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Abstract

We introducea classof nonstationarycovariancefunctionsfor Gaussian
process(GP) regression.Nonstationarycovariancefunctionsallow the
model to adaptto functionswhosesmoothnessvarieswith the inputs.
The classincludesa nonstationaryversionof the Matérnstationaryco-
variance,in which thedifferentiabilityof theregressionfunctionis con-
trolled by a parameter, freeing one from �xing the differentiability in
advance. In experiments,the nonstationaryGP regressionmodel per-
formswell whentheinputspaceis two or threedimensions,outperform-
ing a neuralnetwork modelandBayesianfree-knotsplinemodels,and
competitive with a Bayesianneuralnetwork, but is outperformedin one
dimensionby a state-of-the-artBayesianfree-knotspline model. The
modelreadily generalizesto non-Gaussiandata. Useof computational
methodsfor speedingGP �tting may allow for implementationof the
methodon largerdatasets.

1 Intr oduction

Gaussianprocesses(GPs)have beenusedsuccessfullyfor regressionand classi�cation
tasks.StandardGPmodelsusea stationarycovariance,in which thecovariancebetween
any two pointsis a functionof Euclideandistance.However, stationaryGPsfail to adapt
to variablesmoothnessin thefunctionof interest[1, 2]. This is of particularimportancein
geophysicalandotherspatialdatasets,in whichdomainknowledgesuggeststhatthefunc-
tion mayvarymorequickly in somepartsof theinputspacethanin others.For example,in
mountainousareas,environmentalvariablesarelikely to bemuchlesssmooththanin �at
regions. Spatialstatisticsresearchershave madesomeprogressin de�ning nonstationary
covariancestructuresfor kriging, a form of GP regression.We extendthe nonstationary
covariancestructureof [3], of which [1] givesa specialcase,to a classof nonstationary
covariancefunctions.Theclassincludesa Matérnform, which in contrastto mostcovari-
ancefunctionshasthe added�e xibility of a parameterthat controlsthe differentiability
of samplefunctionsdrawn from theGPdistribution. We usethenonstationarycovariance
structurefor one, two, and threedimensionalinput spacesin a standardGP regression
model,asdonepreviouslyonly for one-dimensionalinput spaces[1].

The problemof variablesmoothnesshasbeenattacked in spatialstatisticsby mapping



theoriginal input spaceto a new spacein which stationarityis assumed,but researchhas
focusedon multiple noisy replicatesof the regressionfunction with no developmentnor
assessmentof themethodin thestandardregressionsetting[4, 5]. Theissuehasbeenad-
dressedin regressionsplinemodelsby choosingtheknot locationsduringthe�tting [6] and
in smoothingsplinesby choosinganadaptivepenalizerontheintegratedsquaredderivative
[7]. Thegeneralapproachin splineandothermodelsinvolveslearningtheunderlyingbasis
functions,eitherexplicitly or implicitly, ratherthan�xing the functionsin advance.One
alternative to a nonstationaryGPmodelis mixturesof stationaryGPs[8, 9]. Suchmeth-
odsadaptto variablesmoothnessby usingdifferentstationaryGPsin differentpartsof the
input space.The main dif�culty is that the classmembershipis a function of the inputs;
this involvesadditionalunknown functionsin thehierarchy of themodel. Onepossibility
is to usestationaryGPsfor theseadditionalunknown functions[8], while [9] reducecom-
putationalcomplexity by usinga local estimateof theclassmembership,but do not know
if the resultingmodelis well-de�ned probabilistically. While themixtureapproachis in-
triguing, neitherof [8, 9] comparetheir modelto othermethods.In our model,thereare
unknown functionsin thehierarchy of themodelthatdeterminethenonstationarycovari-
ancestructure.We chooseto fully modelthefunctionsasGaussianprocessesthemselves,
but recognizethe computationalcostandsuggestthat simpler representationsareworth
investigating.

2 Covariance functions and samplefunction differ entiability

Thecovariancefunctionis crucial in GPregressionbecauseit controlshow muchthedata
aresmoothedin estimatingtheunknown function. GPdistributionsaredistributionsover
functions; the covariancefunction determinesthe propertiesof samplefunctionsdrawn
from the distribution. The stochasticprocessliteraturegivesconditionsfor determining
samplefunctionpropertiesof GPsbasedon the covariancefunctionof the process,sum-
marizedin [10] for severalcommoncovariancefunctions.Stationary, isotropiccovariance
functionsarefunctionsonly of Euclideandistance,� . Of particularnote,thesquaredexpo-
nential(alsocalledtheGaussian)covariancefunction,C(� ) = � 2 exp

�
� (� =� )2

�
; where

� 2 is the varianceand � is a correlationscaleparameter, hassamplefunctionswith in-
�nitely many derivatives. In contrast,splineregressionmodelshave samplefunctionsthat
aretypically only twice differentiable.In additionto beingof theoreticalconcernfrom an
asymptoticperspective [11], othercovarianceformsmightbetter�t realdatafor which it is
unlikely thattheunknown functionis sohighly differentiable.In spatialstatistics,theexpo-
nentialcovariance,C(� ) = � 2 exp(� � =� ) ; is commonlyused,but this form givessample
functionsthat,while continuous,arenotdifferentiable.Recentwork in spatialstatisticshas
focusedontheMatérnform,C(� ) = � 2 1

�( � )2 � � 1 (2
p

� � =� ) � K � (2
p

� � =� ) ; whereK � (�)
is themodi�ed Besselfunctionof thesecondkind, whoseorderis thedifferentiabilitypa-
rameter, � > 0. This form hasthe desirablepropertythat samplefunctionsareb� � 1c
timesdifferentiable. As � ! 1 , the Matérnapproachesthe squaredexponentialform,
while for � = 0:5; theMatérntakestheexponentialform. Standardcovariancefunctions
requireoneto placeall of one'sprior probabilityonaparticulardegreeof differentiability;
useof theMatérnallowsoneto moreaccurately, yeteasily, expressprior lackof knowledge
aboutsamplefunctiondifferentiability. Oneapplicationfor whichthismaybeof particular
interestis geophysicaldata.

[12] suggestusing the squaredexponential covariancebut with anisotropicdistance,
� (x i ; x j ) =

p
(x i � x j )T � � 1(x i � x j ), where� is an arbitrarypositive de�nite ma-

trix, ratherthanthe standarddiagonalmatrix. This allows the GP model to moreeasily
model interactionsbetweenthe inputs. The nonstationarycovariancefunction we intro-
ducenext buildson thismoregeneralform.



3 Nonstationary covariance functions

One nonstationary covariance function, introduced by [3], is C(x i ; x j ) =R
< 2 kx i (u )kx j (u )du ; where x i ; x j , and u are locationsin < 2, and kx (�) is a ker-

nel function centeredat x . Onecanshow directly that C(x i ; x j ) is positive de�nite in
< p; p = 1; 2; : : :, [10]. For Gaussiankernels,thecovariancetakesthesimpleform,

CN S (x i ; x j ) = � 2j� i j
1
4 j� j j

1
4 j (� i + � j ) =2j �

1
2 exp(� Qij ) ; (1)

with quadraticform

Qij = (x i � x j )T (( � i + � j ) =2)� 1 (x i � x j ); (2)

where� i , whichwecall thekernelmatrix, is thecovariancematrixof theGaussiankernel
at x i . The form (1) is a squaredexponentialcorrelationfunction,but in placeof a �x ed
matrix, � , in thequadraticform, weaveragethekernelmatricesfor thetwo locations.The
evolution of thekernelmatricesin spaceproducesnonstationarycovariance,with kernels
thatdropoff quicklyproducinglocally shortcorrelationscales.Independently, [1] deriveda
specialcasein which thekernelmatricesarediagonal.Unfortunately, solongasthekernel
matricesvary smoothlyin theinput space,samplefunctionsfrom GPswith thecovariance
(1) arein�nitely differentiable[10], justasfor thestationarysquaredexponential.

To generalize(1) andintroducefunctionsfor whichsamplepathdifferentiabilityvaries,we
extend(1) asprovenin [10]:

Theorem1 Let Qij be de�ned as in (2). If a stationarycorrelation function,RS (� ), is
positivede�nite on< p for everyp = 1; 2; : : :, then

RN S (x i ; x j ) = j� i j
1
4 j� j j

1
4 j(� i + � j ) =2j �

1
2 RS

� p
Qij

�
(3)

is a nonstationarycorrelationfunction,positivede�nite on< p; p = 1; 2; : : :.

Oneexampleof nonstationarycovariancefunctionsconstructedin thiswayis anonstation-
aryversionof theMatérncovariance,

CN S (x i ; x j ) =
� 2 j� i j
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Provided the kernelmatricesvary smoothlyin space,the samplefunction differentiabil-
ity of thenonstationaryform follows thatof thestationaryform, so for thenonstationary
Matérn,thesamplefunctiondifferentiabilityincreaseswith � [10].

4 Bayesianregressionmodeland implementation

Assumeindependentobservations,Y1; : : : ; Yn , indexedby a vectorof inputor featureval-
ues,x i 2 < P , with Yi � N (f (x i ); � 2), where� 2 is thenoisevariance.SpecifyaGaussian

processprior, f (�) � GP
�

� f ; CN S
f (�; �)

�
, whereCN S

f (�; �) is thenonstationaryMatérnco-
variancefunction (4) constructedfrom a setof Gaussiankernelsasdescribedbelow. For
the differentiability parameter, we usethe prior, � f � U(0:5; 30), which variesbetween
non-differentiability (0:5) andhigh differentiability. We useproper, but diffuse,priors for
� f , � 2

f , and� 2.Themainchallengeis to parameterizethekernelmatrices,sincetheir evo-
lution determineshow quickly thecovariancestructurechangesin theinput spaceandthe
degreeto whichthemodeladaptsto variablesmoothnessin theunknown function.In many
problems,it seemsnaturalthat thecovariancestructurewould evolve smoothly;if so, the
differentiabilityof theregressionfunctionwill bedeterminedby � f .



We put a prior distribution on the kernelmatricesas follows. Any location in the input
space,x i , hasa Gaussiankernelwith meanx i andcovariance(kernel)matrix, � i . When
the input spaceis one-dimensional,eachkernel 'matrix' is just a scalar, the varianceof
the kernel,andwe usea stationaryMatérnGP prior on the log varianceso that the vari-
ancesevolve smoothlyin the input space.Next considermulti-dimensionalinput spaces;
sincethereare (implicitly) kernelmatricesat eachlocation in the input space,we have
a multivariateprocess,the matrix-valuedfunction, �( �). Parameterizingpositive de�nite
matricesasa functionof theinputspaceis adif�cult problem;see[7]. Weusethespectral
decompositionof anindividual covariancematrix, � i ,

� i = �( 
 1(x i ); : : : ; 
 Q (x i ))D (� 1(x i ); : : : ; � P (x i ))�( 
 1(x i ); : : : ; 
 Q (x i ))T ; (5)
whereD is a diagonalmatrix of eigenvaluesand� is an eigenvectormatrix constructed
as describedbelow. � p(�); p = 1; : : : ; P , and 
 q(�); q = 1; : : : ; Q, which are func-
tions on the input space,construct �( �). We will refer to theseas the eigenvalue
and eigenvector processes,and to them collectively as the eigenprocesses.Let � (�) 2
f log(� 1(�)) ; : : : ; log(� P (�)) ; 
 1(�); : : : ; 
 Q (�)g denoteany oneof theseeigenprocesses.To
have thekernelmatricesvary smoothly, we ensurethat their eigenvaluesandeigenvectors
vary smoothlyby takingeach� (�) to have a GPprior with a singlestationary, anisotropic
Matérn correlationfunction, commonto all the processesand describedlater. Using a
sharedcorrelationfunctiongivesussmoothly-varyingkernels,while limiting thenumber
of parameters.We force theeigenprocessesto bevery smoothby �xing � = 30. We do
not let � vary, becauseit shouldhave minimal impacton theregressionestimateandis not
well-informedby thedata.

Parameterizingtheeigenvectorsof thekernelmatricesusingGivensangles,with eachan-
gle a functionon < P , the input space,is dif�cult, becausetheanglefunctionshave range
[0; 2� ) � S1, whichis notcompatiblewith therangeof aGP. To avoid this,weoverparam-
eterizetheeigenvectors,usingQ = P(P � 1)=2 + P � 1 Gaussianprocesses,
 q(�), that
determinethedirectionsof asetof orthogonalvectors.Here,wedemonstratetheconstruc-
tion of the eigenvectorsfor x i 2 < 2 andx i 2 < 3; a similar approach,albeit with more
parameters,appliesto higher-dimensionalspaces,but is probablyinfeasiblein dimensions
largerthan� ve or so. In < 3, we constructaneigenvectormatrix for anindividual location
as� = � 3� 2, where

� 3 =

0
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The elementsof � 3 are functionsof threerandomvariables,f A; B ; Cg, wherelabc =p
a2 + b2 + c2 and lab =

p
a2 + b2. (� 3)32 = 0 is a constraintthat savesa degreeof

freedomfor thetwo-dimensionalsubspaceorthogonalto � 3. Theelementsof � 2 arebased
on two randomvariables,U andV . To have the matrices,�( �), vary smoothlyin space,
a;b;c;u andv, arethevaluesof theprocesses,
 1(�); : : : ; 
 5(�) at theinputof interest.

One can integratef , the function evaluatedat the inputs, out of the GP model. In the
stationaryGPmodel,themarginal posteriorcontainsa small numberof hyperparameters
to eitheroptimizeor samplevia MCMC. In the nonstationarycase,the presenceof the
additionalGPsfor thekernelmatrices(5) precludesstraightforwardoptimization,leaving
MCMC. For eachof theeigenprocesses,we reparameterizethevector, � , of valuesof the
processat theinput locations,� = � � + � � L(�( � )) ! � ; where! � � N (0; I ) apriori and
L is amatrixde�nedbelow. Wesample� � , � � , and! � via Metropolis-Hastingsseparately
for eacheigenprocess.Theparametervector� , involving P correlationscaleparameters
andP(P � 1)=2 Givensangles,is usedto constructananisotropicdistancematrix, �( � ),
sharedby the� vectors,creatinga stationary, anisotropiccorrelationstructurecommonto
all theeigenprocesses.� is alsosampledvia Metropolis-Hastings.L (�( � )) is a general-
izedCholesky decompositionof thecorrelationmatrix sharedby the � vectorsthatdeals
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Figure1: On theleft arethethreetestfunctionsin onedimension,with onesimulatedset
of observations(of the50 usedin theevaluation),while the right shows the testfunction
with two inputs.

with numericallysingularcorrelationmatricesby settingthe i th columnof the matrix to
all zeroeswhen� i is numericallya linear combinationof � 1; : : : ; � i � 1 [13]. Onenever
calculatesL(�( � )) � 1 or jL (�( � )) j, whicharenotde�ned,anddoesnotneedto introduce
jitter, andthereforediscontinuityin � (�), into thecovariancestructure.

5 Experiments

For one-dimensionalfunctions,we comparethe nonstationaryGP methodto a station-
ary GPmodel1, two neuralnetwork implementations2 , andBayesianadaptive regression
splines(BARS), a Bayesianfree-knotsplinemodelthathasbeenvery successfulin com-
parisonsin thestatisticalliterature[6]. Weusethreetestfunctions[6]: asmoothly-varying
function, a spatially inhomogeneousfunction, anda function with a sharpjump (Figure
1a). For each,we generate50 setsof noisydataandcomparethemodelsusingthemeans,
averagedover the50sets,of thestandardizedMSE,

P
i (f̂ i � f i )2=

P
i (f i � �f )2; wheref̂ i

is theposteriormeanatx i , and �f is themeanof thetruevalues.In thenon-Bayesianneural
network model,f̂ i is the�tted valueand,asasimpli�cation, weuseanetwork with theop-
timal numberof hiddenunits(3, 3, and8 for thethreefunctions),therebygiving anoverly
optimisticassessmentof theperformance.To avoid local minima,we usedthenetwork �t
that minimizedthe MSE (relative to the data,with yi in placeof f i in the expressionfor
MSE)over � ve �ts with differentrandomseeds.

For higher-dimensionalinputs,we comparethenonstationaryGPto thestationaryGP, the
neuralnetwork models,and two free-knotspline methods,Bayesianmultivariatelinear
splines(BMLS) [14] and Bayesianmultivariateautomaticregressionsplines(BMARS)
[15], a Bayesianversionof MARS [16]. We chooseto compareto neuralnetworks and

1We implementthestationaryGPmodelby replacingCN S
f (�; �) with theMat�rn stationarycor-

relation,still usingadifferentiabilityparameter, � f ; thatis allowedto vary.
2For a non-Bayesianmodel,we usethe implementationin the statisticalsoftwareR, which ®ts

a multilayerperceptronwith onehiddenlayer. For a Bayesianversion,resultsfrom R. Neal's FBM
softwarewerekindly providedby A. Vehtari.



Table1: Mean(over 50 datasamples)and95%con�denceinterval for standardizedMSE
for the� ve methodson thethreetestfunctionswith one-dimensionalinput.

Method Function1 Function2 Function3
Stat.GP .0083(.0073,.0093) .026(.024,.029) .071(.067,.074)

Nonstat.GP .0083(0.0073,.0093) .015(.013,.016) .026(.021,.030)
BARS .0081(.0071,.0092) .012(.011,.013) .0050(.0043,.0056)

Bayes.neuralnet. .0082(.0072,.0093) .011(.010,.014) .015(.014,.016)
neuralnetwork .0108(.0095,.012) .013(.012,.015) .0095(.0086,.010)

splines,becausethey are popularand theseparticular implementationshave the ability
to adaptto variablesmoothness.BMLS usespiecewise, continuouslinear splines,while
BMARS usestensorproductsof univariatesplines;bothare�t via reversiblejumpMCMC.
Weusethreedatasets,the�rst afunctionwith two inputs[14] (Figure1b),for whichweuse
225 training inputsandteston 225 inputs,for eachof 50 simulateddatasets.Thesecond
is a realdatasetof air temperatureasa functionof latitudeandlongitude[17] thatallows
assessmentonaspatialdatasetwith distinctvariablesmoothness.Weusea109observation
subsetof the original data,focusingon the Westernhemisphere,222:5� � 322:5� E and
62:5� S-82:5� N and �t the modelson 54 splits with 107 training examplesand two test
examplesandonesplit with 108trainingexamplesandonetestexample,therebyincluding
eachdatapoint asa testpoint once.Thethird is a realdatasetof 111daily measurements
of ozone[18] includedin theS-plusstatisticalsoftware.Thegoalis to predictthecuberoot
of ozonebasedon threefeatures:radiation,temperature,andwind speed.We do 55 splits
with 109trainingexamplesandtwo testexamplesandonesplit of 110 trainingexamples
andonetestexample. For the non-Bayesianneuralnetwork, 10, 50, and3 hiddenunits
wereoptimalfor thethreedatasets,respectively.

Table 1 shows that the nonstationaryGP doesas well or betterthan the stationaryGP,
but that BARS doesas well or betterthan the other methodson all threedatasetswith
one input. Part of the dif�culty for the nonstationaryGP with the third function, which
hasthesharpjump, is thatour parameterizationforcessmoothly-varyingkernelmatrices,
which preventsour particularimplementationfrom picking up sharpjumps. A potential
improvementwouldbeto parameterizekernelmatricesthatdonotvarysosmoothly. Table
2 shows that for theknown functionon two dimensions,theGPmodelsoutperformboth
thesplinemodelsandthenon-Bayesianneuralnetwork, but not theBayesiannetwork. The
stationaryandnonstationaryGPsarevery similar, indicative of the relative homogeneity
of the function. For the two real datasets,the nonstationaryGP modeloutperformsthe
othermethods,excepttheBayesiannetwork on thetemperaturedataset.Predictivedensity
calculationsthatassessthe�ts of thefunctionsdrawn duringtheMCMC aresimilar to the
point estimateMSE calculationsin termsof modelcomparison,althoughwe do not have
predictive densityvaluesfor thenon-Bayesianneuralnetwork implementation.

6 Non-Gaussiandata

We canmodelnon-Gaussiandata,usingtheusualextensionfrom a linearmodelto a gen-
eralizedlinearmodel,for observations,Yi � D (g(f (x i )) ), whereD(�) (g(�)) is anappro-
priatedistribution (link) function,suchasthePoisson(log) for countdataor thebinomial
(logit) for binarydata.Take f (�) to have a nonstationaryGPprior; it cannotbeintegrated
outof themodelbecauseof thelackof conjugacy, whichcausesslow MCMC mixing. [10]
improvesmixing, whichremainsslow, usingasamplingschemein which thehyperparam-
eters(including the kernelstructurefor the nonstationarity)aresampledjointly with the
functionvalues,f , in away thatmakesuseof informationin thelikelihood.



Table2: For testfunctionwith two inputs,mean(over50datasamples)and95%con�dence
interval for standardizedMSE at 225 test locations,and for the temperatureand ozone
datasets,cross-validatedstandardizedMSE,for thesix methods.

Method Functionwith 2 inputs Temp.data Ozonedata
Stat.GP .024(.021,.026) .46 .33

Nonstat.GP .023(.020,.026) .36 .29
Bayesianneuralnetwork .020(.019,.022) .35 .32

neuralnetwork .040* (.033,.047) .60 .34
BMARS .076(.065,.087) .53 .33
BMLS .033(.029,.038) .78 .33

* [14] reportavalueof .07for aneuralnetwork implementation

We �t the modelto the Tokyo rainfall dataset[19]. The dataarethe presenceof rainfall
greaterthan 1 mm for every calendarday in 1983 and 1984. Assumingindependence
betweenyears[19], conditionalon f (�) = logit(p(�)) , the likelihoodfor a givencalendar
day, x i , is binomialwith two trials andunknown probabilityof rainfall, p(x i ). Figure2a
shows thattheestimatedfunctionreasonablyfollows thedataandis quitevariablebecause
the datain someareasareclustered.The modeldetectsinhomogeneityin the function,
with moresmoothnessin the�rst few monthsandlesssmoothnesslater(Figure2b).
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Figure 2. (a) Posterior mean
estimate,from nonstationaryGP
model, of p(�), the probability of
rainfall as a function of calendar
day, with 95% pointwise credi-
ble intervals. Dots are empirical
probabilitiesof rainfall basedon
the two binomial trials. (b) Pos-
terior geometricmeankernelsize
(squareroot of geometric mean
kerneleigenvalue).

7 Discussion

We introducea classof nonstationarycovariancefunctionsthatcanbeusedin GPregres-
sion (andclassi�cation) modelsandallow the model to adaptto variablesmoothnessin
the unknown function. The nonstationaryGPsimprove on stationaryGP modelson sev-
eral testdatasets.In testfunctionson one-dimensionalspaces,a state-of-the-artfree-knot
splinemodeloutperformsthenonstationaryGP, but in higherdimensions,thenonstation-
ary GPoutperformstwo free-knotsplineapproachesanda non-Bayesianneuralnetwork,
while beingcompetitive with a Bayesianneuralnetwork. The nonstationaryGP may be
of particularinterestfor dataindexedby spatialcoordinates,wherethelow dimensionality
keepstheparametercomplexity manageable.

Unfortunately, thenonstationaryGPrequiresmany moreparametersthana stationaryGP,
particularlyasthe dimensiongrows, losing the attractive simplicity of the stationaryGP
model. Useof GPpriors in thehierarchy of themodelto parameterizethenonstationary
covarianceresultsin slow computation,limiting the feasibility of the model to approxi-
matelyn < 1000, becausetheCholesky decompositionis O(n3). Our approachprovides
a generalframework; work is ongoingon simpler, morecomputationallyef�cient param-
eterizationsof thekernelmatrices.Also, approachesthatuselow-rankapproximationsto



thecovariancematrix [20, 21] mayspeed�tting.
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