M. (See Rohins (1993, p. 281) for
related discussion.). We would therefore expect that ﬁ(h,,p,, Yopt) Would be more efficient
than 97 (80ps) When Fyjz (y | z) is unknown, at least when pr (X° < Y) is small. Thus, in
this paper, we concentrate on the estimator 8 (Ropts Yopt)-

5. Repeated Measures Outcomes

Suppose now our interest is in estimating the effect of treatment on a repeated measures
outcome such as CD4 lymphocyte count X, recorded at T predetermined times from ran-

domization. Without loss of generality, denote the T times byt=1,...,T. We observe
Z, XY, Yi,i=1,...,n (5.1
where, now, X (1) = (X1,..., X inswy) and int (u) is the largest integer less than or equal to

both z and T. With Y, Z, and M = m(Y, Z) = Fyjz (Y | Z) as defined previously, define
v(t,u,2) =E[X; IM=u,Z=7]-E[X, | M= u, Z = 0}. We consider the model

v(t, u,2) =V (¢, 4,2, 6)

where v (t,u, z,8) is a known function such that v (t,u,0,0) = (t,u, z,0) = 0, which
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is equivalent to the model
Efe (6o) | M,Z] = E [€ (6p) | M] (5.2)
where € (0) = (€, (8),...,er 0)), & ) = X,— v (t, M, Z, ).

Identifiability of Causal Effects. Results for the identifiability of causal effects wholly
analogous to those obtained in Robins (1995) can be derived. Specifically, let X, (z) be the
possibly counterfactual value of CD4 count if treatment z were given. If Z was assigned by
physical randomization and Robins’ (1995) rank preservation assumption (2.8) holds, then

v(t,u,2) = E[X,(z) — X,(0) | Fyy {Y(0)} = u]

and thus has the causal interpretation as the mean effect of treatment z compared to treatment
0 amongst subjects with Fy) (Y (0)) = u. If Z is randomized, and v (¢, u, z) = v*(¢, z)
for all ¢, z, u then v*(t,z) = E[X,(z) — X;(0)] is the marginal mean effect of treat-
ment z. Note v (¢,4,0) = 0 and that v (¢, u, z) is only identified on A (m,v,z) =
{@¢,u,2);t <min[m™(u,2), v (u, u, 2)]}. Further,ifv(t, u, z) = v*(t, z) on A(m, v, 2)
does not imply that v(¢, u, z) = v*(t, z) for all ¢, u, z and thus does not imply either that
E[X:(2) — X;(0)] = v*(¢, z) or that the identifiable values of v*(¢, z) on A(m, v, z) have
any causal interpretation.

Estimation. Let
AEY) =01 @) ir O y) B @) = 1Y > 0 [& @) v ()],

SO =X,—v (e M, z, 6), and y, (-) is any smooth real valued function. Define D (6) =

S

D@,h,y)= Z,T=1 D, (8) where
y=01....vr)s Di©®) =D, 6 h,v)={h (2, M) = L (b, M)} & 6, 1),
h=h(z,u) = (hi(z,u),..., k7 (z, W),

h¢(z, u) is dim §-vector-valued function and E(h,, u) = E [I {r?l“(u, Z) > t} h(Z, u)]/
E[I{m~" (u, Z) > t}]. We then prove in Appendix 1,

THEOREM 5.1 For the semiparametric model B defined by restriction (5.2) and data (5.1),
there exists § = 0 (h, y) solving n~i ; ﬁ,- ©) = 0 such that ni (9 — 00) is asymp-
totically normal with mean 0 and variance t='%t~! where t = E [D (6,) /3¢'] and
Y = var (o) with a defined in Sec. 6.

The key step in proving Theorem 5.1 is to show that E [D,] = 0. To do so, we require
the following identities.

Eleg |M,Z,1(Y >t)]=Ele; | M, Z, I{m™ ' (M, Z) > t}] = E[e;, | M, Z] = E[¢, |
M] where the last equality is by (5.2). Also £ (h;,u) = E[h, (Z,u) I{m™" (u, Z) > t}l/
E[I{m™ (u,2Z) > t}] = E[h(Z,u) | m~" (u, Z) > t] = E[h; (Z,u) | m~ (u, Z) >
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t, M] where the last equality isby Z | [ M. Hence, L (h;, M) = E(h, (Z, M) | m~' (M, Z)
>t,M|=Eh(Z, M) |Y >t, M].

Note D, = 0if Y < ¢ so to show E [D,] = Oitsufficestoprove E[D, | Y > t, M] =
Now

E[D,|Y>t,M] = E{E(D,|Y >t,M,Z]|Y > t, M}
= E{I(Y > t){E (& | M)—y (M)}
(he (Z, M) —E[h (Z,M) | Y >t,M]| Y > t, M}}
= 0.

The asymptotic variance of o1 (hop, Yop) satistying nikE [D@, hop, Yop)] = O with y,p, =
Ele | M) and hop(Z, M) = T,){Q}, — E[T,, | MIT'E(T,,Q;, | M1} with T, =
Elu(yop)®? | Z, M]7" and Q;, = E[31(o, ¥op) /86’ | Z, M] attains the efficiency bound
for the model (5.2) with Fyjz(y | z) = m(y, z) known. This characterization of the efficient
estimator follows from the characterization of the efficient score for the semiparametric
regression model given by Chamberlain (1988). Chamberlain’s result applies because, when
m(y, z) is known, (¥, Z) is ancillary for 8. Corollary (6.1) below implies 9(ho,,, Yop) and
9(hop, Yop) are asymptotically equivalent when € | [ M (i.e., under independent censoring)
and so 9(h,,,,, Yop) is efficient whether or not m(y, z) is known. Even when € | [ M is false
(and m(y, z) is unknown), we would recommend usmg 6 (h,,p , Yop) in applications where hop
and y,,, are consistent for ho,, and y,,, even though B(h,,p, Yop) is not as efficient as the optimal
estimator in our class, G(heff Yefs) say, and G(heff Yers) itself is not semiparametric
efficient. This recommendation reflects the fact that computing either k.¢r and y,.gs or the
semiparametric efficient estimator is very complex.

Given a preliminary estimate 6= O(h ¥), we can, under regulanty conditions, consis-
tently estimate ¥, (-) by the kernel regression of 6(9) on M among subjects with ¥ > ¢,
since E(¢, | M) = E (& | MY > 1) by (5.2). Then arguing as in Robins, Mark, and
Newey (1992), 9(h Yop) and 0(h Yop) Will be asymptotically equivalent. Even when the
law of Y given Z is known, the Glidden-Wei (1995) estimator, like the Lin et al. (1995)
estimator in the survival context and in contrast to 6 (&, Yop)» is not asymptotically unbiased
conditional on the ancillary statistic (M, Z).

6. Variance Estimation

To estimate the variance of n {5(h, y) — 90} in Theorems (2.1) and (5.1), we need to first

derive « = a (h, ). In general, an explicit analytic formula for « is difficult to derive

except when (a) y = y”* inmodel A, (b) y = Yop in model B, or (c) Z is dichotomous.
We first consider Theorem (5.1).

LEMMA 6.1 If, in Theorem (5.1), y = yop = E{e | M}, thena = o1 + a2 ay = D,y =
Z;T=1 o, an = ag(Y, Z),
an = ap(y,2)

= E[{h; (Z, M)—L (h;, M)H{v (¢, M, Z) =y MDY > Da (Y, Z,y) | Z=2
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a(t,z,y)EI(y<t)—Fyiz(t|z)EI(y<t)—m(t,z)

and for any function £ (-, -, '), £y is the derivative with respect to its j*™* argument. If
Y#Vopa=a1+omtastostas,as=E(D|Z),as=3 04, 2)

4 (> 2) = E[{huy (Z, M) = L (hui1, M) Y Yop.s (M)~ M} (Y >Da (Y, Z,y) | Z=2]
6.1)

andaz =), 03 (Y, Z). When Z is dichotomous, as3 (Y, Z) is as follows.
Definez*(t) = 0if m (¢,0) = m (¢, 1) and 7*(t) = 1 otherwise, kK*(t) = m (¢, 1 — z2*(¢)),
q* W) = E[h(Z,w)], Yop:(u) = E[€; | M = u]. Then o3 (Y, Z) = a0} (Y, Z) where

o = Fy [*®)] [k (& @), k) = gF K O)} {opus [ O] = v [ )]},

o (¥, 2) = { U <) —kOIIZ=1-22"]/fz{1 - 2*®)} ]

—{I[Y <m™ k@, 7O} =k} 1 (Z = 22 @) /fz {2 (1)}

Remark. Let@ (60 O be an estimate of ¢ obtained by taking appropriate sample averages
(possibly within levels of Z = z) given estimates /1 (. 2) and 0 and if necessary, a consis-
tent (smoothed) estimate of y,,(#). The estimator ¥ O oz 0o’ @] is consistent
for T = var (@) if 9 is consistent for 6.

When y = y,p, @3 = a4 = a5 = 0. The quantities a2, o3, and a4 are contributions
attributable to having to estimate the law of Y given Z. All componénts of &, with the excep-
tion of o3, can be consistently estimated by sample averages given estimates M and6(h, y).
However, due to the presence of ¥, {k*(¢)} in &3, we must estimate E [¢; | M = u] by
smoothing. When Z is not dichotomous, the formula for a3 becomes exceedingly complex.
(We do not derive it.)

Since, even for Z dichotomous, if y # y,p, We need to consistently estimate y,p ()
by smoothing to obtain a consistent estimator of a3 and thus of & and ¥, we cannot
avoid smoothing. This suggests that we use the adaptive estimate 6 (h y,,p) [which is
asymptotically equivalent to 8 (h, yo,,) when %, is consistent for y,,]. Then o = & + a2
can be estimated by sample averages for arbitrary discrete Z.

Alternatively, since the variance of § (k, y) can be consistently estimated by the bootstrap
even when y # y°%, one could use the bootstrap to avoid smoothing in the Z dichotomous
case and avoid deriving o3 in the setting of an arbitrary Z.

A corresponding result applicable to deriving « in Theorem (2.1) is given in the following
Lemma.

LEMMA 62 Ify = y" in Theorem 2.1, then « = o1 + oy where ¢y = D, and, with
a(Y,Z,y)isasin Lemma 6.1,

a =a,Z2), w@(.)=E[Hal,Z,y)|Z=2],
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H = vy (X, M, Z)[{hpy (e, Z, M) = L (€, hpip, M)} I (X < Y)
—Ae (V| M) {h(v,Z, M) — L (v, h, M)}]

- /oodul(v>u){3)»€(u|M)/8M}{h(u,Z,M)—l:(u,h,M)}. (6.2)

When 7" 5 y*, a consistent estimator 3 @ of T can be constructed as described in the
Remark following Lemma 6.1. We now provide a corollary that reinterprets Lemma 6.2
for the special case of Z dichotomous.

COROLLARY 6.1 If, in model A, Z is dichotomous, then, given r, (u, x), if we choose
ri(u, M) = —ryy(u, M)re (u | M)_1+r2(u, M), thena = o1 +ay witha, asinLemma 6.2
except now

H = Ariy(X*, M) + (1 — ) I (X* = p) ropy(X*, M)
— % du rapy(u, M)A (| M) (30 (u | M) /3M) du

The following corollaries imply that no information is lost by having to estimate m (y, z)
when e [ [ M.

COROLLARY 6.2 If, inmodel B, e | [ M and y = y,p then o = D.
Proof: Ife[[M,v(t,u,z)and y,,(u) do not depend on u, so a = 0. ]

COROLLARY 6.3 If, inmodel A, e | [M and y = y" thena = D.
Proof: Ife[[M,v(X, M, Z)and A (u | M) do not depend on M so oy = 0. |

7. Independent Censoring

The two non-identifiable assumptions, Egs. (2.8) and (2.9) of Robins (1995), that allow one
to interpret 6 causally in a randomized trial, are “non-reproductive” in the following sense.
Suppose censoring by variable Y, say time to death, is informative but that one or both of
our non-identifiable assumptions are true for censoring by Y. Assume, however, we can
only observe the minimum of time to loss to follow-up Q and Y, and that Q is independent
of all other random variables. Even so, censoring by the minimum of Q and Y, say Y*,
will not in general satisfy either of our non-identifiable assumptions. As a consequence, it
is important to develop methods that allow us to test for and estimate an effect of treatment
on time to disease when one of our two non-identifiable assumptions holds for censoring
by a cause Y but Y is subject to additional independent censoring by another variable Q.
We now develop such methods using the general results of Robins and Rotnitzky (1992) on
adjustment for non-informative censoring. Suppose we observe

Z,Y'=min(Q,7), X" =min(X, 0),t =1 (¥' =Y) (7.1)
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rather than the data (2.1). That is, the data (2.1) is subject to additional censoring by the
random variable Q. If censoring by @ is non-informative in the sense that

holwlY>u,Z, X, Yl=2p[u|Z,Y > u, min(X, u)] (1.2)

i.e., the cause-specific hazard of Y corresponding to Q (i.e. T = 0) given Z, X, Y only
depends on information available up to u, then we can use methods of Robins and Rotnitzky
to estimate 6y of model (3.4). Specifically, let

t
K (t) =exp [—/ Ao Z,Y > u,min(X, u))]
[}

be the probablhty of remaining uncensored by Qup toz given Z, X, Y, Y > t. Let K €3]
be an n?-consistent estimate of K () based on substituting an estimate

Ao | Z,Y > u,min(X,u))

into the expression for K () based on some model (e.g., a proportional hazards modet). For
example, suppose we assume that Ao [u | Z,Y > u,min (X, u)l =Ag[u| Z,Y > u]does
not depend on min (X, #). Then AQ (u | Z,Y > u) will be the Nelson-Aalen estimator of
o (u | Z,Y > u) computed within stratum defined by Z. Results of Robms and Rotnitzky
(1992) imply that under regularity conditions, 9 solving n 3E [D(G)t / K X)) =0, (1) will
be a consistent asymptotically normal estimator of 6o. The key idea is that each individual for
whom Y is observed (uncensored by Q) contributes a weight 1/ K (Y) inversely proportional
to the probability that they would be uncensored. Results of Robihs and Rotnitzky (1992)
show how to obtain an expression for and estimator of the asymptotic variance of é;.
However, the variance estimator will be quite complex, and bootstrap estimates of variability
may be preferred.

A similar approach may be used to obtain consistent asymptotically normal of the param-
eter 6y of model (5.2) when the available data are

Z, Yt =min(Q, V), t=1(¥"=7),X(¥7) (7.3)
rather than data (5.1) provided censoring by Q is non-informative in the sense that
A1 Z, LY >u, X)) =2o[ulZ,Y > u, X w)]. (7.4)

Then 9 solvmg ni E[D(G)r/K (Y)] = o, (1) where D (9) is as defined in Sec. 5 and now
K (Y) is an n-consistent estimator of K (¥) = exp[— fo ro(1Z,Y >u X W)

Appendix

Sketch of a proof of Theorem 5.1 and Lemma 6.1: Since Eq. (5.2) implies E [D (6p)] = 0,
it follows that under standard regularity conditions described by Newey (1993) and Pakes

and Pollard (1989), Theorem (5.1) follows from nikE [ﬁ (90)] =niE ] + 0p(1) where
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Newey (1993) uses the theory of pathwise derivatives to show that an explicit formula
for « is obtained as follows. Denote the probability limit of E [ﬁ (60)] under a general
distribution F* for (¥, X(Y), Z) by

T
D*(F*) = Y D;(F",
t=1

D}(F*) = Ep [{h[Z, M (F*)] - L (h:, M (F*), M(F*), F*, F*)}

x [ {M(F*)} =y {M(F)}]1(¥ > 1)]
where M (F*)=m(Y, Z; F*) = F}; (Y | Z),
now ¢€Ww)=X;— v (t,u,Z;6),
L(hs,ur,uz, FY Fy)=Epg {I [m™ (w1, Z; FY) > t]he(Z, u2)} /ER {I [m™' (w1, Z; F}) > £]}.

Then « solves 3D (F,g) /9B lp=p=E [ozSi’g] where Fg is any parametric model param-

eterized by finite dimensional B such that Fj, is the true F at Sy; Fj is the distribution
of a single observation and S is the score for 8 at f. To find this solution let 8 denote

evaluation at Fg. Define D* (—ﬂ)) =D*(B1,...,Bs5) = ZL] Dy (_,B)) where

D; () = By, | M B0) = L M (Bo). M (5. B ) |
(e [M BV — v (M BV > 1)

Let D}, = aD* (?) /9Bx |g;=po.j=1....5- Then, by the chain rule,

5 T
o= Zozk, g = Z;a,k and D}, = E [a,kSl’q] .
=

That o) = D} is straightforward to check. That os = E (D} | Z) follows from Z
ancillary and Lemma (4.2) in Newey (1990). To prove the rest of Lemma (6.1) we use the
identity

am (t, z; Po) /9B

dF (¢ | z; o) /08
Ela(t,Z,Y)Sy | Z=1]

= E[a(.2,Y)1(Z =2) S/f2(2)] (A.1)

To obtain a,, and &4, we differentiate under the integral sign to obtain

Djy = E [{h (Z, M) = L (hizy, M)} I(Y > 1) {&; — v (M)} dm (Y, Z, Bo/3B)]
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and
D}, = E{h(Z,M)—L(h;, M)} (Y > 1)

{ve ¢, M, Z, 60) — vin(M)} am (Y, Z, Bo) /6]

and thenuse Eq. (A.1). Dj; and thus a3 are more difficult to obtain, since I [m=Y(u, Z, B3) >
t] is not smooth in B3 and so we cannot differentiate under the integral sign. If Z is
dichotomous, then

= lim (B—po) E (he(Z, M)~ g; (WD)} |
F=po I[M(B) >m(,1,B)Vvm,0, Bl e — v (M)}

If

o0

m(t,0) > m(t, 1), D = £2(0) lim (8 — o)™ f
B—Bo m-1[m(,1,8),0,8]

[ O, m(3,0)) — g} [m(y, 0} {Yop.: (3, O] — ¥ [m(y, 0]} friz ¥ | 0)dy =

o friz [m™ (1), 2* (®) | 2* (®)]
3 {mm @, 1—2°0), B),z* (), B1} /3B |p=p=
o [am (2,1 — 2°(8), Bo) /3B — dm [m™" {k*(8), 2* (1)}, 2* (1), Bo] /3B] .

But, by (A.1), the last term is E[a3(Y, Z)S5]. So Dfy = Elajais(Y, 2)Sp)l I
m(t,0) < m(t, 1), the same formula holds. Finally, if m(t, 0) = m(, 1), o4, (¥, Z) is
the same whether z*(¢) is defined tobe O or 1, since fz(0)h, (0, m(t))+ fz(1)h, (1, m(t)) =
q; [m(t)]. Thus, the same formula for D}; holds in this case.

If y,(u) = Yop,(u) then D}, = D}y = 0 and, thus, ay4 = o3 = O for general Z since
E | Df (Bo, Ba. B3, Bo, Bo) | M ] = Oforall B4, 3. Also ;s = Osince, by direct calculation,
E ED,* | Z) =0.

Sketch of Proof of Theorem 2.1 and Lemma 6.2. Arguing as above, it is sufficient to obtain
an explicit formula for . We only consider the case in which y = y*.
If y(u,z, M) = h(u, z, M)d(u | M), then D*(F*) =

E J2ooldNeurey @) — 1 v {M(F*)} > ulAe (u | M(F*), F*)du]
a h(u,Z, M, F*) — L(h, M (F*), M (F*), F*, F*)]

where e(u) =b (X%, u, Z,60), v(u) =v (X, u, Z,8), and L (h, u1, ua, Fy, Fy) =

EF2 [I {U [m’l W, Z,F),u, Z] > u2} h(uy, Z, ul)]/
Ep [I{v[m™"(u1, Z, F1), u1, Z] > us}]
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Write

D*(B) = D*Bu..... o) =
Ep, [ {dNepn @) — I [vIM (B)} > ulAe (u | M (B2), Ps) du}
{h (ur Z’ M(ﬂ4)) - L (hv M(ﬁ3)v M(ﬁ4)’ ﬁ3v ﬂS)}]

Now Dj = Dy = D = 0 since N.(t) — fioo I[v>u]he (u| M)du is a martingale.
Dg = Osince E[I (v > w)l{h (u, Z, M) — L (u, h, M)} | M] = 0. It is straightforward
to show D} = E [D*Si’g] so oy = D. Differentiating w.r.t. 8, and using (A.1) we obtain
D=E [aZS;g] with &> as in Lemma 6.2.

Proof of Corollary 6.1.  To prove Corollary 6.1, note that if ri(u,x) = y (u,x)/
Ae (u | x)—ro(u, x) where, again, ry(u, x) = ffoo yi1(t, x), then the supposition of Lemma 6.2
holds.
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