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Abstract

We introducea classof nonstationargovariancefunctionsfor Gaussian
procesqGP) regression. Nonstationarycovariancefunctionsallow the
modelto adaptto functionswhosesmoothneswarieswith the inputs.
The classincludesa nonstationaryersionof the Matérnstationaryco-
variance,n which thedifferentiability of the regressiorfunctionis con-
trolled by a parameterfreeing one from xing the differentiability in
adwance. In experiments,the nonstationaryGP regressionmodel per
formswell whentheinputspaces two or threedimensionsputperform-
ing a neuralnetwork modeland Bayesianfree-knotspline models,and
competitize with a Bayesiameuralnetwork, but is outperformedn one
dimensionby a state-of-the-arBayesianfree-knotspline model. The
modelreadily generalizego non-Gaussianlata. Use of computational
methodsfor speedingGP tting may allow for implementationof the
methodon largerdatasets.

1 Intr oduction

GaussiarprocessegGPs) have beenusedsuccessfullyfor regressionand classi cation
tasks. StandardGP modelsusea stationarycovariance,in which the covariancebetween
ary two pointsis a function of Euclideandistance.However, stationaryGPsfail to adapt
to variablesmoothnes# thefunctionof interest{1, 2]. Thisis of particularimportancen
geoplysicalandotherspatialdatasetsin which domainknowledgesuggestshatthefunc-
tion mayvary morequickly in somepartsof theinputspacehanin others.For example,in
mountainousareasgrvironmentalvariablesarelikely to be muchlesssmooththanin at
regions. Spatialstatisticsresearchersave madesomeprogressn de ning nonstationary
covariancestructuredfor kriging, a form of GP regression.We extendthe nonstationary
covariancestructureof [3], of which [1] givesa specialcase,to a classof nonstationary
covariancefunctions. The classincludesa Matérnform, which in contrastto mostcovari-
ancefunctionshasthe added e xibility of a parametethat controlsthe differentiability
of samplefunctionsdrawn from the GP distribution. We usethe nonstationarycovariance
structurefor one, two, and three dimensionalinput spacesn a standardGP regression
model,asdonepreviously only for one-dimensionahput space$1].

The problem of variable smoothnesfhasbeenattacled in spatial statisticsby mapping



the original input spaceto a new spacein which stationarityis assumedbut researcthas
focusedon multiple noisy replicatesof the regressionfunction with no developmentnor
assessmertf the methodin the standardegressiorsetting[4, 5]. Theissuehasbeenad-
dressedn regressiorsplinemodelsby choosingheknotlocationsduringthe tting [6] and
in smoothingsplinesby choosinganadaptve penalizeontheintegratedsquaredierivative
[7]. Thegenerahpproachn splineandothermodelsinvolveslearningtheunderlyingbasis
functions,eitherexplicitly or implicitly, ratherthan xing the functionsin advance. One
alternatve to a nonstationaryGP modelis mixturesof stationaryGPs[8, 9]. Suchmeth-
odsadaptto variablesmoothnesby usingdifferentstationaryGPsin differentpartsof the
input space.The main dif culty is thatthe classmembershigs a function of the inputs;
this involvesadditionalunknavn functionsin the hierarcly of the model. Onepossibility
is to usestationaryGPsfor theseadditionalunknavn functions[8], while [9] reducecom-
putationalcompl«ity by usingalocal estimateof the classmembershipbut do not know

if the resultingmodelis well-de ned probabilistically While the mixture approachs in-

triguing, neitherof [8, 9] comparetheir modelto othermethods.In our model,thereare
unknawvn functionsin the hierarcly of the modelthat determinethe nonstationancovari-

ancestructure.We chooseto fully modelthe functionsasGaussiarprocessethemseles,
but recognizethe computationakostand suggesthat simpler representationare worth

investicating.

2 Covariance functions and samplefunction differ entiability

Thecovariancefunctionis crucialin GPregressiorbecausét controlshow muchthedata
aresmoothedn estimatingthe unknavn function. GP distributionsaredistributionsover
functions; the covariancefunction determineghe propertiesof samplefunctionsdravn
from the distribution. The stochastigprocesditeraturegives conditionsfor determining
samplefunction propertiesof GPsbasedon the covariancefunction of the processsum-
marizedin [10] for severalcommoncovariancefunctions. Stationaryisotropiccovariance
functionsarefunctionsonly of Euclideandistance, . Of particularnote,the squaredxpo-
nential(alsocalledthe Gaussiangovariancefunction,C( ) = 2exp ( =)? ; where

2 is the varianceand is a correlationscaleparameterhassamplefunctionswith in-

nitely mary derivatives. In contrastsplineregressiormodelshave samplefunctionsthat
aretypically only twice differentiable.In additionto beingof theoreticalconcernfrom an
asymptotiqperspectie[11], othercovarianceformsmightbettert realdatafor whichit is
unlikely thattheunknavn functionis sohighly differentiable.In spatialstatisticstheexpo-
nentialcovarianceC( ) = 2exp( = );iscommonlyused but thisform givessample
functionsthat,while continuousarenotdifferentiaBIe.RecenWorkﬂn spatialstatisticshas
focusedontheMatérnform,C( ) = 2 i ); (20 =) K (27 =);whereK ()
is themodi ed Besselfunction of the secondkind, whoseorderis the differentiability pa-
rametey > 0. This form hasthe desirablepropertythat samplefunctionsareb 1c
timesdifferentiable. As ! 1 , the Matérnapproacheshe squaredexponentialform,
while for = 0:5; the Matérntakesthe exponentialform. Standarctovariancefunctions
requireoneto placeall of one's prior probabilityon a particulardegreeof differentiability;
useof theMatérnallows oneto moreaccuratelyyeteasily expressprior lack of knowledge
aboutsampléefunctiondifferentiability Oneapplicationfor whichthis maybeof particular
interestis geoplysicaldata.

[12] suggest&sing the squaredexponential covariancebut with anisotropicdistance,

(xi;xj) = (xi x;)7  (xi xj),where isanarbitrarypositive de nite ma-
trix, ratherthanthe standarddiagonalmatrix. This allows the GP modelto more easily
modelinteractionshetweenthe inputs. The nonstationarycovariancefunction we intro-
ducenext builds onthis moregeneraform.




3 Nonstationary covariance functions

Rne nonstationary covariance function, introduced by [3], is C(xi;x;) =
<2 kx;j (U)kx; (u)du; wherex;; xj, andu are locationsin <2, andkyx () is a ker

nel function centeredat x. Onecanshaw directly that C(x;; Xj ) is positve de nite in

<P:p= 1;2;:::,[10]. For Gaussiarkernelsthe covariancetakesthe simpleform,

CNS(xi;xj) = 3 i) ifi( i+ )2 FTexp( Qj); 1)
with quadratidorm

Qi =i x)T( i+ =) T(xi X)) (2)
where ;, whichwe call thekernelmatrix, is the covariancematrix of the Gaussiarkernel
atx;. Theform (1) is a squaredexponentialcorrelationfunction, but in placeof a x ed
matrix, ,inthequadratidorm, we averagethekernelmatricesfor thetwo locations.The
evolution of the kernelmatricesin spaceproducesionstationarncovariance with kernels
thatdropoff quickly producindgocally shortcorrelationscalesindependently[1] derveda
specialcasein which thekernelmatricesarediagonal.Unfortunately solong asthe kernel
matricesvary smoothlyin theinput space samplefunctionsfrom GPswith the covariance
(1) arein nitely differentiablg10], justasfor the stationarysquaredxponential.

To generaliz€1) andintroducefunctionsfor which samplepathdifferentiabilityvaries,we
extend(1) asprovenin [10]:

Theorem1 LetQ; bede nedasin (2). If a stationarycorrelation function,RS( ), is
positivede nite on<P for everyp = 1;2;:::, then

A Y p_—
RMS(xi;xj) = aj*j ji*i( i+ j)=2 ?R® = Qj 3)
is a nonstationarycorrelationfunction,positivede nite on<P; p= 1;2;:::.

Oneexampleof nonstationargovariancefunctionsconstructedn thiswayis anonstation-
ary versionof the Matérncovariance,
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Provided the kernel matricesvary smoothlyin space the samplefunction differentiabil-
ity of the nonstationanform follows that of the stationaryform, sofor the nonstationary
Matérn,the samplefunctiondifferentiabilityincreasesvith  [10].

CNS(xi;x)) =

4 Bayesianregressionmodel and implementation

uesx; 2 <P ,withY; N (f(x;); 2),where ?isthenoisevariance SpecifyaGaussian
procesprior,f () GP ;CNS(;) ,whereCNS(; ) isthenonstationaryatérnco-

variancefunction (4) constructedrom a setof Gaussiarkernelsasdescribedelov. For
the differentiability parameterwe usethe prior, ¢ U(0:5; 30), which variesbetween
non-diferentiability (0:5) andhigh differentiability We useproper but diffuse,priorsfor

¢, 2,and 2.Themainchallengds to parameteriz¢he kernelmatrices sincetheir evo-
lution determineshow quickly the covariancestructurechangesn theinput spaceandthe
degreeto whichthemodeladaptgo variablesmoothness theunknavn function. In mary
problems,t seemaaturalthatthe covariancestructurewould evolve smoothly;if so,the
differentiability of theregressiorfunctionwill bedeterminedy .



We put a prior distribution on the kernelmatricesasfollows. Any locationin the input
spacex;, hasa Gaussiarkernelwith meanx; andcovariance(kernel)matrix, ;. When
the input spaceis one-dimensionaleachkernel'matrix’ is just a scalar the varianceof
the kernel,andwe usea stationaryMatérn GP prior on the log varianceso that the vari-
ancesevolve smoothlyin the input space.Next considemulti-dimensionainput spaces;
sincethereare (implicitly) kernelmatricesat eachlocationin the input space,we have
a multivariate processthe matrix-valuedfunction, ( ). Parameterizingoositive de nite
matricesasafunctionof theinputspaces a dif cult problem;see[7]. We usethe spectral
decompositiorof anindividual covariancematrix, j,

asdescribedoelov.  p();p = L:::5 P, and o();q = 1;:::;Q, which are func-
tions on the input space,construct ( ). We will refer to theseas the eigervalue
and eigervector processesand to them collectively asthe eigenprocesseslLet () 2

have the kernelmatricesvary smoothly we ensurethattheir eigervaluesandeigervectors
vary smoothlyby takingeach () to have a GP prior with a singlestationaryanisotropic
Matérn correlationfunction, commonto all the processesnd describedater Using a
sharedcorrelationfunction givesus smoothly-arying kernels,while limiting the number
of parametersWe force the eigenprocesses be very smoothby xing = 30. We do
notlet vary, becausdt shouldhave minimalimpacton theregressiorestimateandis not
well-informedby the data.

Parameterizinghe eigervectorsof the kernelmatricesusingGivensangleswith eachan-
gle afunctionon <P, theinput spacejs dif cult, because¢he anglefunctionshave range
[0;2 ) St whichis notcompatiblewith therangeof a GP. To avoid this, we overparam-
eterizetheeigervectors,usingQ = P(P  1)=2+ P 1 Gaussiarprocesses, q( ), that
determinghedirectionsof a setof orthogonalectors.Here,we demonstratéhe construc-
tion of the eigervectorsfor x; 2 <2 andx; 2 <3; asimilar approachalbeitwith more
parametersappliesto higherdimensionakpacesbut is probablyinfeasiblein dimensions
largerthan ve or so. In <3, we constructan eigervectormatrix for anindividual location
as = 3 o, wher%
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Ehe elementsof 3 are fuBctionsof threerandomvariables,f A; B; Cg, wherelg,. =
a2+ P+ candly = a2+ . ( 3)3, = 0is aconstraintthat saves a degreeof
freedomfor thetwo-dimensionasubspacerthogonato 3. Theelementof , arebased
on two randomvariables,U andV. To have the matrices, ( ), vary smoothlyin space,

Onecanintegratef , the function evaluatedat the inputs, out of the GP model. In the
stationaryGP model,the mamginal posteriorcontainsa small numberof hyperparameters
to either optimize or samplevia MCMC. In the nonstationarycase,the presenceof the
additionalGPsfor the kernelmatrices(5) precludesstraightforvard optimization,leaving
MCMC. For eachof the eigenprocessesje reparameterizéhe vector , of valuesof the
procesattheinputlocations, = + L(( ))! ;where! N (0;1) apriori and
L isamatrixde nedbelov. Wesample , ,and! viaMetropolis-Hastingseparately
for eacheigenprocessThe parameterector , involving P correlationscaleparameters
andP (P  1)=2 Givensanglesjs usedto constructananisotropiadistancematrix, (),
sharedby the vectors creatinga stationaryanisotropiccorrelationstructurecommonto
all the eigenprocesses. is alsosampledvia Metropolis-HastingsL (( )) is ageneral-
ized Cholesly decompositiorof the correlationmatrix sharedby the vectorsthatdeals
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Figurel: Ontheleft arethe threetestfunctionsin onedimensionwith onesimulatedset
of obsenations(of the 50 usedin the evaluation),while the right shavs the testfunction

with two inputs.

with numericallysingularcorrelationmatricesby settingthe ith columnof the matrix to
all zeroeswhen ; is numericallya linear combinationof 1;:::; i 1 [13]. Onenever
calculates (( )) 'orjL(( ))j, whicharenotde ned,anddoesnotneedto introduce
jitter, andthereforediscontinuityin (), into the covariancestructure.

5 Experiments

For one-dimensionafunctions, we comparethe nonstationaryGP methodto a station-
ary GP model, two neuralnetwork implementations, and Bayesianadaptve regression
splines(BARS), a Bayesianfree-knotsplinemodelthat hasbeenvery successfuin com-
parisondgn thestatisticaliterature[6]. We usethreetestfunctions[6]: a smoothly-arying
function, a spatiallyinhomogeneougunction, and a function with a sharpjump (Figure
1a). For each we generateés0 setsof noisydataandlgomparethe mlgdelsusingthe means,
averagecbver the50sets of thestandardizeSE, (fi )%= (i  f)?; wheref}
is theposteriomeanatx;, andf isthemeanof thetruevalues.In thenon-Bayesiameural
network model f; isthe tted valueand,asasimpli cation, we useanetwork with theop-
timal numberof hiddenunits (3, 3, and8 for thethreefunctions),therebygiving anoverly
optimisticassessmertf the performanceTo avoid local minima, we usedthe network t
that minimizedthe MSE (relative to the data,with y; in placeof f; in the expressiorfor
MSE)over ve ts with differentrandomseeds.

For higherdimensionainputs,we comparethe nonstationaryGP to the stationaryGR the
neuralnetwork models,and two free-knotspline methods,Bayesianmultivariate linear
splines(BMLS) [14] and Bayesianmultivariate automaticregressionsplines(BMARS)
[15], a Bayesianversionof MARS [16]. We chooseto compareto neuralnetworks and

We implementthe stationaryGP modelby replacingCN S ( ; ) with the Mat rn stationarycor-
relation,still usinga differentiabilityparameter ¢ ; thatis allowedto vary.

’For a non-Bayesiaimodel, we usethe implementationn the statisticalsoftware R, which ®ts
amultilayer perceptrorwith onehiddenlayer. For a Bayesianversion,resultsfrom R. Neal's FBM
softwarewerekindly providedby A. Vehtari.



Tablel: Mean(over 50 datasamplesand95% con denceinterval for standardizedSE
for the ve method=on thethreetestfunctionswith one-dimensionahput.

| Method | Functionl | Function2 | Function3 |
Stat.GP :0083(.0073,.0003) | .026(.024,.029)] .071(.067,.074)
Nonstat.GP | .0083(0.0073,.0093) .015(.013,.016)| .026(.021,.030)
BARS .0081(.0071,.0092) | .012(.011,.013)| .0050(.0043,.0056)

Bayes.neuralnet. | .0082(.0072,.0093) | .011(.010,.014)| .015(.014,.016)
neuralnetwork | .0108(.0095,.012) | .013(.012,.015)[ .0095(.0086,.010)

splines,becausehey are popularand theseparticularimplementationshave the ability
to adaptto variablesmoothnessBMLS usespiecavise, continuoudinear splines,while
BMARS usegensomproductsof univariatesplines;pbothare t viareversiblejumpMCMC.
We usethreedatasetgthe rst afunctionwith two inputs[14] (Figurelb),for whichweuse
225training inputsandteston 225 inputs, for eachof 50 simulateddatasetsThe second
is arealdatasebf air temperatura@sa function of latitudeandlongitude[17] thatallows
assessmeilun aspatialdatasewith distinctvariablesmoothnessie usea 109obsenation
subsetof the original data,focusingon the Westernhemisphere2225 3225 E and
625 S-825 N and t the modelson 54 splits with 107 training examplesand two test
examplesandonesplit with 108trainingexamplesandonetestexample therebyincluding
eachdatapoint asa testpoint once. Thethird is areal datasetf 111 daily measurements
of ozong[18] includedin the S-plusstatisticalsoftware. Thegoalis to predictthe cuberoot
of ozonebasedon threefeatures:radiation,temperatureandwind speed We do 55 splits
with 109training examplesandtwo testexamplesandonesplit of 110training examples
andonetestexample. For the non-Bayesiameuralnetwork, 10, 50, and 3 hiddenunits
wereoptimalfor thethreedatasetsiespectiely.

Table 1 shaws that the nonstationaryGP doesas well or betterthan the stationaryGR,
but that BARS doesas well or betterthan the other methodson all three datasetswith
oneinput. Part of the dif culty for the nonstationaryGP with the third function, which
hasthe sharpjump, is that our parameterizatioforcessmoothly-arying kernelmatrices,
which preventsour particularimplementatiorfrom picking up sharpjumps. A potential
improvementwould beto parameteriz&ernelmatriceghatdo notvary sosmoothly Table
2 shaws thatfor the known function on two dimensionsthe GP modelsoutperformboth
thesplinemodelsandthenon-Bayesiameuralnetwork, but notthe Bayesiametwork. The
stationaryand nonstationaryGPsarevery similar, indicative of the relatve homogeneity
of the function. For the two real datasetsthe nonstationaryGP model outperformsthe
othermethodsgexceptthe Bayesiametwork onthetemperaturelatasetPredictive density
calculationghatassesshe ts of thefunctionsdravn duringthe MCMC aresimilar to the
point estimateMSE calculationsn termsof modelcomparisonalthoughwe do not have
predictive densityvaluesfor the non-Bayesiameuralnetwork implementation.

6 Non-Gaussiandata

We canmodelnon-Gaussiadata,usingthe usualextensionfrom a linearmodelto a gen-
eralizedinearmodel,for obserations,Y; D (g(f (x;))), whereD() (g()) isanappro-
priatedistribution (link) function, suchasthe Poisson(log) for countdataor the binomial
(logit) for binarydata. Take f () to have a nonstationaryGP prior; it cannotbe integrated
out of themodelbecausef thelack of conjugacy, which causeslov MCMC mixing. [10]
improvesmixing, which remainsslow, usinga samplingschemen which the hyperparam-
eters(including the kernelstructurefor the nonstationarity)are sampledjointly with the
functionvaluesf , in away thatmakesuseof informationin thelikelihood.



Table2: Fortestfunctionwith two inputs,mean(over50datasamplesand95%con dence
interval for standardizedMSE at 225 testlocations,and for the temperatureand ozone
datasetsgross-alidatedstandardizedSE, for the six methods.

| Method | Functionwith 2 inputs | Temp.data| Ozonedata |
Stat.GP .024(.021,.026) .46 .33
Nonstat.GP .023(.020,.026) .36 .29
Bayesiameuralnetwork .020(.019,.022) .35 .32
neuralnetwork .040*(.033,.047) .60 .34
BMARS .076(.065,.087) .53 .33
BMLS .033(.029,.038) .78 .33

* [14] reportavalueof .07 for a neuralnetwork implementation

We t the modelto the Tokyo rainfall datase{19]. The dataarethe presenceof rainfall
greaterthan 1 mm for every calendarday in 1983 and 1984. Assumingindependence
betweenyears[19], conditionalonf () = logit(p( )), thelikelihoodfor a given calendar
day, X, is binomialwith two trials andunknovn probability of rainfall, p(x;). Figure2a
shavs thatthe estimatedunctionreasonablyollows the dataandis quitevariablebecause
the datain someareasare clustered. The model detectsinhomogeneityin the function,
with moresmoothnesi the rst few monthsandlesssmoothnestater (Figure2b).

Figure 2. (a) Posterior mean
estimate,from nonstationaryGP
model, of p( ), the probability of
rainfall asa function of calendar
day, with 95% pointwise credi-
ble intenvals. Dots are empirical
()] Pprobabilitiesof rainfall basedon
the two binomial trials. (b) Pos-
terior geometricmeankernelsize
(squareroot of geometric mean
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7 Discussion

We introducea classof nonstationarncovariancefunctionsthatcanbe usedin GPregres-
sion (and classi cation) modelsand allow the modelto adaptto variablesmoothnes#
the unknawn function. The nonstationaryGPsimprove on stationaryGP modelson sev-
eraltestdatasetsin testfunctionson one-dimensionaspacesa state-of-the-arfree-knot
splinemodeloutperformshe nonstationaryGP, but in higherdimensionsthe nonstation-
ary GP outperformswo free-knotsplineapproacheanda non-Bayesiameuralnetwork,
while being competitve with a Bayesianneuralnetwork. The nonstationaryGP may be
of particularinterestfor dataindexed by spatialcoordinateswherethelow dimensionality
keepsthe parametecomplity manageable.

Unfortunately the nonstationanyGP requiresmary moreparametershana stationaryGPR,
particularly asthe dimensiongrows, losing the attractive simplicity of the stationaryGP
model. Use of GP priorsin the hierarcly of the modelto parameteriz¢he nonstationary
covarianceresultsin slowv computationlimiting the feasibility of the modelto approxi-
matelyn < 100Q becausghe Cholesly decompositioris O(n3). Our approactprovides
a generalframework; work is ongoingon simpler morecomputationallyef cient param-
eterizationsf the kernelmatrices.Also, approachethat uselow-rank approximationgo



thecovariancematrix[20, 21] mayspeedtting.
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